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Preface 


This volume is the outcome of a symposium on L-functions 
and Galois properties of algebraic number fields, held from 
2 to 12 September 1975, in the University of Durham. It was 
organised by the London Mathematical Society, with the 
generous financial support of the Science Research Council, 
aided further by a grant from the Royal Society. The smooth 
running of the conference was made possible by the helpful 
attitude of the authorities of Durham University and the hard 
work of the symposium secretary, Dr. S.M.J. Wilson. 

Almost all the lectures given at the symposium are 
recorded here. In many cases the presentation has been 
expanded and new relevant material added. My gratitude is 
due to the lecturers for making publication of this volume 
possible by their willing cooperation, as well as for their 
Original contribution to the success of the meeting itself. 

I also wish to express my thanks to Mrs. J. Bunn, who 
typed the whole volume ready for publication, to Mrs. E. 
Smith, who edited the manuscripts, to Dr. J.C. Bushnell 
for help on all fronts and to Academic Press London for 


continued cooperation. 
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Character theory and Artin L-functions 


J. Martinet 


I. NON ABELIAN L-FUNCTIONS 


The aim of this chapter is to describe the theory of 
Artin's non abelian L-functions, taking for granted the 
theory of abelian L-functions. This chapter owes much to a 
talk by Serre (Fonctions L non abéliennes, Séminaire de 


Théorie des Nombres, Bordeaux, 10 avril 1973). 


§1. Frobenius 

Two papers of Frobenius, both dating back to 1896, play a 
key role in the theory we are going to describe. The first 
one is devoted to what is now called the "Frobenius sub- 
stitution". Let E/K be a finite normal extension of number 
fields with Galois group G, and let P be a finite prime of 
K. Assume E/K is unramified at ~. For every prime P of E 


lying above P, there is a unique element Ope G (the 
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Frobenius substitution) such that, for any integral x « E, 


(x)'= CP) mod P holds, where N(p) is the 


the congruence op 
absolute norm of Pp. Moreover, the conjugacy class of op 
in G does not depend on the particular choice of P above p 
an Frobenius stated in this paper a density theorem of 
the Cebotarev type, and proved the following result: for 
every cyclic subgroup C of G, there exist infinitely many 
primes P such that op 1s a generator of C. Even disregarding 
questions of density, this is weaker than Cebotarev's theorem 
which asserts that every generator of C is of the form op for 
infinitely many P. 

The second paper of Frobenius we are concerned with is 
devoted to the definition of the characters. As will be 
seen in a moment, the theory of L-functions relies heavily 
on the consideration of both the notion of a character and 
of the Frobenius substitution. But Frobenius did not see 


the connection, and the sequel of his work deals mainly 


with the theory of characters. 


82. Weber 
For an ideal 4 of K, let Ih be the group of ideals of 


K prime to 4 and let of be the subgroup of + which consists 
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of ideals which can be generated by a totally positive ele- 
ment ® of K congruent to 1 modf. Let H be a subgroup of 
If containing Pe (we call such a subgroup a congruence 
subgroup) - 

Weber called an abelian extension E of K "a class field 
for H" if the prime ideals of K which decompose completely 
in E are precisely those which belong to H, and if 4 is in 
some sense the smallest possible ideal. In this situation, 
the prime divisors of 4 are precisely the prime ideals of K 
which are ramified in E. 

Now, for every character x : Ti /H * c. there is an L- 


function defined for Re(s) > 1 by: 


a2 


L(s,x) = I 
p¥§ 1-x(p) Np 


7s 
The question arises of comparing the zeta function c.(s) 
With the product II L(s,x) when E is a class field for H. 
Generally, they are not equal, because of the possible 
existence of prime ideals which are ramified in E/K but not 


in the subfield corresponding to the kernel of x. I shall 


write 
c.(s) » WM L(s,x) 
x 
to mean that the equality is true up to a finite number of 


factors. 
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To obtain an equality, one must, for each character x, 
replace b by the conductor of xX. This was known to Weber 
for those abelian extensions which were known to be class 


fields. 


§3. Artin's first definition of L-functions 

Artin's first definition of L-functions appeared in 1922 
(on a new kind of L series). In the meantime (1920) Takagi 
had established in full generality the classical results of 
class field theory, namely the one-to-one correspondence 
between abelian extensions of number fields and congruence 
subgroups, and also the isomorphism theorem, which asserts 
that the Galois group G of the extension is isomorphic to the 
quotient Iy/H. 

Using an isomorphism between I(/H and G, it would be 
possible to define L-functions for degree one characters of 
G. But Takagi's theory does not give any canonical iso- 
morphism between I¢/# and G. Nevertheless, Artin thought 
that the L-series we defined previously with a congruence 
class character could be identified with L-series defined 
for a degree one character ¥ of G by the formula: 


L(s,v) = I Z 


ioeted 1-¥(9,,) N(p) ” 
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where on is the Frobenius substitution of one P above Pp 
(Note that On is well defined since Gis abelian). This led 
Artin to conjecture that one obtains an isomorphism between 
I (/H and G by sending the class in I /H of an unramified 
prime ideal P onto the Frobenius substitution Cp" This 
Artin called "the general law of reciprocity" (because it 
implies fairly easily the known laws of reciprocity). In his 
paper on L-functions, he proves the law of reciprocity for 
a lot of abelian extensions E/K (e.g. cyclotomic extensions, 
cyclic extensions of prime power degree p- when K contains 
the p -th roots of unity, cyclic extensions of prime degree, 
..-). He was quite sure of the validity of his reciprocity 
law. Indeed, it is stated as a theorem (Satz), and his 
paper of 1927 on the reciprocity law is simply called "proof 
of the general reciprocity law". 

We are now able to give Artin's first definition of L- 


functions: 


Definition Let E/K be a finite normal extension of number 
fields with Galois group G. Let V be a finite dimensional 
Complex vector space, and let srp(s) be a representation 


of Gin V. Denote by x the character of p, defined by 
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X(s) = Tr(e(s)) for alls eG. For a prime Pp in Ky ‘the 
determinant det(1 - N(p) ® P(op)) does not depend on the 


choice of P above P, and takes the same value for two 


lsomorphic representations. We can therefore define 
I. 
L(s,x) = II = . 
p det (1-p(op)N(p) *) 
unramified 


The series is convergent for Re(s) > 1. 


It is then obvious that L is additive, i.e. 
(a) L(s.x4+%5.) = B(s,x. )i(ssx)  « 
ee l 2 
The following equalities, however, are true only up to 
a finite number of Euler-factors (we use the notation ""), 
Let H be a normal subgroup of G corresponding to an 
extension F/K. Let p be a representation of G/H with 
character x and let p' be the lifting of p to G with chara- 
acter x'. Then we have the lifting formula 
(by BUsyx") » ls4%) 
Let H be a subgroup of G, and let y be a character of 
% 
H which induces the character x of G. Then we have the 
induction formula 
x 
(c) L(s,x ) % L(s,x) 


Moreover, Artin proved that L(s,1) c.(s). 
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Applying formula (c) to the unit character of a subgroup 
H of G corresponding to an extension F/K, we obtain the 
formula c.(s) a L(s4rQ i) > where Po is the character of 
the permutation representation of G on G/H. 
is 


Let us take H = (1) in the above formula. Then CO /H 


the character r, of the regular representation of G, which 


G 


is just the sum ) x(1)x over all irreducible characters of 


X 
G. Now applying formula (a), we get 


cals) * (sx) %4) 


X irreducible 


Assuming the reciprocity law, Artin gave a proof of the 
theorem of density conjectured by Frobenius. He stated the 
existence of an analytic continuation for his L functions 
(with perhaps "ramification" points) and of a functional 
equation relating L(s,x) and L(1-s, x) as had been proved in 
1917 by Hecke for abelian L-functions. He also asked 
whether his L functions are holomorphic in the whole’ complex 
Plane for a character which does not contain the unit chara- 


cter. We now call this statement "the Artin conjecture". 


$4. The general definition of non abelian L-functions 


Surprisingly, Cebotarev proved in 1926 the density 


theorem conjectured by Frobenius without using L-functions. 
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The main idea behind the proof is to reduce to the case of a 
cyclotomic extension. In 1927, using this device, Artin 
proved his general law of reciprocity. In 1930, he returned 
to the problems of L-functions in his paper "on the theory of 
L series with general characters". The two main problems 


are: 


(i) To define local factors at ramified primes, in such 
a@ way as to put true equalities in the above formulae. 

(ii) To define local factors at infinity and an exponent- 
ial factor in order to get an analytic continuation and a 


functional equation. 


(i) As always, we consider a normal extension E/K of 
number fields with Galois group G and a complex representation 
0 : G> G1(V) with character x. Let P be a prime of K; 
choose a prime P above Pp. Let Dp and Ip denote, respective- 
ly, the decomposition group and the inertia group of P. 

Now, the quotient group Dp/Ip is isomorphic to the Galois 
group of the residue extension. Hence, we can define a 
Frobenius substitution op belonging to Dp/Ip. The vector 


space V is acted on by G via the formula o x = p (x) for all 
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P 


the subspace of elements of V fixed by Ip. Once more, the 
I 
: - 3 
determinant of the transformation (1-N(p) ‘: Op) of V does 
not depend on the particular choice of P above Pp, and is 


the same for two isomorphic representations. We can thus 


define 
L(s,x) = I = 
p det (1-N(p) Op) 
finite 
for Re(s) > 1. 
Now, the induction formula and the lifting formula be- 


come equalities. We summarize the fundamental results 


(notation as above): 


Theorem (a) L(s5X_ +X) = L(s,x ) L(s,x,) 
(bd) L(s,x") = L(s,x) 
(c) L(s,x') = L(s,x). 
Assume G is abelian. Let x be a degree one character 


of G, and let w be the corresponding congruence class 


Character, Then, 


(d) L(s,x) = L(s,v). 
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An obvious corollary is the equality: 


ete) = TD tte 
x 
irreducible 


Moreover, if V pe dimension 1 and if (Ip) does not 
act trivially, then V = (0). This explains why, for an 
abelian L function, local factors corresponding to the primes 
dividing the conductor reduce to l. 

Artin gave a more explicit description of his functions 
using an expansion of log L(s,x). Let us first consider 
the case of an unramified prime [P of K. Let d be the 


dimension of V, and let d.(p) (1 < 1 < d) be the eigen- 


values of p (op) for some P above p. ‘Then, 


d 
p(op)) = M (1-A,(p) N(p) ©). 
1=L 


det(1-N(p) © 


Thus , 


-( Pp 
log ———+—— =  } —i-_— 
det (1-N(p) p(op)) i=l m=1 m N(p) 


m=l1 m N(p)"” 

where x( op) is just the trace of the m-th power of the 
Frobenius substitution. For a prime P with ramification 
index e, the above definition of x( op) makes no sense, as 


Op belongs to Dp/Ip. We define however x(op) as an average, 
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x( Op 


by i y X(s), where the sum is taken over the 
e 


ee i 
elements s of Dp which map onto Op in Dp/Ip- 


The logarithmic expansion is now true for any prime P of 
m. hence: 


log L(s,x) = ) ) 


0 m=l mN(p)™” 


a formula which gives an expansion for the logarithmic 


derivative of L(s,x): 


m 
PAs) = - J rog(w(e)) | —S 
; p m=1 N (p) 
Remark. Let us choose a fixed algebraic closure Q of Q. 


Then every number field K can be considered as a subfield of 
me Let 2, be the (infinite) Galois group Gal(Q/K). Then 
property (b) of the above theorem shows that an L function 
is attached to every finite dimensional complex representa- 
tion of ae with open kernel. Such a representation has a 
Character, and we can define as usual virtual characters of 
Qe Then property (a) allows us to define an L function 


L(s,x) for every virtual character x of Qe 


(ii) We are now going to define an enlarged L-function 
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A of the form A(s,x) = a(x)®/2 Y(s) L(s,xX), and to prove 
for it the existence of a meromorphic continuation together 
with a functional equation A(s,x) = W(x) A(1-s, Xx) for some 
constant W(x) of absolute value 1. According to the known 
properties of abelian L-functions, we must define I-factors 


and the constant A(x). 


Let us begin with the [-factors. Put y(s) 


1 9/2 [(s/2). We define My as a product Ys) II Y(s) 


Vv 
where v ranges over the infinite places of K, and ae the 
local factor at infinity, is defined in the following way: 


py), Now 


for v complex, we put v (8) = [y(s) y(s+1) 
let v be a real place of K. To every place w of E above v 
corresponds a decomposition group (or inertia group) 
G(w) = fs e G| sw =w} of order 1 or 2. The generator of 
G(w) plays the role of the Frobenius substitution, and is 
defined up to conjugacy by v. We write for V a direct sum 
decomposition V = v. ® Vy corresponding to the eigenvalues 
+l and -l of p(o, ) for a fixed w above v, and we put 

i dim V. dim V 

* AS) = 0s) y(s+1) ; 


The definition of A(x) needs the notion of a conductor 


4(x) which must generalise the conductors of class field 
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theory defined for abelian characters. The theory of this 
conductor, now called the Artin conductor, is developed 
in the paper "The group theoretical structure of the dis- 
criminants of algebraic number fields", written at the end 
of the year 1930. 
Let P a prime ideal of K. Choose a prime ideal P above 
p. Let G. (i 2 0) be the corresponding ramification groups 
(G_ is the inertia group) and let 8; be the order of G.. We 
O 
define a rational number 
s B; G. 
n(x,P) = ) — ~ codim v* 
i=0 % 


(n(x,~P) is actually independent of the choice of P above p). 
Theorem (Artin) n(x,p) is an integer. 


Nowadays, this is proved using Brauer's induction 
theorem (see Serre, Corps locaux, chap. VI, 81-3. for a 
proof). 

To prove this theorem, Artin reduced to the case 
G= G)» using an argument of Speiser. Now, G, is apo 
group and it was known to Artin that every irreducible 


Character of a p-group is induced by a character of degree 


One of some subgroup. As Artin had established induction 
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properties for n(x,p), the proof was reduced to the case of 
degree one characters. He could then complete the proof 
using a theorem of Hasse, now known as Hasse-Arf theorem 
after its generalization by Arf. 

For an unramified prime ideal P, one has n(x,p) = 0. 


Therefore, the formula 


p 


defines an ideal of K, which is known as the Artin con- 
ductor. 


The constant A(y) is now defined by the formula 


AG) = Lal meg SOO), 


where qd. 1s the absolute discriminant of K. 


Theorem Let A be the "enlarged" L-function defined by the 


s/2 


formula A(s,x) = A(x) y.(s) L(s,x) for Re(s) > 1. Then 


X 
A possesses a meromorphic continuation in the whole complex 
plane, and satisfies the functional equation A(l-s,x) = 


W(x) A(s,x) for some constant W(x) of absolute value 1 (the 


so-called "Artin root number"). 


In the theorem, X is the complex conjugate of x. If 
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x is the character of a representation p : G > GUV)S.. “x 4a 
the character of the contragedient representation 

p:G> c1(v ) (v- is the dual space of V), defined by 
mee(t), x> = <f,p_(x)> for ell ee Gy. «ev, Le Ns 

Artin could not prove the existence of a meromorphic 
continuation for the function A. The theorem was proved in 
1947 by Brauer. We now give the proof. 

We must first establish properties (a), (b), (c) for the 
enlarged L-functions. Properties (a) (additivity) and (b) 
(lifting property) are easily verified for the functions L 
and Yy2 as well as for the conductor 6(x). Thus, they are 
true for the constant A(x), and hence for the function A 
(therefore, we can define Ys), 6(x), A(x) and A(s,x) for 
@ virtual character of OQ). It is not difficult to show the 
invariant of ¥y under induction. For the Artin conductor, 
the formula is a bit more complicated. Let H be a subgroup 
of G with fixed field F, and let x be a character of H. The 
conductor of the character as of G induced by x 1s given by: 


h(x.) = Bie) NeK (4(x)), where D 


Of the extension F/K. 


F/K 1s the discriminant 


A simple calculation using the transitivity formula for 


< bd . . . % 
discriminants gives the equality A(x ) = A(x), and thus the 
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induction formula eee = A(s,x) for the enlarged L- 
function. 

We now apply Brauer's induction theorem: there exist 
subgroups H (1 <i<n) of G, degree one characters 
(GE Sor Se oe H, and rational integers n CYS 3S.n) 


for some n such that the following equality holds: 


¥ 
KS 2 n; X; ; 


We thus have, by properties (a) and (c): 
n n. 
Ms,x) = HM A(s,x,) ~. 
i=l 
For 2 Sa. Sh, let BF. be the fixed field of Hes He the 
kernel of xX; and F' the fixed field of H'. The extensions 
i i 
Fi /F; are cyclic extensions with Galois group G. = H. /H!. 
i i. 
Writing x' for the character of G. defined by X39 we then 
di, 
have, by property (b): 
Ms,x,) = Ms,x:). 

We now use Hecke's results. By composition with the 
Artin map, the characters Xe define congruence class chara- 
cters (or idéle class characters in modern language) vs of 
PF. and we know, by property (dad), that the function 


L(s,x!) is equal to L(s,.). Now, given an abelian L- 


function L(s,¥), Hecke defined an enlarged function A'(s,y) 
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by the formula 


s/2 


A'(s,v) = A'(y) yy fs) L(s,v) , 


where A'(y) = la, | Neg (4(v)) ana yy 6s) is a product of 
gamma factors of the form y(s) or y(stl) depending on the 
behaviour of | at infinity. He proved the existence of a 
meromorphic continuation in the whole complex plane for A' 
together with a functional equation 

A'(1-s, ¥) = W'() A'(s,y) 
for some constant W'(w) of absolute value 1. Note that the 
analytic continuation of A' is in fact holomorphic when wv is 
not the trivial character. 

Now, wre a degree one character x on the Galois group 
of a cyclic extension F'/F and its corresponding idéle class 
eracter WY, Artin proved the equality of the "Artin" con- 
ductor 4(x) and the conductor of ~ in the sense of class 
field theory. We thus have A(x) = A'(W), and the equality 
of the gamma factors ue and a5 is easily verified. 

Going back to our previous notation, we have Ms,xz) = 
A'(s,y.) for all s € € with Re(s) > 1. This implies the 
existence of the meromorphic continuation for A(s,x) = 


n n. 

I A'(s,v.) + as well as the functional equation. More- 

1=1 2 n eae 

Over, the equality W(x) = I w'(y, ) + shows that W(x) is 
1=1 
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of absolute value 1. 


Corollary With the notation of 83, the following prop- 
erties hold for the Artin root number: 
+ = 
(a) W(x, X,) W(x,) W(x,) 
(b) W(x') = W(x) 


Note that properties (a) and (b) allow us to define W(x) 


for a virtual character of Ree 


85. Some elementary remarks on the Artin conjecture 


Recall that the Artin conjecture is the following: for 
a character x of a representation which does not contain the 
unit representation, the corresponding function L(s,x) (or, 
which amounts to the same, the enlarged function A(s,x)) is 
holomorphic. 

Artin's conjecture is true for characters of degree one 
(this is a consequence of Hecke's results for abelian L- 
functions). As we know that an L-function is meromorphic, 
it 1s enough to show that some power of it is holomorphic to 
prove Artin's conjecture. Thus, for a character y which is 


a linear combination with positive rational coefficients of 
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naracters induced by non trivial degree one characters of 
subgroups ; the corresponding L-function is holomorphic. 
Until recent work of Tate, this was the only way one could 
prove that a given L-function is NOleusvpEiee 


The following well known example is due to Aramata and 


was rediscovered by Brauer: 


Example. Let E/K be a normal extension. Then the 
augmentation representation of its Galois group (the regular 
representation minus the unit representation) has the above 
property. Consequently, the quotient e,(s)/5,(s) is 
holomorphic, or, as one says, G(s) divides Gals). 

Note that it is not known whether G(s) divides c,(s) Lf 
E/K is not assumed to be normal. The result, however, 


would follow from a proof of Artin's conjecture.” 


|< cee ey 


Footnote: But see a recent paper of Langlands mentioned 


in Serre's talk (323):)- 


Footnote: See here also Van der Waall's talk. 
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TI. GALOIS ACTION ON ROOT NUMBERS 


This chapter is devoted to Galois Gauss sums. The main 
result is a theorem of Frohlich, which gives a formula for 
the Galois action on the Galois Gauss sum, and hence on the 
root number. Frohlich proved his theorem by global methods, 
and the proof I gave in Durham closely followed his original 
proof. I give here a local version of this theorem, from 
which the global result is easily deduced. This has been 
made possible by the theory of local constants of Langlands 


and Deligue. 


§1. More on the Artin conductor 

The Artin conductor can be defined for more general 
extensions than extensions of number fields. Let A be a 
Dedekind ring and K its quotient field. Let E be a finite 
normal extension of K with Galois group G, and let P be a 
representation of Gin a finite dimensional vector space with 
character x. Assume that all the residue class extensions 


are separable. Let P be a prime ideal of K. Let us choose 
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a@ prime ideal P in E above P. We can then define the rami- 
fication groups G; of 6P; Writing Es for the order of G., 


we define as in chapter I, 


eS: G. 
n(x,P) = ) — codimv?. 
i=0 ®o 
Theorem 1.1. n(x,P) is an integer. 


(For a proof, see Serre, Corps Locaux, chap. VI, 81-3). 
In particular, if E/K is wmramified at P, then 
n(x,P) =0, and if E/K is tamely ramified, then n(x,p) = 
codim ee 
We now define the Artin conductor by the formula: 


6(x) = om phOGP) 
p 


The Artin conductor has the following 3 fundamental 


properties: 


(a) 6(x + x") = Ox) . 4x") 


(b) If x is lifted from a character x' of a quotient 
H of G, then: 
6(x) = 6(x') 
(c) Let H be a subgroup of G, corresponding to a 


% 
subfield F of E; let x be a character of H and let x be the 


character of G induced by x. Then: 
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60°) = Np (BOO). DEFACED 


where D(F/K) is the discriminant (relative to the ring A) of 
the extension F/K. 

Let Dp be the decomposition group of some ideal P above 
p, and let Xp be the restriction of x to Dp. Then x is 
induced by Xp. Let Ep) be the decomposition field of P. 
Then, Ep) /K is unramified, and formula (c), shows the 
equality: 


n(x,P) = n(xXp, P NED). 


Let Ep (resp. Ky) be the completion of E (resp. K) at P 
(resp. [P). Then Dp is canonically isomorphic to the Galois 


group of Ep/K and the integer n(x,P) is the corresponding 


0? 
integer n(Xp; p) defined for this extension. 

When A is a discrete valuation ring, there is no need 
to specify the ideal we choose, and we simply write n(x) 
instead of n(x, Pp). 

We now restrict ourselves to the case when K is a number 
field, and we define an integer n(x, v) for every infinite 
Place v of K. If vis complex, then so is every place of 


E above v; we say in this case that E/K is unramified at v, 


&nd simply put n(x,v) = 0. 
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If v is real, let w be a place of E above v. In Chap- 
ter I, we defined the "inertia group" Ba = {s ¢ Glsw = wh. 
We consider that the extension E/K is tamely ramified at v, 
and we define n(X,v) by the formula: 

I 

n(X,v) = codim v ™. 
Of course, n(X,v) does not depend on the choice of w above 
v, andn(x,v) =O if wis real. We can use the decom- 
position V = v. ® Vv of V given in chapter I, §4. to com- 
pute n(x,v). Clearly, n(x,v) is the number of eigenvalues 
equal to -1 for a "real Frobenius" o_. Now, x(o_) = 
dim v. - dim Vv, ; the following formula holds: 

n(X,v) => (x(1) - x(¢_)). 


Remark 1. The integer n(x,v) was used by Hasse to define 


the infinite components of the Artin conductor. 


Remark 2. The same arguments can be used to compute 
n(x,?) for an extension which is tamely ramified at P : 
n(x,P) is the number of eigenvalues other than +1 for a 


generator Cn of the inertia group of some ideal P above P. 


We can also define an integer n(x) in the local 


archimedean case. Then, E and K are isomorphic either to 
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the field R of real numbers or to the field € of complex 


numbers, and we define n(X) by the formula: 


n(X) = codim aa 

Now, given a normal extension E/K of aii eee fields, a 
place v of K and a character X on G = Gal(E/K), one can 
define a local character X_ on Gal(E /K), where K_ is the 
completion of K at v and E is the completion of E at some 
place w of E above v. 

The situation is now the same as in the finite case, 
and the following equality holds: 


n(x,v) = n(x,) 


The proof is clear from the formulae n(X,v) = 
> (x(2) - xX(0_)) and n(x) = 3(x (1) - x (o_)), since x, 
is the restriction of x to the subgroup (1,9) of G. 

We end this § with the definition of the conductor for 
an infinite extension. We again use the definitions of the 
beginning of this section. Let L be an infinite normal 
extension of K with Galois group G. By a representation p 
of G, we understand a homomorphism 0 of G into the linear 
Group of a finite complex vector space with open kernel. 
Such a representation factors through the Galois group of a 


finite extension. Recalling the invariance of the conductor 
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under lifting, we define 4() to be the conductor of ‘Suge 
where P' is any representation of a finite Galois extension 
such that ep' lifts to Pp on G. Such a representation has a 
character X, and we can define n(x) as above. Virtual 
characters are then defined in the usual way, and the def- 


inition of the conductor of a virtual character is immediate. 


Remark We define an unramified (virtual) character as a 
character which is the difference of 2 unramified characters 
of representations. It is clear that such a character has 
a trivial conductor. The converse however is false, for 
the difference of two ramified characters can well have a 
trivial conductor. 

Thus unramified characters are the characters which can 
be factored through a finite unramified extension. In the 
same way, we define a tame character to be a character 


which factors through a finite tame extension. 


§2. Local Gauss sums 

In this section, p is a fixed prime number and K a 
finite extension of the field a, of p-adic numbers. Let O~ 
(resp. Dee Ys U,) be the valuation ring of K (resp. the 
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maximal ideal of On the different of the extension K/Q,,» 


the group of units of 0 ). For any integer i20, let U, be 


$ 
K K 
ie subgroup of those units of K which are congruent to l 
a uniformizing 


1 vo 
modulo Pe (thus, U, = U,.) « We denote by 7, 


parameter of 0. (p, ie ‘ope 
We first define the non trivial additive character 


x 
# :K*C as the composition of the following 4 maps: 


Q) (2) GBM , 
Tig Q,, ma Cie. + O72 > © where: 


1 is the trace Tr 


(2) is the canonical surjection 
(3) is the canonical injection which maps 0/2, onto 


the p-component of the divisible group Q/Z 
; : Ti 
(4) is the exponential map x e ban 


For every x € Q,> there is a rational r, uniquely de- 


fined modulo 1, such that x - re Bs Then W(x) = W(r) = 


eTir 
e 


7 


The equality v(xty) = ¥(x)v(y) shows that (-x) v(x 

W(x) for every x € K. We also remark that ~ is trivial on 
5 —] oe 

the codifferent v. ,» and that D., is actually the greatest 


ideal of K on which Y 26 triviel, 


The following lemma will be used to establish a basic 
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property of Gauss sums. 


Lemma 2.1. Let n20 be an integer and let d be an element of 


at = 
Dd ge Let S be a set of representatives of 0. modulo 


K K K 

Pr. Then, the sum A = ) b(yd) does not depend on the 
y&S | 

particular choice of S. Moreover, A = N(P,)” yo eas ve : 


and 4 = O otherwise. 
(For an ideal I, N(I) denotes the unique power of p 
which generates the ideal N (T)}s GF LT is-intégral; 


N{(r)} = card(0,/I)). 


pean | 
Proof If y' = y mod Pes then b(yd) U(y'd) = W((y-y')a)= 
ail 
1; thus, A does not depend on the choice of S. If dae ve ; 


then vV(yd) = 1 and 


A= ) L=N(P,) 
y&0,./Pye 


-1 
Suppose now that d does not belong to D. . For any integral 


Z, ytz runs through a full set of representatives of Or 


modulo pe when y does. Thus A = ¥ v((y+z)a) = 
4 n 
ye0,./P,, 
Ys W(ya)¥(zd) = W(za)A, and (1-W(za)) A= 0. As Uv is 
n 
ye0,,/p,, 


not trivial on the ideal do,» one can choose z such that 


Wezd) #1. Hence, A=0. 
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* * Rs 
sw let 9: K * @€ be a character of K with open kernel. 


n = n(@) be the valuation of the conductor §(8) of 8, 
6(6) = Pee The integer n is the least integer such 
t the character 8 is trivial on the group Uc: 
We say that © is unramified if n(@) = 0. Then, for a 
_zero fractional ideal I, the value Q(x) of & on a 


nerator x of I does not depend on the choice of x; we 


finition The local Gauss sum 1(6) is the sum 
7 x x 
aC) eo) Ay He) 


re c is a generator of the ideal D, = 4(8) Ds and x 


ns through a set of representatives of Ue modulo Ur: 


When 6 is unramified, the sum reduces to 1 term, and 


* 


have the equality 


cay, 0(D.) 


If moreover K is an uwnramified extension of a, then 


It is easily verified that 1(6) does not depend 
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on the choice of the representatives of Uy mod Ue: Henee , 


T(€) does not depend on the choice of c. 


¥ 
Proposition 2.2. Let © be a character of K. Then: 


Proof We first remark that (ii) is an easy consequence 


6f (4). Sines 


A 
om! 
Ul 
<x oI 
oD! 
-— 
O |x 
<_< 
oO |x 
iT} 
x oI 
apy 
| 
| 
= 
l 
Q |> 


i 
@D 
aa 
| 
be 
~~ 
= 
-— 
jap) 
~~ 


Moreover, if © is unramified, then N(F(@)) =1 and 


—— 1 


t(8) (8) = 0(D,") BCD) Sac 


K 


We now only have to prove (i) for a ramified character. 


We write |1(6)|* = 1(6) t(@) as a double sun: 


ee Le Se 
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the equality 


s() WY = J 0D a %) vw y- 4 


E alx) wy) 
XsV 


Y e(x) o(x), where 
x 


) vy 2 ). 
yeU, /U, 


(x) 


We now write 6(x) as the difference ) vy) 3 
n 
ye0,,./p, 


) y(y(%4)). By lemma 2.1., ) wy Get) = 0 


c 


is. EP! Py ye0,,/ Py 
if x #1 mod Pe and N(p,.)” = N(4(e)) otherwise; similarly, 
A (x-1)1 
yy) = J ply —S—*) ede x 22 
ey, / n n=] 
VEP,/ Py ye0,/p, 


a n- 1 n=]. a 
mod p,  , and N(p,-) otherwise. We thus have the 
equality |x(6)| = (¢(e)) - J a(x) Np)” ~ 


1 ae 
a n 
xeUy [Uy 


and we 


Must prove that the sum p= ) e(x) is zero. But, 


cat Tp 
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Hic]; 
for ény 2: © Uc 7x Q(z) n= ) 6(xz) = u. By the 


e yet ye 
€ 
sa a a 
definition of the conductor, there exist z € laa such that 


O(z) #1. Hence, v= 0; Q.E.D. 


We can now define the local root numbers. Let K be a 
local field of characteristic 0, and let ® be a character 


¥ 
On K"-s 


Ds Pr . .-n(6 
Definition For K = WR or K=C@, define W(6) =i mt 2 
where n(8) is the integer defined in section l. 


For K non archimedean, define W(6) = ea 
vv( 68) ) 
We now explain the connection between these local root 
numbers and the root number defined by Hecke for abelian L 
functions. 
Let K be a number field, and let x be an jdele class 
character (i.e., : X 1s a continuous character on the 


group I of the idéles of K, trivial on the principal 


K 
idéles). For every place v of K, the natural imbedding 
x x 
K + 1, defines a character xy onK.. The following 
Vv K Vv Vv 


theorem was proved by Tate in 1950. 
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‘Theorem 2.3 W(X) = W(X). 
For a proof, see Tate's thesis, in Cassels-Frohlich, 


p- 305-347. (Note that the infinite product makes sense 
because (Xp) = N(6( Xp) ) = 1 for every finite prime P at 
which both the character X and the extension K/Q are un- 


ramified). 


83. The transfer 

Given a group G, we denote by aor the quotient of G by 
its commutator subgroup. Let G be a group and let H be a 
subgroup of finite index in G. Let 6 : G/H > H be a set 


of representatives for the left cosets of G modulo H. Given 


s € Gand t € G/H, we define an element a + of H by the 
3 
formula: 
ts) — 
s 6(t) (st)a. 5 
Definition Let s € qe, and let s € G be a representative 
of s. The image in u” of the element Il a of H is 


tec/H 82% 


called the transfer of s. 


Notation Vera (3) or simply Ver(s); we also define the 


transfer of s itself by Ver(s) = Ver(s). 
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It can be shown that Ver(s) does not depend on the choices 
made in the definition, and that the transfer is a homo- 
morphism of gee into ge, By duality, given an abelian 
group A, there is a transfer Ver : Hom(H,A) > Hom(G,A). 

The transfer was first defined by Schur, and redis- 
covered by Artin in connection with class field theory. We 
shall use the transfer for its role in class field theory 
and for the calculation of the determinant of an induced 


representation. 


a) Class field theory. For convenience, we use 
infinite Galois groups. For a topological group G, the 
group ee is the quotient of G by the closure of its com 


mutator subgroup. 


Proposition 3.1. The following two diagrams are commuta- 


tive: 
Ver Ver 
= ab ‘ = ab ab ab 
E Q ———_—>__ 
Gad (@,/) ca1(@,,/2) : : 
v) inclusion % | inclusion 
eee. I. ————— I 


K E 
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' In both diagrams, the vertical maps are Artin maps. 

In the left hand diagram, E/K is a finite extension of 

‘fields of finite degree over a, contained in a given al- 
ic closure-Q of Q. 

gebral 0 D 


In the right hand diagram, E/K is a finite extension of 


number fields, and I, I, are the corresponding idéle 


groups. 

We shall write Vera rx for the transfers involved in these 
2 diagrams. 
Proof This is a property of class formations (see e.g. 


Artin-Tate, Class Field Theory, chap. XIV, or Serre, Corps 


Locaux, chap. XI). 


b) Induced representations. Given a representation p 
of a finite group G in a complex vector space V, the de- 
terminant of p depends only on the character of p. By 
linearity, we define the determinant of any virtual 


Character x of G. (Notation : det). 


Proposition 3.2. Let G be a finite group and let H be a 


x 
Subgroup of G Let x be a character of H, and let x be 
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the character of G induced by x. For any element s € G, let 
Eq sy! S? be the signature of the permutation of G/H defined 


by multiplication by s. Then: 


det (8) = &g(8)%\2) det, (vert(s)) , 


G/H 
e / 
or, more briefly: 
5 SUE: « 
det» = Eig Ver(det.). 


x 


* 
Proof By linearity, we may assume that x and x are char- 


* 
acters of representations. Thus, X corresponds to a vector 


space V with G action, and x to a subspace W of V invariant 
under H. The fact that the representation afforded by V is 
induced by the representation afforded by W can be described 
in the following way. Let 98 = G/H > G be a set of represent- 
atives of left cosets of G mod H. Let Wo = 6(0) W. Then, 
Vis the direct sum:V= 6 W,: We must now find the 

oeG/H 
determinant of the endomorphism x > sx of V for every s € G. 
Write x = }) 6(o) x_, with x_¢€W. Then, sx = 

Oo Oo 
oeG/H 
) s @(c)x = ) 8(so) a Xs" Thus, the map x > sx 
3 


oeG/H oeG/H ? 


is the product vu, where u, defined by 8(o)x, > O(s)a_ PS 
>) 


maps each W, onto itself, andv, defined by 


a(o) x +s @(s 0) a(c) + x,» maps W, = 0(9) W onto (sc) W. 
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ow, everything is easy: first det_(u) = I det, (ulw,) 
oeG/H O 


- : det, (x i a, ot) = se ate a, o*) = det (Ver(s)). Now 
let e,(1 <i < x(1)) be a basis of W. Consider the basis 
@(o)e. (oeG/H, 1 <i < x(1)) of V. For each i, v per- 
mutes the O(o)e., and the signature of the permutation is 

(s). As there are X(1) indices i, det, (v) = 

(s)*)) gig. 


€o/H 
Corollary. If x is a character of trivial determinant and 


* 
of degree zero, so is the induced character x . 


84. Local Galois Gauss sums 

Let p be a place of Q, and let a, be an algebraic 
closure of Q,, (thus, @ = R andQ®@,=C). By a local 
field, we mean a finite extension of a, which is contained 
in Q. Given a local field K, we consider virtual char- 
acters of Gal(@ /K) which are differences of two characters 
of representations of open kernel. We simply write Ge. for 
the Galois group Gal(@,/K). 

For a local field K and a (virtual) character 6 of Ges 


Deligne and Langlands defined a local root number W(6) (see 


Tate's lecture cf. [14] ). The local root number is well 
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defined by the following three properties: 


(i) w(@, + 8) = w(e,) w(e,). 


1 

(ii) Let © be a irreducible character of degree one, 
and let 9' be the character of K" defined by © via the Artin 
map. Then, W(®) is the local root number W(8') defined in 
section 2. 

(232) Let E be a finite extension of K, let ® be a 
character of degree zero of G. and let e- be the character 
of G. induced by 6. Then w(8 ) = W( 6). 


We are now able to define the local Galois Gauss sum. 


Definition Let K be a non archimedean local field, and 
let © be a character of Gal(@,/K). The local Galois Gauss 
sum (8) is defined by the formula: 


(6) = w(6) “N(§(@)) 


> 
where §(6) is the Artin conductor of © and the square root 


is the positive square root. 


Note that 4(6) = §(@). Hence 


N(4(8) ) 


The local Galois Gauss sum is well defined by the 
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Pollowing three properties which are obvious consequences of 


the corresponding properties for local root numbers and 


conductors: 
(i) (8, + 8) = 2(8) 1(8,). 
(ii) Let © be an irreducible character of degree one, 


and let ®' be the character of Kk. defined by ® via the Artin 
map. Then, t(9) = 1(6'), the local Gauss sum defined in 
section 2. 

(iii) Let E be a finite extension of K, let 9 be a 


# 
character of degree O of G. and let 6 be the character of 


% 
G, induced by 8. Then 1(6 ) = 1(8). 


Notation. Given a local field K, an element x € K and an 
irreducible character of degree one 6 of G., we write 6(x) 
for the element 6(w), where w € a is the image of x under 
the Artin map. 


Proposition }.1. Let K be a finite extension of Q,> and 
let 8 be a character of Ge Then: 


Yin( £(8) ) 


(i) | x(9) | 
(ii) t(6) t(6) = N(4(8)) det .(-1). 


The following corollary is an easy consequence of the 
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above proposition for an extension of Q,° and is obvious 


for K = R orK =@: 


Corollary. Let K be a local field. Then: 
(i) |w(8)| = 2 
(ii) w(6) w(6) = det .(-1) 


Proof. We have only to prove the proposition when 9 is an 
irreducible character of degree 1, and show that the 2 
sides of the equalities are invariant under induction for 
characters of degree zero. Now, the case of an irreducible 
character of degree 1 has already been dealt with in 82, 

and both sides of the above equalities are invariant under 
induction when 6 is of degree O (for (ii), just remark 


en a 
that (0) 230): 


Remark. Using part (ii) of proposition 4.1., one proves 


immediately the formula 


w(8) (8) = det,(-1)¥N(4(8)) . 
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5, Galois action on Galois Gauss sums and root numbers 
(local theory ) 

Let K be local field, and let 6 be a character of G. 
The values of © are algebraic numbers. For any w € Noe 
we define Qe by the formula: e'(s) = (6(s))” for every 

s € Gy We do not worry about left or right action of G, 
as the results we are going to prove do not depend on the 
choice we make. 

The aim of this section is to compute w(6-) in terms of 
W(8) and the theorem we shall prove is just a local version 
of a global theorem of Frdéhlich. For an archimedean local 
field, © = 6, and there is nothing to do. We thus 
restrict ourselves to finite extensions of Q.> p finite. 

Now, (8) is an algebraic number: for a character 
of degree one, this is clear from the definition, and the 
general case is a consequence of the induction formula. 
Therefore, W(6) itself is an algebraic number. We shall 
now compare 1(6°) with t(6)” 

We first define a homomorphism a of 2. = Gal(Q/Q) into 


vy 


F the group of p-adic units. 


Definition. Given we 2 u() is the unique p-adic 


Q’ 
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-1 u (w) 
. Ww 
unit such that n =n » for every p -th root of unity 


nN in Q. For any extension K of Q, we view a as a homo- 


* 
morphism of "9 rnto: K . 


Theorem 5.1. Let K be a finite extension of a, for some 
finite p, and let © be a character of G.. Then, for any 
WE oe 
ar 
Gc a ps a det , (u_(w)) 


Proof. The proof is in 2 steps. 


Step 1. Let 9 be a character of degree 0, and let F be a 
subfield of K. Assuming the formula is true for 8, we 

* 
prove it for the character 9 of Ge induced by 9. For the 


t(6) and that 


right hand side, observe that 1(6 ) 


det ,(u_(w)) = det, (u (w)) by propositions 3.1. and 3.2. 


Or oF P af =i 
‘ , ¥ Ww Ww * 
For the left hand side notice that (6 ) =(@ ) , hence 
Hy W wee ¥w a Ww 
(0 ye EES ee Se Og 
Step e. We prove the formula for an irreducible character 


x 
of degree l. Regarding © as a character on K , we write, 
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th the notation of $2, z(6) = } 6(4) v(4). Then: 
x UU 


Ww ee 
ro”) = Y fe (%) w= Yo) we". 
xe UU XU, /Us 


low » v(-) is ap -th root of unity for some n. ‘Thus, 


ow (Ww -1 
(oP = FO) Eu (wy) 
xeU,/Ux 


) a(= u()) v(=) (by the transformation 
xeU, /Uy 


xX hex u,(o)) 


®(u(w)) (8) = (6) det,(u LON Ie OED 


We now state a corollary which is useful for the global 
he +: - . * 
theory. We defined a homomorphism a : "p - ae a By 


_ composition With the Artin map, we obtain a homomorphism 


(@/Q,) 


Lo Ollary 5.2. The notation being as in the theorem, 
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O46) det, ea at 


Proof. Obvious from the following commutative diagram: 


ab 
— Ver ms ab 
Gal(Q /@,) Se Gal(@,/K) 


Artin Artin 


Q ——————3 K 
inclusion 


Remark 1. Let w' be an element in the inertia group of 


G ‘ As gee is abelian, this element w' defines a unique 


Q Q 

element w ¢ on via any imbedding of Q@ in a. To use the 
previous corollary, one must be able to compare w' and 
v(w) The result is actually the following one: 

qg' = Vw) + The equality is true thanks to the minus sign 
in the definition of u,(w) (see Corps Locaux, last remark 


of chap. XIV, §7). 


Remark 2. To finish this section, we come back to the 


root number itself. For any w « Qs 4(@) = £(6). Thus, 
using the formula W(6) = pac 6 we see that 


Vin(éle)) 


theorem 5.1 gives a way of computing W(6") when 4(8) and 
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are known. To express the result in terms of W( 8) 
it is enough to know the action of won W({(6)). 


Lo 
2m 
-* 9 


The following proposition is obvious: 


position 5.3. Let 9 be a character of G. with trivial 


erminant. Assume that the norm of the conductor of 6 is 


quare. Then, w(e-) = w(@)”. 


. Real valued characters 

In this section, kK is a local field and 9 a real 
glued character of G. The formula W(6) w(6) = det .(-1) 
duces to W(8)* = det,(-1). Thus, W(6) is a fourth root 


‘unity. Moreover, if det , is trivial, then W(@) = +1 


lobal theorem of Fréhlich (see next section). 


joposition 6.1. Let K be a non archimedean local field, 
Wa tet © a real valued character of Ge. with trivial de- 


rminant. Fach of the following conditions implies the 


(i) w(e) = W(6) for every w Ed 
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= 1(6) for every we Np 


(iii) 1t(@) is a rational number. 


(iv) N(§(6)) is a square. 


Since 6(@') = 6(6), 1(8°) = 1(8) 
(ii) => (iii). By theorem 5.1., T 


Psa eden Uae SR RAYS acd a ie 


w(6)2 


(iv) =>(i). Obvious by proposition 5.3. 


Proposition 6.2. Let K be a non archimedean local field, 
and let 9 be a real valued character of Ge Assume more- 
over that 6 is tame (i.e., © factors through a finite 
tamely ramified extension). Then, the conductor of 6 is a 


square, and therefore w(e") = W(6) for every w € Qo: 


Proof. We must prove that the integer n(®) is even. We 
can view § as a character of the Galois group of a finite 
tamely ramified extension E of K, and it is enough to give 
the proof when 6 is a character of a representation pe of G. 


Now, we know that n(6) is the number of eigenvalues other 
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pan +1 of 0(0), where Oo is a generator of the inertia 
group. Let n be the number of eigenvalues of e(c) equal 
to -l. Since 8 is real valued, the non real eigenvalues 
appear in pairs of conjugates; hence, n(6) =n mod 2. 
Now, the determinant of p(o) is the product of all eigen- 
Be nes of p(c). The product of the non real eigenvalues 


is +1. We thus have the equality +1 = det(o(o)) = (-1)". 


Hence, n(9) =n O mod 2, Q.E.D. 
Remark. Let 9 be a character of a finite extension. The 


statement W(® ) = W(8) for every w € 2 is equivalent to the 


Q 
following one : the value of W(®) depends only on the simple 
factor of @[G] corresponding to §. Another example where 


this situation arises will be given in chapter III, §4. 


§7. Global theory 
In this section, K is a number field and x is a virtual 


character of the infinite Galois group %, = Gal(Q/K) which 


K 
factors through a finite extension of K. 
The Galois Gauss sum was first defined by Hasse by a 


formula of the type t(x) = W(x) / N(4(x)), where W(x) is 


the Artin root number and the tilde means that one must 


48 MARTINET 

first choose a sign for the absolute norm of the conductor 
and then extract an appropriate square root. Note that 
N(6(x)) is the product of the usual JN(B(X)) by a fourth 
root of unity. Following Frohlich, we define this root 
of unity as an "infinite part" of the root number. More- 
over, to be consistent with the preceding sections, we 


consider W(x) instead of W(x). 


Definition 7.1. For every infinite place v of K, let 


Ht XaF) 


WiOd = ji » where n(x,v) is the integer defined in 
a The infinite part of the root number is the complex 
number W(x) = II W(x). 


v infinite 


Definition 7.2. The Galois Gauss sum T(x) is the complex 
number defined by 


(x) = W(x) WWGOO) W007? 


> 


where W(x) is the Artin root number, and VWN(4(x)) is the 
positive square root of the positive generator of the 
absolute norm of the Artin conductor. 

Note that 4(x) = 46(x), and that W(X) = W(x) (For 
the latter equality, just remark that n(x.v) = n(x_), 


Vv 


where Ke is the local character on the completion of K at v 
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fined by X,; hence, X, = xX, and Wx) = W(x) for every 


nfinite place v of K). Thus, the following equality 


(X) Wo) 


N(4(x)) 


Remark (Exercise) W(x) t(x) =VN(6(x) WoO) (Hint : 


prove the equality W(x)? = det (-1) for any infinite 


as 
place v). 
Proposition 7.1. TCX). II (X,) ‘ 
p finite 
where X, 1s the local character on the Galois group 


p 
G, = Gal(@./K,,) of the completion of K at p (, is a given 
p 


algebraic closure of Q > and P lies above p). 


Proof. The Artin root number W(x) is the product I Wx.) 
Vv 
where v runs through all places of K (see J. Tate, Durham). 


Now, W(x) = II WiOd = II W(x.) 
v infinite v infinite 
= ms | a Prag | sc 
Hence, W(x) W(x) = W(x) W(X) = H  W(x,). 
Pp finite 


Now, the positive rational number N(4(x)) is also the 


Product TI N($(x,.))-. Therefore 
p finite . 
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W(X) W(X) W(X,,) 
T(x) = SUh II ES ae = II T(x 
N( 6(x) ) P finite YNCE(%p) P finite 


We shall now use proposition 7.1. to derive global re- 


sults from the 


Theorem 7.2. 


Proof. For ev 
hence, 
-)] as 
wx 
T(x) pf 


with the notat 


local results of 85. and 86. 


(Frohlich) For every we 2 


Q ~ 
WwW 
) a eG) det, (Ver, 19()) 
aot -1 
ery finite prime P of K, (Xp) = (x" 3 
ind 
2 em , 
Tl = II det Ver V w) ) 

inite te pfinite “p  Bp/® P 


ion of corollary 5.2. 


The theorem we want to prove is now a consequence of 


the following 


Lemma 7.3. 


lemma of class field theory. 


For any irreducible character of degree one 


Proof of the 1 


emma. When K = Q, the formula we want to 


CHARACTER THEORY AND ARTIN L-FUNCTIONS 51 


ye is simply 


Y(w) = I y (V_(w)) for any w € o . 
p finite P 


It is a consequence of the discussion of the reciprocity 
over the rationals (see Artin-Tate's notes, chap. 6. §2). 


Me general case is an easy consequence of the commutative 


diagram of $3. 


emark. Theorem 7.2. can be stated in terms of idéles. De- 


fin : 2 71 by u. = 1 and u(w) = u_(w) for eve 
ine ui: % * Ip by 4, ( Me o! ) ry 
finite prime p. Then: 

=] 

mn) W 
ay ) = ey) det (u(w)) ; 
where det (x) for an idéle x is simply the value of ae on 

x 


the element s ¢€ ap which is the image of x under the Artin 
The particular case of tame and real valued characters 


‘car be dealt with easily, as in the local case. We obtain 


* 
theorem 7.4. Let K be a number field, and let x be a 


Character of Qe Assume that xy is tame and real valued. 


Then, the following results hold: 


(i) For every we 2 W(x") = W(x) 


Ke? 
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(ii) tT x)/ t( det.) is a rational number 
(53) Wal X) /W,,( det.) = +1 or 1 
(iv) if X 1s a character with trivial determinant, 


then T(x) is a rational number whose Slgn is the product of 


the signs of W(x) and W(x). 


Proof As xX factors through a tamely ramified extension, 
so does det, . By additivity, (x) /t(det, ) = t(x-det, ) and 
Weo(X) /W., (det, ) = W,,(x-det, ) « As x-det, has trivial de- 
terminant, it is enough to prove (ii) and (iii) for a 
character with trivial determinant. 

Now, for every finite prime pP of K, Xp is a tame real 
valued character with trivial determinant. Hence, by 
propositions 6.1. and 6.2., (x,) is rational. As 


aly.) =: *) for aimost-all. p, rly) 1 zy p) is rational. 


P p 
We have thus proved (ii). Moreover, N(4(x)) =1 NC§Cx,.)) 
p 
is a square by proposition 6.2. As x 1s real valued, 
WO) YN AC) 


W(x) = +1 or -l. Hence, W(x) = is a rational 


t(x) 
Me t ‘ 
number. As it is a root of unity, W(x) = 41 ox -L, 


and this proves the assertions (iii) and (iv). 


We must now prove (i). We need the following lemma: 
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Let W be a homomorphism of &, into {-1,+1}. 


Lemma T-5- K 


qhen W(V) = +1. 


Proof of the lemma. We know that the Artin root number of 
a zeta function is +1. If } is trivial, L(s,v) = G(s)» 
hence WY) = +1. If ¥ is not trivial, then ~ corresponds 
to a quadratic extension E/K, and L(s,v) = c.(s)/t,(s). 


Thus, W(v) = w(t) /W(S,, 


Proof of (i). .Let we Q. By the above lemma, w(det,) = 

Ww 
W( det 7) = +1. Hence, W(x ) 
X 


W(x) = W(x - det). We may therefore assume that x is a 


= W(x - det, )”) and 


character with trivial determinant. We now use the formula 


w(x) = 1 W(x.) 
Vv 
where v runs through all places of K. By the results of 


§6., WX) = W(x). Hence, w(x’) = I wx) = W(x), Q.E.D. 
Vv 


Remark. Without the assumption that x is tame conclusions 


(i), (ii) ana (iv) of the theorem are no longer valid. See 


e.g. [7a] §9, or [7b] Theorem 19. 


54 MARTINET 
88. Global induction formulae 

We give in this section induction formulae for the in- 
finite part of the root number and the Galois Gauss sum. 
These formulae were originally used by Frdhlich to prove the 


results of 37. We give them for their own interest. 


Definition. Let K be a number field. For any finite 


extension E of K and any place at infinity v of K, define 


t(E/K,v) = 0 if v is complex, 
t(E/K,v) = the number of complex places of E 
lying above v if v is real. 
Put t(E/K) = )  +(E/K,v). 
v real 


Theorem 8.1. Let E be finite normal extension of a number 
field K with Galois group G. Let H be a subgroup of G 
corresponding to a field F. Let x be a character of H, 
and let “s be the character of G induced by x. 
(i) For every place v of K, 
n(x ,v) = ys n(x, w) + x(1) t(F/K,v) 


vw am F 


(ii) moe = W (x) .7xQ1) t(F/K) 


co 


(iii) alse 3 = t(y). [N(D(F/K) )? ; SEVERE 
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> N(D(F/K)) is the absolute norm of the discriminant of 


(ii) is an obvious consequence of (i), and (iii) 


¥ 
a(x") _ Wx) eae al ad 


T(x) W(x) N(6(x)) W(X) 


Ce ee 
len, wx) = WX), nay g STEIN) by (ii) and the 
uality CoN = n(D(E/K)) *!2) is an easy consequence of 


he calculation of the conductor of an induced character. 


We are now left with the proof of (i). If x is of degree 


ero, the formula we want to prove is: 
x 
atx 4. 0h = n(x,w). 
wiv 
winF 
_% x 

But n(x, w) = n(x,) and n(x , v) = n((x )v). ‘Thus, 
he desired formula is a consequence of the formula which 
Zlves the restriction of an induced representation (see e.g. 
Serre, Représentations linéaires des groupes finis, chap. 
prop. 22). It is thus enough to prove (i) when x is the 


hit character. 


Since n(x,w) = 0, formula (i) can be written 
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The 
is real, 
1dt° Bie 


¥ 
x (1) = 


x(tot *) 
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ne = v) = t(F/K, v). 


equality is obvious when v is complex. Assume v 


and let o be the "Frobenius" of a place w above v 


* l * x 
Then, n(x ,v) => (x (1) - x (o)). Now 
[F:K], and x (0) ae x(toe ). But 
teG/H 


= 1 if tw lies above a real place of F (for 


-] . 
tot t € H) and x(tot ) = O otherwise. Hence, 


em Ulos 


x 
xX (o) is the number of elements of G mod H such 


that tw lies above a complex place of F, and this number 


is precisely 2t(F/K,v), Q.E.D. 
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III. ORTHOGONAL AND SYMPLECTIC REPRESENTATIONS 


Description of real valued characters 
Let G be a finite group, and let K be a subfield of the 


eld € of complex numbers. Given a finite dimensional 
vector space V and a representation p : G> G1(V), we 
fine a complex representation p' : G > G1(C g. V) by 
et ® x) =18 p(x). We call such a complex represent- 
tion a K-representation. 

Consideration of direct sums and tensor products of K- 
epresentations shows that the set Re of characters of K- 


G 


Ws of G. Clearly, a character x € Re has its values in 


The converse however is not true. We denote by Re 
whe subring of Ra which consists of characters of G with 
We are interested in the case when K = R, the field 
4 sf ’ : IR = t 

L real numbers. The rings Ra and Ra are then related 


%O geometrical invariants. 


We denote by Re the set of characters of R, which are 
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the difference of 2 characters of representations preserving 
anon degenerate bilinear form. We shall call a non-de- 
generate bilinear form orthogonal (resp. symplectic) if it 
is symmetric (resp. skew-symmetric). We define the subset 


to be the set of characters x € ER 


fe) Ss b 
R~ (resp. R_) of Ra js 


G G 


which are differences of 2 characters of representations 
preserving an orthogonal (resp. symplectic) form. The virtua] 
characters in Re will be called orthogonal, those in Re 


symplectic. The sets Roe Ro and Ro are subgroups of Rae 


Moreover, consideration of tensor products shows immediately 


that R° and e. are subrings of Ra» whereas ay is a module 


. Note that every symplectic character has even 


G 
fe) 
over Ra 


degree and trivial determinant. 


Let T: R, > R, be the map XX + x. 


: b _ =R 
Theorem 1.1. (i) Ra = Ra 
ii Oo . dR 
(a4) Ro = Ro 
gen ie) fe) s 
= +t 
(iid) oR Ra Ra 


For a proof, see e.g. Serre, [12], §13. 
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We can now define three (mutually exclusive) types of 


educible real valued characters. 


may x= e+ ®, where ®€ Ra is absolutely irreducible 
j takes at least one non real value. 

ne 2. X is an absolutely irreducible character and is 
thogonal. 


3. x is an absolutely irreducible character and is 


These characters are irreducible real valued characters, 


id make a basis of RE from which bases of a and Ra are 


G? 
asily deduced. 
Irreducible real valued characters are in one-to-one 
espondence with the simple algebras which occur in a 
lecomposition of the semi-simple algebra R(G). For x of 
(1), the centre of the corresponding algebra is 

R(*) =¢. Hence, the simple algebra corresponding to x 
is isomorphic to Me) with n = yx(1). For x of type (2), 
corresponding simple algebra is obviously isomorphic 

to M (mR) » With n = x(1). ‘Therefore, a character of type 
(3) corresponds to a simple algebra isomorphic to M(H) » 
Where H denotes the skew-field of Hamilton quaternions and 


en = (1). This last isomorphism can be described as 
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follows: start with an absolutely irreducible symplectic 


representation p: G->+G1(V), where V is a complex vector 


space of dimension, say, en. Then ep defines a representation 


Ppt G * CHV.) where Ve is the vector space V viewed as q 


real vector space (hence, dim V_, = 'n). Let D be the ring 


RR 


of those endomorphisms of V_, which commute with P, for aly 


RR 


Ss ic Gs The ring D, which is a skew-field by Schur's lemma, 


is actually isomorphic to H, and Vr can therefore be given 


a structure of H-vector space of dimension n, say Var: 
Now the simple algebra corresponding to p is the ring 


End_(V 


* ns isomorphic to M (ED : 


§2. Induction theorems 

a) The Brauer-Witt theorem Given a subfield K of @ 
and a prime number p, one can define PT ~p-elementary groups , 
which are semi-direct products of a normal cyclic subgroup C 
of order prime to p by a p-group p (for a definition, see 
e.g. [12], $12). For K=€, the semi-direct product is 
actually a direct product, and Tp-elementary groups are 
the "usual" elementary groups. For K = R, the following 
condition must hold : for every y € P, there exist 


-l 
t « {-1, #1}, such that, for every x € C, yuy = o*. 
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roup is called I ~elementary Trait 2s ae 


for some p. 


m 2.1. (Brauer-Witt theorem) Every K-character 


A I, elementary group is supersolvable (see the 


ition below). Hence, every irreducible character of 


The Borel-Serre theorem. Call a group G 
‘solvable if there exists a sequence fe} = 

Roc es fa= G,. = G of normal subgroups of G such 
EG/G. is cyclic. 


Orem 2.2. (Borel-Serre theorem) Let L be a compact 


Sroup, and let G be a supersolvable subgroup of L. 
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Then, G is contained in the normalizer N of a maximal torus 


T of Li 


We make a few comments on this theorem. 
1) The inclusion GC N simply means that, for every s € G 
mt 
and every tc€ T, sts e Wy 


2) Two maximal tori of L are conjugate. 


§3. Induction theorems for orthogonal characters 


Definition The dihedral group Da of order 2n is the 

group on 2 generators © and T with relations ov = 1% = Ly 
il a! : ; agi 

TOT ae eee Note that it 1s the semidirect product of 


its subgroups generated by © and by t. 
All the characters of Den are orthogonal. There are 2 


(resp. 4) irreducible characters of degree one of DA i oi 
is odd (resp. even). The remaining irreducible characters 


of Don are of degree e. 


Definition Let G be a finite group. An character x of 
G is called a dihedral character if x factors through a 
dihedral quotient of G and is irreducible of degree 2. 


The following theorem is extracted from Serre's paper 
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Artin-conductors ({13] ; see also D. Quillen, [10], 


ma. 2.4) . 


eorem 3.1.‘ (Serre) Let G be a finite group, and let x 
_an orthogonal character of G. Then, X is a Z-linear 
mbination of characters of the form Ind ( ¢) where H is a 
ubgroup of G and © satisfies one of the 3 following 
onditions: 

(i) 6 is a homomorphism of H into {-1, +1} 

(ii) ¢ = w+, where ~ is an irreducible character 
9f degree one of H 


(iii) ¢ is a dihedral character of H. 


roof. By theorem 2.1, we may assume that G is a ie 


1 mentary group and that x is an irreducible orthogonal 


Character. Since every I_.-elementary group is super- 


R 


solvable, theorem 3.1 is a consequence of the following 


nore precise result for supersolvable groups. 


Theorem 3.2. Let G be a finite supersolvable group and 


X be an irreducible orthogonal character of G. Then, 


oe 


Sne of the following conditions holds: 
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(i) X is a homomorphism of G into {-1, +1} 
(ii) x=%+0, where v is induced by an 


irreducible character of degree 1 of some subgroup of G 


(iii) x is induced by a dihedral character of some 


subgroup of G. 


Proof. Let n = x(1). ‘The character x is the character of 
a representation p : G > G1(V) where V is a real vector space 
of dimension n. The group 0(G) is contained in the ortho- 
gonal group O(V) of some positive definite bilinear form on 
V. By theorem 3.2, e(G) is contained in the normalizer of 
@ maximal torus T of O(V). Let m= I: There exists a 
subspace W of V of dimension 2m such that the matrix of T in 


& Suitable basis: es. sarss Com of Wis of the form 


Let w. (1 < i < m) be the subspace of W spanned by the 


vectors fos 7? en3° Now, there are two possibilities: 
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/nis_odd. Since W is invariant under the action of 

7 contains an invariant subspace W' of dimension 1. 

> is irreducible, W= (0) and V=W'. ‘The character 
then of type Cor 

b) 2 is even. Ket H be the subgroup of those elements 
Beccn that p (Wi) co W,- Since 0(G) is contained in 
normalizer of T, 0(G) permutes the subspaces Wes Since 
; irreducible, this permutation is transitive. This 

s that p is induced by the representation py} > G1(W,) 
yced from p by restriction to H. But Ri is a real 
ssentation. Therefore, ep (H) is isomorphic to a sub- 
sup of 0,(R) and x is of type (iii) or (ii) according to 


ther | is absolutely irreducible or not. 


We shall now give a corollary of theorem 3.1. due to 
igne ([4] ; Deligne's paper also contains a purely group 
retic proof of theorem 3.1). We must first extend 

ghtly the definition of a dihedral character : we consider 
tt a character lifted from a character x' of a quotient 

G isomorphic to D, is a dihedral character if x' is the 


lof 2 distinct irreducible characters of degree l. 
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Definition Let G be a finite group. Let xX be a dihedra] 
character of G lifted from a character x' of a dihedral 
quotient G' of G. Then, x' = Ind, (9"), where H' is a 
cyclic subgroup of G' of index 2 and $' is an irreducible 
character of degree 1. We call By the: character of G 
lifted from Indy, (9'=1). 


Note that x, has degree O and trivial determinant. 


Theorem 3.3. (Deligne) Let G be a finite group. Every 
orthogonal character of G of degree O and trivial determinant 
is a Z-linear combination of characters of the form Ind, (6) 


where ® is either a character HS or a sum V+) with W(1) = 0. 


Proof, Let x be a character of G of degree O and trivial 
determinant. By Brauer-Witt's theorem, the unit character 


of G can be written as a sum 1 = ) n Ind. ( @ ) where H 
H H H 


ranges over the I_-elementary subgroups of G and a is an 


RR 


orthogonal character of H. Now, X= Xb = 


yon Ind-(Resa(x)-®). Since Res.(x) has degree O and 
H H G 


m Qa 


trivial determinant, so does Res (x). ¢. We may therefore 


assume that Gis a Tip elementary group. 


Let A be the subgroup of Ro generated by the characters 
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form of theorem 3.3. With the notation of theorem 
et B (resp. C, D) be the subgroup of is generated by 
ters of type (i) (resp. (ii), (iii)). 

63.4. te G28 Tj, elementary , then Ro = A+B. 

‘of lemma 3.4. It is enough to prove that every 

ae orthogonal character xX belongs to AtB. If 

21, there is nothing to prove. We can therefore 

. the lemma by induction on x(1). Tex 2. ay 

ma’(v + ¥) with ¥(1) =1, write 

x= Ind [(w(a) - 2) + WE- 1) +22. 

“e 1 (1) < x(1), the induction process works. 

Xe€D, say x = Ind ( ®) where ¢ is a dihedral character, 
r+ (> - Tg): Since ® - r, contains the unit 


acter, the induction process works. 


f of theorem 3.3. By lemma 3.4., it is enough to show 
Character x € B with degree O and trivial determin- 
belongs to A. Since x(1) = 0, we may write X as a 
me ) es (¢. - 1), where the e's are homomorphisms 


i=l 
Onto {-1,+1} and €. = tlor-l. Since 
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e(o. -1)= (9. = 1) + (9. - 1) € A, we may assume that 


¢ = E., = +1 and e. SPOR 2 ies; The result we want to 
prove is obvious forn <2. Forn=3, x= os + o, - », -] 


‘ ; alass Act = 
Since det, 1s trivial, 3 an ve If $, Pts then 


y= oO =a) 2A. TF o#e, let H = Ker $9 Ker ®, 


Then, G/H is isomorphic to Di» and =r € A. For 


d +0 
1 a 
n > 3, the theorem is obvious by induction on n: just write 


n 
PT ey Ry ae A ie a eek OR ee, and 


2 i=3 1 
remark that x is congruent mod A to is. foe 1) + ce, = Dyes 
n 
Y Ceo = ih, 
izy 7 


$4. Some arithmetic properties of orthogonal characters 


We first prove a theorem of Serre on conductors of real 


representations. 


Theorem 4.1. Let K be a number field or a finite extension 
of a p-adic field. Let E be a finite normal extension of 
K with Galois group G, and let x be a real-valued character 
of G. Assume that one of the following conditions holds: 
(i) E/K is tamely ramified 
(ii) x is an orthogonal character 


Then, 6(x) /( det, ) is the square of an ideal. 
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lary 4.2. Under the assumptions of the theorem, the 


of the ideal 6(x) is a square. 


There is nothing to prove if det 16 trivieals IF 
as not trivial, then it is the character of a quadratic 
Gon F/K, and §(det,) is the discriminant of the ex- 


ion F/K. Hence, its class is a square. 


4.3. Let K be a finite extension of a p-adic 
Assume that xX has trivial determinant. Then, under 
assumption of the theorem, the local root number w(x) 
pends only on the conjugacy class of x (i.e., : w(x”) = 


x) for any w € 2). 


This is an obvious consequence of chap. II, prop. 


of of theorem 4.1. We first remark that 6(x)/6( det, ) 
x- det). We may therefore assume that xX is a character 
th trivial determinant; we must then prove that 4(x) is 
Mere, or, with the notation of chap. II, §1, that 


X,P) is an even integer for every finite prime P of K. 
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Since n(x,p) = n( Xp) » it is enough to prove the theorem 
when K is a finite extension of a p-adic field. 

There is a field E', K<¢E' CE, such that E'/K is 
unramified and E/E' is totally ramified. If H is the sub- 
group of G corresponding to E', then the conductors of x 
and x|H have the same valuation. Hence, we may assume 
that E/K is totally ramified. 

Now, the case of a tame extension has already been 
dealt with (chap. II. §6). We therefore assume that x is 
an orthogonal character. Since (x) = 4(x - x(1).1), we 
may assume that x is a character of degree 0. By theorem 


3.3., we are reduced to the case when x = © + 4 or x = ro: 


Since 6(x + x) = 6(x)*, we need only consider the case 


when E/K is a totally ramified dihedral extension and x is 


a character of the form Loe 


The character ls is induced by a character of the form 
(®¢- 1) of a cyclic subgroup H of G of index 2, where 6 is 
irreducible of degree 1. Denote by F the fixed field of 
Hs Using the Artin map, we can view ® as a character on 
F We know that the conductor of © is the least integer 
t such that ® is trivial on ie and we must prove that this 


integer is even. The following proof has been given to me 
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serre. (cf. Exercise 7). 
Any easy calculation shows that the transfer from qe 
x 
His trivial. Hence, ? has a trivial restriction to K . 
the other hand, since F/K is totally ramified, the 

x x 
nclusion i: K *F induces for every n an isomorphism 

+ ; . oe 

os pe yuo*t v aha |i o Therefore, if © is trivial on 
then ® is trivial on age Hence, the least integer 


t such that ? is trivial on UY is even, Q.E.D. 


F 
remark 4.1. The conclusion of theorem 4.1. need not hold 
if the real valued character x is not orthogonal; for 


exe mple, see REE or [7a] (Theorem 6) . 


lemark aes Serre actually proved a more general theorem, 
ly : let A be a Dedekind domain with quotient field K; 
let E be finite normal extension of K with Galois group G, 
and let x be a character of G. Assume that all the residue 
extensions of E/K are separable. Then, under the assump- 
tions of theorem 4.1., 6(x) /6( det, ) is a square. The 


Proof is also by reduction to the dihedral case. (cf. 
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Remark 4.3. The corresponding global statement to 
corollary 4.3. is true. By a theorem of Frohlich and 
Queyrut (see Tate (Durham)), W(x) = +1. The equality 

= W(x) for every we “ ls therefore trivial. Note 
that the original proof of the theorem of Frohlich and 


Queyrut used a reduction to the case of a dihedral extension; 


the equality W(x) = +1 was then proved by direct calculation, 


85. Induction theorems for symplectic characters. 


Definition. The quaternion group Hy or order 4n is the 


; , n 
group on 2 generators O and T with relations : 0° = se 


sarah | = A ; : ‘ 
tt = Le. EOE =O 3 1t contains a unique element of 


order 2, namely 1?; Hi ae Cyelies orn > Ty {s%7} 
is the centre of Hy y2 and Hy felt} is the dihedral group 
D,, of order en. Note that Hy is the non-trivial extension 
of the group C, of order 2 by the cyclic subgroup generated 
by Oo, the action of the generator of Ge being given by 
sae: 

The group Hy has 4 characters of degree l. The other 
irreducible characters are real-valued characters of degree 


as Those which factor through a dihedral quotient are 


orthogonal, and those which do not are symplectic. 
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5 Let G be a finite group. A quaternion 


ter of Gis an absolutely irreducible character of 


. 2 of G which is lifted from a symplectic character 


guaternion quotient of G. 


ren ori. Let G be a finite group and let x be a 
lectic character of G. Then, xX is a Z-linear com- 
tion of characters of the form Ind (¢) for some subgroup 
where: 

either ¢= +, where Y is an irreducible 
racter of degree 1 of H, 


(ii) or ¢ is a quaternion character of H. 


Write for the unit character of G a decomposition 


me. GC 
dn, Ind, (x) where H ranges over the I__-elementary 


R 


groups of G, ny € Z and x,, 1s an orthogonal character. 


H 


X=xX.1l= L ny, Ind, (Resa(X) +X,)+ 


Ice R® is ‘ fe) H : ‘ 
.- c a module over Ry Res Q(X) +X, 1s a symplectic 


iracter. Since a Tp elementary group is supersolvable, 
orem 2-1. is a consequence of the following more 


fclse result for supersolvable groups 


74 MARTINET 


Theorem 5.2. Let G be a finite supersolvable group, anq 
let X be an irreducible symplectic character of G. 

Then one of the following conditions holds 

(i) x =%+ 6, where © is induced by an irreducible 
character of degree one of some subgroup of G; 

(ii) x is induced by a quaternion character of some 


subgroup of G. 


Proof. Let Pe be a complex representation with character 
Xs If X is absolutely irreducible, we know from $1 that 
Pq comes from a quaternion representation pe : G~* V where 
Vis a (say, left) vector space over the field H of 
Hamilton quaternions. The same is true if x not absolutely 
irreducible. In both cases, the representation pe is 
irreducible as a quaternion representation. 

Let B be a quaternion-hermitian form on V invariant 
under G, and let L be the group of automorphisms of V which 
preserve B. Then, Lis a compact Lie group, and e(G) is 


contained in the normalizer of a maximal torus T of L. 


Now, consider in GL (H) the diagonal matrices 
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'q.| =1, where lal is the norm of the quaternion q. 


matrices form a compact subgroup. Take for each 


* 
a subgroup 5; of H isomorphic to the circle. Then, 


wn be proved that the subgroup 


cl (H) is a maximal torus, and every maximal torus of 
7) is obtained by this construction after having choosen 


itable basis e,,... 2c, of V, since two maximal tori 


1 be) 
con jugate i 


Go ng back to the proof of theorem 5.2, we can choose 
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Let V; (1 < i < n) be the quaternion line He., and let 
H be the group of those s € G such that Patt? Cc V,- Since 
p(G) is contained in the normalizer of T, (G) permutes the 
i Pe or Since P is irreducible, the permutation is transit- 
ive. Hence Pp is induced by eee the representation of H in 
G1(V,) obtained by restriction of Pp to H. Now, p CH) is a 
finite subgroup of ze . and the complete list of the finite 
subgroups of H is known : if K is a non cyclic subgroup of 
H , K contains the elements {-1, +1} of HH, and 
K/{-1, +1} is isomorphic to a finite subgroup of SO ,(R) ; 
hence is cyclic, dihedral or isomorphic to one of the three 


groups Ai» Di» Re, Therefore, K itself is cyclic, 


5 


quaternion or isomorphic to one of the three "binary 


polyhedral groups" A,, 5,, A,- But the last three groups 


are not supersolvable, since Aus Si. A. are not. Hence, 


p (HH) is cyclic or quaternion, and p is of type (i) if 


p (H) is cyclic, of type (ii) otherwise. (Here is 


alternative proof : ep (H) is contained in the normalizer 


N:. oF 5 


‘ » and it is easy to find the structure of 


F el =a) 
NW 4 N = rt n>, with nsn =s for every s € Sy and 


n< = Als Hence, either po (H) is contained in e and 


eo (H) is cyclic, or p (a) is not contained in S, and p(H) 
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1 nion. ) 


The conclusion of theorem 2.2 holds without the 


stion that L should be compact. Hence, one can 


tain a proof of theorem 5.2. Nevertheless, quatern- 
‘are more suitable to study symplectic representations. 
‘that the unitary group associated to a quaternion- 


itian form is often called "the symplectic group" in the 


of Lie groups. 
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EXERCISES (Prepared jointly with J.-P. Serre) 


-cise 1 (Dedekind) : Non abelian cubic fields. 


‘Express the zeta function of a "pure" cubic field 

ae} g ; , 3 

Q( Ya) in terms of abelian L-functions of Q( v1). 
sralize to any non abelian cubic field of discriminant D 


lacing Q(°Y1) by @(/D). 


reise 2 : Artin conductors. 

In this exercise, A is a Dedekind domain with quotient 
ld K, and E is a finite normal extension of K with 
arable residue extensions. We consider representations 
- P, of G= Gal(E/K) into the linear groups of complex 
ctor spaces V5 Vy: x of respective dimensions n, Nj» Ny. 
CN = [E: K]. Discriminants and conductors are relative 
Ber. II. §1). 

@) Prove that §(det,) divides 4(9). (Hint: view 

t. ia @ representation of G into GilA V)). 


-b) Prove that if 0 is faithful, then the primes of K 


tech divide {(9) are exactly those which divide the 
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discriminant D(E/K). More precisely: 


b) If P is irreducible, then 4(9)” divides D(E/K). 
b,) D(E/K) divides iby =: 


oo a det, is trivial, then D(E/K)* divides 1) jolio 
(Hint : D(E/K) is the conductor of the regular representation; 
observe for b,) that if det, is trivial, then, for any 


subgroup H of G, v 2y¥ or eedin' vs 2), 
n n 


c) Prove that 6(pe, 8 Ps) divides 6(0,) $C). “5 and 


iz 


that these 2 ideals are equal if 6(°,) and 6(e,) are coprime. 


(Hint: use the inclusion ve ) We Vv, 3) Vv)", and the 


equality ve 8 Vv, = (Vv, cS) ie if G acts trivially on V,)- 


d) Let 9 be the contragredient representation of p. 


Prove that 4(9 8 ¢) divides £(9) hard) | 


Exercise 3 : Artin root numbers of tensor products. 


a) Let K be a finite extension of a p-adic field, and 


let x be two characters on G. = Gal(@,/K). Assume that 


yeh 
x is unramified (i.e. x, factors through an unramified 


extension). Prove the following two formulae: 


git) xt 
W(x,) det (8(x,)) 


ul 
= 
-_— 
>< 
— 


a) W(X, x.) 


© 
we 
a 
— 
> 
> 
~~ 
iH] 
a 
— 
> 
~~ 
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pb) Let K be a number field, and let a andP, be two 
spresentations of a = Gal(Q/K) with coprime conductors. 


-™ the following equality relating Galois Gauss sums and 


conductors: 
| pay eta) 
t(e,) dets (4(6,)) det= (6(0 
1 2 


))5 


1 
p. is the contragredient representation of Ps. 

c) Under the assumptions of b), let E be a finite 
normal extension of K with Galois group G such that RY and 
®, factor through G. For every real place v of K,~ let 
e.€ G be a real Frobenius substitution and let n.(v) be the 
number of eigenvalues of p(o_) equal to -l1. Prove the 
formula (cf. Weil, Lecture Notes 189 (1971) p. 152, 


at mma, B) . 


Yn (v)n,(v) 


e,(1) Cok 1 2 
; (6(,))aet, (60, )(-1)" 72 
2 


| ) 

we W a: 
' ? (e,) e °, 
‘Hint. To prove a), one may assume that x, is irreducible 


Of degree 1. Consider for any finite extension F of K the 
x, (2) 
> 
and X, WOx,) Aer Mpgt thX Ns 
Where x, is a fixed unramified character of a, and XV F is 
> 
the restriction of ak to Qn. Show that both functions 
J 1 


are invariant under induction from Qe to Oe 


functions > W 
x, (X) 9X, ) 


for any field 
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F' with K c F'c¢ F when x, (1) = 0, and prove that they are 


equal when x, is irreducible of degree 1. 


Exercise 4 : Zeta functions with a zero at s = 3. (cf. 
J.V. Armitage, Invent. Math., 15 (1972), 
199-205). 


Let K be a number field. Denote by H, its ideal class 


K 


x x 
group. For a character v : Hy ig Let yt 3 Qe >C€ be 
the character which corresponds to ~ via the Artin map. 


a) Let x be a character of 2, Prove the formula 


wx) = WOd WO)? Y(6O0) 
(Use exercise 3). 

b) Let E be a finite normal extension of K with Galois 
group G and let x be a real valued character of G such that 
W(x) = -1. Prove that the function s +» L(s,x) has a zero 
or a pole of odd order at s = 3, 

c) Under the assumption of b), prove that the zeta 
function of E has a zero at s = 3. 

d) Let x be a real valued character. Assume that the 
class in H, of 4(x) is not a square. Prove that the zeta 
function of E or of some quadratic extension of E has a zero 


; 
at S = 3. 
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. Use a) together with the theorem of Frohlich and 
to prove that the class in H, of the conductor of an 
onal representation is a square (cf. III, cor. 4.2). 
The proof of c) runs as follows : by Artin's in- 
ion theorem, there exist a positive integer N, cyclic 
coups H; (l <i<r), integers n (22-2) and 
jJucible characters of degree one o. of H; for some 
j re 
G 
r such that Ny = ) n. Ind, (¢.). 
‘ i eae 
=1 z 
N r n. 
Ne thus have the equality L(s,x) = I L(s,¢.) 


1=1 
e the L functions s > L(s,@,) are holomorphic at s = 3, 


of them has a zero at s = 3. We have thus proved the 
tence of a cyclic subgroup H of G and of an irreducible 
fee 1 character ® of H such that L(2, ®) = 0. Write now 
zeta function of E as a product c.(s) = L(s,) "8 L(s,v) 
€ ~ runs through the irreducible degree 1 i ae of 


Then, L(s,¥) is holomorphic at s = 3 for every v. 


e L(3, ) =o, c(2) =O, Q.B.D. 


cise 5 : Simple zeros of zeta functions (cf. Stark, 
Invent. Math., 23 (1974), §3, p.1bh). 


K be a number field and let E be a finite normal 


Sion of K with Galois group G. “Let sce: For any 
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virtual character X of G, let v(x) be the order at z=, 


of the L-function z > L(z,x). Since the function 
> v(x) is additive and takes integral values, there | 


exists a virtual character We € R, such that 


v(x) = <X, ie for every X € Ra 

a) Prove that for any subgroup H of G, ve is the 
restriction of ve to. FH. 

Assume now that s is a simple zero of the zeta function 
of E. 

b) Prove that ve is an irreducible character of degree 
lof G; hence, for any representation of G, the corresponé 
ing L-function is holomorphic at s. 

(Hint : prove first the result for ve where H is a cyclic 
subgroup of G. Then, show that it implies the equality 
<u, veo = 1. Therefore, ve is irreducible, and the 
result follows from the equality ve(a) =1.) 

c) Let K. be the cyclic extension of K corresponding 
to Ker ee Show that the zeta function of a field F 
between K and E has a zero at s if and only if F OK. 

ad) Assume that s is real. Show that ve takes its 


values in {+1} ; thus, ho Shae [K 2K] = 2 
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se 6 : Normal extensions with Galois group A, (cf. 
E. Artin, Collected papers n° 2 and 3). 


Prove that the alternating group on 5 letters of 
60 has 5 irreducible characters x? X3> x3 Xie x. 
Spective degrees 1, 3, 3, 4, 5. 


mn? | 


7X4 and Xo are conjugate and take their values in 


they come from icosahedral representations 


b) Prove that X, + X39 1 + X, and X, are monomial. 
se, the L-functions L(s, X, + Xi) L(s; Xe) and 

(s) L(s,x,) are holomorphic (the last one for s #1 only). 
is not known whether L(s,x,), L(s,x!) and L(s,Xx,) are 


morphic. 


‘cise 7 : Dihedral and quaternion extensions (cf. Frohlich, 


Proc. London Math. Soc. 28 (1974), 402-438). 
Let K be a local field, and let E be a quadratic 


? * 
vensSion of K corresponding to a character &£: K > {+1}. 


i F be a cyclic extension of degree N of E, corresponding 


&@character @:F >3¢., 


a) Prove that F/K is normal if and only if Ker ? is 


f@riant under the action of g = Gal(E/K). 
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Assume now that F/K is normal with Galois group G. Let 
H = Gal(F/E). 
b) Prove that the non trivial element of g = G/H acts 


=5 % 
on H by st+s “af and only af O(N, (EB )) = {1} So. ive, 


E/K 
(Ker ¢) = {1}. 

c) Assume that ®(Ker €) = {1}. Prove that 

(i) either © has a trivial restriction to K , and then 
Gis dihedral 

(ii) or the restriction of ® to K" is equal to €, andG 
is quaternion. 

d) State and prove the corresponding results in the 


global case. 


(Hint : for c), consider the transfer from g to H). 


Exercise 8 : Quasi-finite residue fields. 


a) Let k be a field. Show that there exists an ex- 
tension k, of k which is a quasi-finite field. (Hint : let 
k be an algebraic closure of k; show the existence of a 
normal extension k' of k(t) with Galois group isomorphic 
to Z , and use the method of Corps Locaux, ch. XIII. §2, 


Exer. 3a); hence, one can take for kK, a field of 


transcendence degree at most 1 over k.) 
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Let K be a local field with residue field k, and 

L be a totally ramified extension of K. Let ky be an 
qnsion of k. Show the existence of local field Ky with 
due field Kk, which is an extension of K and is linearly 


joint over Kwith L, i.e. : L, = L 6, K, is a field. 


K 


+ : reduce to the case when kK, is generated over k by a 


sle element). 
c) Combine a) and b) to prove the following "meta- 
yrem"’ : every statement about the ramification groups 
a normal totally ramified extension of a local field which 
2 in the case when the residue fields are quasi-finite 
| true in general. 

da) Application : prove Serre's theorem on conductors in 


i generality (cf. III, theorem 4.1 and Remark 4.2). 


Local constants 


J5, Le Tave 


red in collaboration with C.J. Bushnell & M.J. Taylor) 


hese notes are intended as an introduction to the theory 
m-abelian "local constants" or "root numbers". In the 
% of the Durham conference we treat only the number 

a@ case and concentrate on representations of Galois 

9S rather than of Weil groups. However, the discussion 
Over almost without change to the function field case 
Wwe fix an additive character for the ground field; and 
€ end of §2 we have indicated how to pass from Galois 


S to Weil groups in the non-Archimedean local case. 


89 
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Langlands' ideas on the correspondence between represent~ 
ations 9 of degree n of Galois groups and automorphic repre- 
sentations of GL(n) led him to conjecture that the constant 
W(e) in the functional equation for an Artin L-series L(s,p) 
could be canonically factored into a product of "local 
constants" We. ). He announced his proof of the existence 
of these local constants in [L] but never published it. 
Deligne [D] found a short global proof for this local exist- 
ence theorem and our proof in 82 is a variant of Deligne's. 

In §1 we prepare the way for this proof by recalling the 
explicit formulas for the local abelian root numbers W(x) 
and deriving some properties of them. The property needed 
for Deligne's proof is that, if K is a non-Archimedean 
local field, then for each fixed character © of K there are 
elements c, € K” such that W(Ba) = B(c, )w(o) for all char- 
acters 8 whose ramification is relatively small compared with 
that of a, and that for a finite extension L/K one can take 
C4 Ma Ge if one interprets "relatively small" 
sufficiently strictly for characters 8 of Te 

In §2 after proving the existence of the local non- 
abelian root numbers W() we derive as corollaries several 


of their properties. Corollary 5 (ii) gives a global 
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ylication, a formula for the global root number W(p 8 0) 
mn Pp and o are two representations of a global Galois group 
+) relatively prime conductors. When p and o are of de- 
ee 2 and 1 respectively, this is the property referred 

) by Serre just before Theorem 1 of his article in this 
olume, the property which is needed to get that theorem 
y Weil's methods. 

In §3 we discuss orthogonal (i.e. real) representations 
nd prove the theorem of Frohlich and Queyrut to the effect 
hat the global root number of such a representation is l. 
We also describe how Deligne has given a local explanation 


* this result in terms of Stieffel-Whitney classes. 


If K is a non-Archimedean local field of characteristic 


0, K/Q,, say, we adopt the following standard notations: 


On = the discrete valuation ring in K; 
Pe = the maximal ideal of 0.3 
Ve = the "canonical" character of the additive 
*. 
mM =P. oe Ty 
K K/Q 
2, Pp 


Where Tr denotes the trace, and %9 is the composition of 
P 
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the canonical maps: 


271 
‘e 


+ Zz +*/Z > R/Z 1 
0, a/ . Q/ / Ee 


where gl denotes the unit circle in C. 


If k is an algebraic number field, and vis a place 


of Ks 
kT = the completion of k at v; 
Cosa Os 
Vv k 
a 
J, = the idele group of k; 
C.. = the idele class group of k. 


§1. Root Numbers in the Abelian Case 

Let @ be an algebraic closure of the rational field Q, 
and k c @ an algebraic number field (of finite degree over 
Q). Let % = Gal(Q/k), and let 


xX: a +c 


be a continuous 1-dimensional linear representation of ae. 
ab 


Then x factors through he A 


the Galois group of the maximal 
abelian extension of k, and the image of x is a finite sub- 


group of s!. Composing with the Artin reciprocity map 


C,. > ar and the canonical quotient J. * C5 we obtain 


characters of finite order of the locally compact abelian 
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ps C,. and Ji which we denote also by x: 

xX: G. > gl, 

“us Jy +gl, 

To the representation x of Qs we can attach A(s,x), 

> Artin L-function with factors corresponding to the 
shimedean primes of K ([Dur.M]). This function is the 

ne as the "abelian" L-function attached to the idele-class 


aracter x (([T] or [W]), and it satisfies the functional 


Ma-s,x) = W(x)A(s,x), 
rere W(x) € € is a constant. The root number W(x) may be 
etermined locally in this case. Viewing x as a character 
mo, let io xl, for each place v of k. Then 
ef. [T] or [W]), 
W(x) = 1 W(x_), 

es Vv 
ere the constants W(x.) depend only on k, and x,, and are 
iven by explicit formulas which we now recall. 
Let K be a local field of characteristic 0, andaa 
aracter of K of finite order. Then the root number W(a) 
is & complex number of absolute value 1, and its precise 
Value is: 


(i) k= ¢€, Wa) = 2s 
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L af is trivial. 


W(a) = 
-1 otherwise, i.e. if 
a(x) = sgn(x). 
(iii) K non-Archimedean: Let §() be the conductor of 
Q, a the absolute different of K, D(a) = 6(o)D., and dekK 
such that d0, = D(a). Let Vy. be the canonical character 


+ ; 
of K defined above. Then: 


wa) =wg(a)/? Yaa aa tx). 


xEeO 
K 


nod §(a) 
Here, N denotes the absolute norm, and the sum is taken 
over a set of representatives of the cosets of 1 + 4(a) in 
0, (with the convention 1 + 4(a) = 0, if §(a) = 0). In the 


notation of [Dur.M]: 


W(a) = n6(a) +/2r(a), 


Notice that if o is non-ramified, W(a) = a(D,). 


Proposition 1 Let K be a non-Archimedean local field of 


x . . 
characteristic 0, and let a be a character of K of finite 
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‘Det @ be an ideal of 0, such that a*|f(a), and let 


K 


(a). | ‘Then there exists c € K such that: 
coy. = D(a), and 

= 
a(lty) = ele ¥y) (for ell y-€ .b. 


for any such c: 


1 


Ment Bex) Ve x). 


xe (1+a) 


x 
mod b 


i: ) w(a) = N(ba~ 


Ifa=o then 6 = 4(a), and the assertion (iii) 


K? 
, the formula above for W(a), if c is any element of 
isfying (i). Further, any c satisfying (i) also 
‘fies (ii), in this case. 


juppose a # O,- Then Plalb| sa) , endif yy! ep, 


yy' € f(a) so that: 


a(1l+y)a(l+y') = a(ltyty'). 

is, y'+ a(l+y) is a character of the additive group b, 
character extends to a character of ad and, by local 
tive duality, there is some c € K such that 

) = vey) for all y « 6, ‘The character 

He "y) of Kr is trivial on 4(0), but not on 


Ola) cb, The character ve is trivial on es but not 
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—)]—1 
on Pi. y - Therefore co. = D(a). 


K 
Now: 
) alo tx) ¥,(e7 x) 
a 
mod (a) 
: De 2 Bea 14y) 4 (eat a4y)) 
ZEO ye 
K 
~ mod 6(a) 
mod b 


(ce “y(z-1))] 


J [ale ale 


by the construction of c. However, the inner sum is zero 
unless yrry,(e ya-2)) is the trivial character of the 
group.6/§(a); that is, unless z =1 (moda). So this 
double sum reduces to: 


Na ) a(c 
ze (1+) 


x 
mod b 


and the assertion (iii) follows. 


Corollary 1 (Lamprecht, Dwork) If either ao is non- 


ramified, or pel 6(a) (i.e. a is "truly wildly ramified"), 
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mn W(o) is a root of unity. 


sof 4st 6(o) = 47, for some ideal a co,, then a = b 


wa) = Be )¥,(e), 


ich is clearly a root of unity. 


Now assume that §(a) = aD for some proper ideal 4 of 
Let p be the residual characteristic of K. In the 
roposition, we have b=ap , and 


W(a) = np, /* 7 a(c x)V,(c x). 
xe( 11 


a 
mod Pe 


since 2 is a proper ideal of 0 the group (1+@) /(1+§(a)) 


K? 
S a p-group and so a(x), for xe (1+4), is a p-power 
90t of unity. Also, the values of ve are p-power roots 
f unity. Hence the quantity ¢ = (ac !)w(a))2 lies in 
he field E of sbi roots of unity, for some N. We must 
show that t is a root of unity. Since the field E has 

One place above p, this will follow if we show that 


a 
1c = 1 for each place v of E which is not above p. 


‘his is a consequence of: 
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Lemma Let E be a subfield of € containing W(a). Then 
|| w( a) ll. = 1 for each place v of E not dividing p, the 


residual characteristic of K. 


Proof Suppose that v is non-Archimedean (and does not 
divide p). The explicit formula for W(a) shows that W(a) 
is a local integer at v. One also knows ( [Dur.M,2.2]) 
that: 


i) W(a)W(a) = a(-1), 


so that W(a) is a local unit at v, i.e. ||w(a) || Li 


- 
Suppose that v is Archimedean. The ratio W(a)° /W( a’) 


is a root of unity for every automorphism o of C (cf. 


|x" | (ordinary 


[Dur.M,5.1]). | Choosing 9 so that Il I, 


Oo 
absolute value), we have Iwo) | os | W(o ) | and we know 
|w(a?) | aL; 

x 
Corollary 2 Let 8 be a character of K of finite order 


such that 4(8)|a@. Then: 
W(B.a) = Blc)W(a). 


In particular, if 8 is non-ramified, W(8.a) = B(D(a))W(a). 


Proof The hypothesis implies that either p.6(8) | 6(2) or 


LOCAL CONSTANTS 99 


se both % and 8 are non-ramified. Hence 6(8.0) = 6(%). 


from the Proposition applied to 8a® instead of 4, we 


w(8.o) = w(ba*) 1/2 ) Ba(c 'x)¥,(e x). 
xe (1+) 


soar 
as | Bs asst 
any x = 1 (mod @), we have Ba(e x) = B(c)a(c Fei and 


he Corollary follows. 


When we have an extension L/K and an ideal 4 of Ons 
0, is an ideal of o, which we shall again denote by & when 


shere is no fear of confusion. 


(b) aD | 8(o). 


“a x Fr s 

Let 8 be a character of L of finite order such that 6(8) |a, 
x 

and let a, denote the character x +> O(N g(x) of L. Then 


ifce K is as in the Proposition, 


w(B.a,) = B(c)W(a, ). 
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Proof This Corollary will follow from Corollary 2, applieg 


to the field L and the characters a and B of Es ny once we 


show that in Proposition 1 we can replace K, o, and 4 by 
Lis OF and a0,» and still keep the same c. 
Suppose first a = O-- Then we have only to verify that 


co. = D(a) implies that cd 


: = D(a), i.e. that D(a.) = D(a), 


L 

Since L/K is non-ramified in this case, there is no problem, 

(We have D. = D. and, since N 
L K 

also 6(o,) = 4(a).) 


-l-1 ==] 
é a OD = bD a 
Assume now pla Lets :€ 1 /Kol®) L/K Then 


n n 
+ 
L/K maps 1 Pe onto 1 + Pies 


Try gly) e b, and the product of any two conjugates of y 


: Sa on —-2,—-2 2 
over K is divisible by 4 De h'*) and hence by 4(a). It 


follows that 


(*) (1t+y) = a(N 


8 


=jia=t 
Vis ‘Tor ally 6 @ De Ole)» 


= D a, iti that (* 
Using D, DK 2 and P,.| , it is easy to see that (*) 


az 
ae Dk 


(*) shows that c satisfies (ii) of Proposition 1 for the 


implies (a §(a), and co, = Wa). That being sO, 


field L, the character a and the ideal a0_, as was 


L? L 


to be shown. 
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f Local Constants 
roughout this section, we consider only local and 

| fields of characteristic zero. If K is such a field, 
dis an algebraic closure of K, then for any finite 
sion L/K, L <K, we write a = Gal(K/L). 

¢ Gis a profinite group, a virtual representation of 
‘an element of the free abelian group on the set of 
phism classes of irreducible continuous finite-dimen- 
41 complex linear representations of G. If K is a local 
lobal field, let R(K) denote the set of pairs (L,p), 
eKcL oh L/K is finite, and p is a virtual repre- 
tation of a, 
If E/K is a finite Galois extension contained in K/K, 
K) denotes the set of pairs (L,eP), where KC LCE, 
® is a virtual representation of Gal(E/L). Ina 


we may regard R(E/K) as a subset of R(K), 


R(K) = VU R(E/K) 

4a E/K 7 
4 ranges over all finite Galois extensions of K in K. 
Let R, (K) denote the set of pairs (L,x), where L is a 


Mite extension of K in K, and X is a character of finite 


a“ x 
GerofL (if K is local) or C, (if K is global). Via 
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class field theory, we may view R, (K) as a subset of R(K), 
We also write R,(E/K) = R,(K)O R(E/K). 

Suppose we have a function F defined on R,(K) taking 
values in some abelian group A. We say F is extendible ip 


F can be extended to an A-valued function on R(K) Satisfying: 


(a) (Le, ees B(L,0,).F(L,p, ) for all (L,o,) € R(K), ana 


(b) if (L,p) € R(K) with dim(p) = 0, and LOL'OK, then: 


F(L,p) = F(L', Ind, 771 (0))> 


where Ind, 71 (9) is the virtual representation of Qs induced 
fromp. 

If E/K is finite Galois, we say F is extendible in E/K 
if F can be extended to a function on R(E/K) satisfying (a) 


and (b) with (Lo, ) and (L,p) in R(E/K). 


Remarks 1) If F is extendible (or extendible in E/K), 
there is a unique extension of F to R(K) (or R(E/K)) 
satisfying (a) and (b). For, suppose we have two such 


extensions F and F,. Then, if (L,e) € R(E/K): 


F,(L,0) = F,(L,o ~ dim(o) (2,1).F(L, (2,1) 8"), tor i = 1, 2 


where (1, ] denotes the unit representation of Gal(E/L). By 
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- induction ([S,p.96 Ex.2]): 


p - aim(P) (1, ] = } eau - iat 
pe 


> rational integers n, and some (L, 9X3) € R,(E/L). 


sequently: 
n “Uf 


Fi sey rb, fh 1) * 
1 1 


= 
no) 
| 
E. 
= 
D 
oe 
oa 
i 


F(L,e - dim(p) [1,]), 


therefore Fi = Fo. 
2) By the uniqueness just proved, it is clear that F 


xtendible if and only if it is extendible in E/K for 


3) Suppose F is extendible and let F denote its 
bension. In the situation of (b), but without the 


othesis dim(p) = 0, we have: 


F(L, [1,]) 


-& constant depending only on F, and on the extension 


L'. Indeed, this formula follows immediately on writing 


?, + dim(e) [1], where dim(e ) = 0, and applying (a) 
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ond (Cb) “Lt uF) = d. for-all L/E;, 2.6.5. af (b) Holds 
without the hypothesis dim(P) = 0, then we shall call F 


strongly extendible. 


Examples (I) Tf K. is: globally. (Gx) —* Ats;x). is strongly 
extendible. The extension (L,p) +» A(s,e) is given by 
Artin's theory of non-abelian L-series. 

(IT) If K is global or local non-Archimedean, 


(L,X) ++ N_,.(6(x)) is extendible. The extension is 


L/K 


(L,e)->N_, (6(©)), where 6() is the Artin conductor of 


L/K 


P, In the sense of Remark 3), we have in this case 


XO /L' = Mee (A rp) where d denotes the discriminant. 


x 
CTDE)) SEeGxe Cy. (K global) or c € K (K local), 


then (L,x) > x(c) is extendible by (L,p) r+ det (c). Here 
x 
we view c € Ch or L via the canonical inclusions Ci C. 


x x 
or Kt» L. In this case we have A (c) = +1, 


Ee Mets 


where & is the character corresponding by class field 


L/L! 
theory to the extension L'(Va)/L', where dis the discrimin- 
ant of L/L’. 

(IV) Suppose that F(L,x) depends only on 
L, F(L,x) = a(L), say. Then F is extendible by 


F(L,o) = a(t) mtr) , 
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(v) If K is global, (L,x) > W(x) is strongly extend- 


be by (Lop) + W(p) = A(1-s,p)Ms,o) 


Notice also that a product of extendible functions with 


lues in the same group A is extendible. 


neorem 1 (Langlands) If K is a local field of character- 


stic zero (*), then (L,x) +» W(x) is extendible. 


his result was proved, up to sign, by Dwork [Dw]; see 
orollary @ below. 

The proof we give of Theorem 1 is a modified version of 
that of Deligne [D]. In the terminology of [D], our local 
W(p) is €(p 5, 2dx,2) = E(Pwy V5 dx) 5 where dx is the Haar 
measure on Kk which is self-dual with respect to Vee 

When K is an Archimedean local field, all irreducible 


representations of &, are 1l-dimensional, and the theorem is 


K 
€asily checked. So let E/K be a finite Galois extension of 
non-Archimedean local fields. We wish to prove that 
(L,x) ++ w(x) is extendible in E/K. 

(*) The restriction to characteristic 0 is just to fix 


ideas; the result is true, and can be proved in essentially 


the same way, in any characteristic. 
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Lemma There exists a finite Galois extension e/k of global 
fields and a place ae of k such that: 
(1) there is a unique place Us of e lying over v_ and 
Oo 
the extension eo lk is lsomorphic to our given local 
a oO 
extension E/K; 


(ii) k is totally complex (i.e. k has no real 


Archimedean place). 


Proof Let e' be a global field which is dense in E and 
which contains some imaginary quadratic subfield of K. Let 
e be the compositum of the fields Lewy” for 0 € Gal(E/K), 
and let k =e MK. Then Gal(E/K) acts on e, and k is the 
fixed field for this action, so e/k is Galois and we may 
identify Gal(E/K) with Gal(e/k). Since k contains an 
imaginary quadratic si it is totally complex. Let ve 
be the place of k induced by the inclusion k <¢ K, and let 
Uo be the place of e induced by e cE. Then Uo is 
invariant under Gal(e/k), so is the only place of e above 
Vo" The completion e. is E, since e was chosen dense in 
Bie The completion kT ie obviously contained in K, and 
O 


must be all of K by comparison of degrees. 


Let k, e, vo: and U, be as in the lemma. Identifying 
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with e, ls. we have an isomorphism Gal(E/K) ~ Gal(e/k) 
. ome 

hence a bijection (2,0) by (2 20 ) between R(e/k) and 
Qe 

/K), where Wo is the unique place of & above vy? for 


>2>k, and where p. is the restriction of P to 
Oo 
(B/% ). Of course, this bijection commutes with 
WwW 
dition and induction. Our problem is therefore to prove 


the function: 


(25x) Wx, ) (the local root number) 
O 


extendible in e/k. 

Ife >%2>k and vis a place of k, we write u and w 
or primes of e and 2 such that ulw|v. For each non- 
rchimedean v # vo? let a be an ideal of Oe such that 
(8) fa, for each (F,8) « R fe /k) > and such that al an 
F v is non-ramified in e (in which case each 8 is non- 
ramified). Let a be a character of finite order of C. such 


k 


hat © = = 1, and such that a202 |6(0_) for each non- 
r. Vv ef Vv 


Archimedean v # vo" (If v is non-ramified in e, this last 
Condition is no condition at all. Thus the requirement on 
Gis that it be 1 at one place, and highly ramified at a 

finite set of the remaining places. The existence of such 
- 


indeed of an 4 having preassigned local components 


at a finite set of places - is guaranteed by the Grunwald- 
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Wang theorem, cf. e.g. [AT,p.103,th.5].) 


Let c= (c.) be an idele of k constructed as follows: 


2.9 1, if v is Archimedean or if v=v; 
Oo 


Cc 


‘ : : 
a he element of kT associated to Mes and ae as in 


Proposition 1, for non-Archimedean v # Vor 


Let (%,x) € R(e/k) , and let 4, =a o Me ig: Then for each 


place w of % we have (5). = a and: 


°o 
Vv Ne ik 
wo 
X be )W((%)_) if w is non-Archimedean anq 
w F Wo3 


W(X -(%)_) = WN, ? ifw=wi3 


1 if w is Archimedean. 
The first case follows from Corollary 3 of Proposition 1, 
the second from the fact that e. = 1, and the third from 
the fact that k is totally Says so ue and XM are 1 for 
Archimedean v. 
Expressing the global root numbers as a product of local 


ones, we find: 


W(x%)) = T w(x .(o))) 
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a(t) = 1 w((a,) ) 


ample III, (%,x) +» x(c) is extendible. By example IV, 
+» a(2) is extendible. By example V, 
— W(x.,) is extendible by (2,0) > W(p 6 ao) 


use %) corresponds to the restriction of a to 2 and 


Q? 
p 6 res(@)) = (Ind Pp) 6 a. Hence: 
—] 


(2.x) W(X, ) = W(x. a))x(e) “al 2) 
O 


xtendible, as was to be shown. 


1 let K be a local field of characteristic 0, 


‘let (L,0) € R(K). ‘Then: 


lwo) | = 1; 
(ii) W(p)W(p) = det (-1) 5 
(iii) if p =p, then W(p) is a fourth root of unity. 


mi) «6TH (hx) € R,(K), then |W(x)| =1. Clearly 
x) ++ |W(x)| = 1 is extendible by (Lo) + |w(o)]. 

fe, by uniqueness of extension, |W(p)| = 1. 

(ii) If (L,x) € RACK), then W(x)W(x) = x(-1), 


[Dur.M,2.2]. 
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Now, (L,x) ++ W(x)W(x) is clearly extendible by 


(Le) + wWle)W(P), so by uniqueness of extension and example 


III, we have W(p)W(p) = det (-1). 


I+ 
hE 


(iii) is now immediate, since det, (-1) = 


Remark Using the lemma which is stated before Corollary 2 
of Proposition 1, we can obviously generalise (i) as 
follows: If E is any subfield of € containing W(e), then 

Il we) Th = 1 for every place v of E which does not lie above 


p, the residual characteristic of K. 


Corollary 2 (Dwork, [Dw]) The function (L,x) +»x(-1)W(x)? 


is strongly extendible on R(K). 


Indeed, the extension is (L,p) ~» det (-1)w(o)*. By 
Corollary 1, this is the same as W(p - 9), and since 


dim(p - p) = 0, it is a "strong" extension. 


Corollary 3 Let K be an algebraic number field, and 
(K,o) € R(K). For each place v of K, let p_, be the 
restriction of p to a decomposition group of v. Then 


(K_ 50.) € R(K_) and: 
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wo) = H w(e,). 
Vv 


» the product is taken over all places v of K. 


It follows from the group-theoretic properties of 


ection and restriction ([S,Prop.22]) that if (L,®) € R(K), 
if vy is a place of K, then: 
s) = ) 
Ind, (8), ) Tag, fe! BE 
wiv 


re the sum is taken over all places w of L above v. This 
lies that (L,9) > Il w(6 ) is an extension of 

x) b> Il W(X)» (x) € R, (Kk). Since W(x) = I W(x.) for 
oX) € R,(K), the result follows from silanes of 


tension. 


Now let K be a non-Archimedean local field, E/K a finite 
alois extension, and 0:Gal(E/K) > Aut ,(V) a representation 
-Gal(E/K) on a complex vector space V. Let P(E/K) denote 
e first ("wild") ramification group of E/K, and let aa be 
€ subspace of all elements of V fixed by P(P(E/K)). Then 
induces a representation: 


p> : Gal(E/K) /P(E/K) > Aut, (V'). 


“ 


tice that for representations PS and P, we have 
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S09 of Pos ; 
=F, + Po, so that P is defined even when Pp jig 


a virtual representation. 


Corollary } Let K be a non-Archimedean local field, ang 
Let. (Kj) © RCK). Then: 


P 


W(e) /W(e ) 


is: a root of unity, 


Remark Since Pp b> of is additive, it is enough to prove 
the Corollary for irreducible Pp. If Pp is irreducible, then 
either oP = 9, in which case the result is trivial, or 
else p> = 0, in which case it states that W(e) is a root of 
unity. That statement is Dwork's [Dw, Th.6(b)]; the version 


above is Deligne's [D, Appendix]. 


Frroor For two non-zero complex numbers a and b, we write 


‘ me ‘ 
a’ b if ab 18 68. root of unity. 


Lemma 1 Let (L,8) ¢ R(K), and suppose L2 L'3 K. Then: 


w(6) % W(Ind, 77 .(6)). 


Proof w(8).W(Ina, 7 ,(8)) = (ha a oe, which 
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root of wnity by Corollary 1 (iii). (Alternatively, 
obvious from Corollary 2 that W(®)/wW(Ind(®)) is a 


nh root of unity. ) 


2 Let (K,%) € R (Kk). and let L/K be a totally wildly 


fied extension (i.e. the maximal tamely ramified exten- 


n of K inL is K itself). If 4 is tamely ramified, then: 


wa) ~ Wo). 


L 


Recall the notation OF =a oN . If @ is non- 


L/K 
ified, then Ot is also, and the assertion is immediate. 
So assume that 4(a) = Pe Then 6 (a, ) a8 We can view 


x x x 
6) = 0 : : 
-a character of ( whe se mod Pre Then 


wa) wpe? J a(x) AC) 


EO 
sess 
a 
mo Pe 


any non-trivial character 4 of the additive group 


\+ 
). As x runs through a set of representatives of 
- x 
mod Pye it also runs through a set of representatives 
x = ‘ ; L: 
mod P., since Ny ph) = geil. and ee K] 


@n automorphism of the field O/ Pies So: 
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war, ) ‘ np, 1/2 y a (x) (ae KI) 


xeO 
moa’ Pre 

= up) /? j a(x HE#K]) , (, E:k)) 
x 

~ W(a). 


By Brauer induction, it is enough to prove the Corollary 
when P is a representation of Gal(E/K) of the form 
Indy 6X)» for some (L,x) € R(E/K). 


; P 
Hither: XY =O, Or val = xX. 


In the first case, it follows from [S,Prop.22] that the 
restriction of Indy 7X) to P(E/K) does not contain the unit 
representation. Therefore Indy, (xX) = 0, and the result 
follows from Lemma 1 and Corollary 1 to Proposition l. 

So assume that yr = xX. Then xX is trivial on 
Gal(E/L)  P(E/K), and we may extend x to a representation 
of Gal(E/L).P(E/K) by giving it the value 1 on P(E/K). 
Call this representation x', and then by Lemma 2 we have 


W(x) © W(x'). The representation In (x)* contains 
/K 


Indy j(x")» where Gal(E/E') = Gal(E/L).P(E/K). Further, 


LOCAL CONSTANTS 115 


ows from Frobenius Reciprocity ([S,Th.13]) and the 

ies of restriction that the unit representation occurs 
itiplicity exactly [E':K] in the restriction of 

, P ; 

x) to P(E/K). So Indy 7X) and Indpy 7X ) have the 
epree, and are therefore equal. Hence: 


p) » W(x) © W(x') » W(Ind,y jx") = W(o 


5 (i) If K is local non-Archimedean, 
x 
e¢ R(K), and if x is a non-ramified character of K of 


> order, then: 


x((0)) Wey) amo) = x(D(o))w(p), 


D 
~~ 
ul 


2 Ho) = s(p)eim”) 

ii) If K is an algebraic number field, andop ando are 
entations of a with relatively prime conductors, then 
2 8 9) = (-1) *aet, (§(0) det, ( 6(0)) .w(o) MO y(g) Sm) , 
© ais the number of Archimedean primes of K at which 


and det, are both non-trivial. 


The symbol det (4(0)) is to be understood in the 


e det (§(o)) = det .(f) , where f is an idele of K such 
tf 


*y ~ 11ifv is Archimedean or if p is ramified at v, 
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(age / ; F 
and ae " 6(9_) otherwise. Likewise for det (6(°)), 


Proof Ci) Te Che) 2 RK), then by Proposition 1 


Corollary 2, we have W(x, -®) = x, (D(a) w(a). But: 


M 
bi 
pa 


x, (4) 
= X(Np, py (OC) )) OX ).s 


So by Theorem 1 and examples II and IV, (La) Ho W(X, 8 a) 


is extendible by: 


) dim(®) 


CL.8) > XO (6(8))) WO w(®). 


L/K 
Hence by uniqueness of extension: 


(yah? 


W(x 8 ©) = x(6(0)).W w(e). 


(ii) Suppose that v is non-Archimedean, and that _ is 
non-ramified. Then o is a sum of one-dimensional repre- 
sentations, all of which are non-ramified, and by (i): 


) dim(e) 


> 


Wl, ©) = det, (6(0,)) wo AM wca, 


where det = (det). At any other non-Archimedean 
O,v O’v 

place v: 

 dim(e) 


Wl, @O,) = det, (4(0,)) We) ua, 


Notice that these expressions are symmetric in ep and Oo if 


neither is ramified at v. 
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vis Archimedean, °, and o| are both sums of one- 
jonal representations and one verifies directly that: 


dim( °c) eC ) dim(e) 


W * ’ 


oy 
6 0) = (-1) WP.) 


= 0 wnless both det and det are non-trivial, 
U ys a Ov P,V 


ich case a =i. Taking the product over all v: 


dim(°) dim(?) 


@ 9) = (-1)*.aet,,(6(9) det, (6(0)) w(e)™” “w(o) 


vi~ 
So far, we have constructed W(e) only for representations 


*Galois groups, not of Weil groups. We close this sect- 
by sketching how one can extend the theory to Weil groups 
the non-Archimedean local case. In that case, the basic 

t ((D,4.10]) is that an irreducible representation $ of the 
1 group is of the form ¢ =p 6 oh for some s € €, where Pp 
an irreducible representation of the Galois group and 

re Ws is the quasicharacter of the Weil group corresponding 
the quasicharacter x b> llxll y of K. (Here, llxll is the 
malised absolute value function on our local field K.) 


irthermore, we have ep 8 W, =p' ®@w , if and only if 


Ti /log(Np,). That being so, we define for irreducible 
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cS W(¢) = Wl w_) = (ND(o)) “w(o), 


as suggested by Corollary 5 (i) above. By that Corollary 
it is obvious that this definition is valid, i.e. indepen- 
dent of the decomposition ¢ =? 6 Ws Having defined W(9) 
for irreducible ¢, one extends it to all ¢ by linearity. 
Since Ko, + 0 = P(e, )MAe,), the formula (*) holds then 
for all ¢, irreducible or not. 
We now want to check that the relation: 
W(Ind, peo) = aay) 


holds for all representations ¢ of the Weil group of L, 


W( 4) 


where A = EK is the constant, which we know exists, such 
that this eauation holds whenever > is a representation of 
the Galois group. Clearly it is enough to do this for 


irreducible ¢, say for ¢ =0 8 W. as above. We have in 


that case: 


Ind, j¢ = Ind (0 8 w) Ind, 7,6) 8 We 


because "0. for L" is the restriction of Mw. for K". Hence: 


W(Ind ¢) _ W(Ind p) eae Se 
Wie) Wp) ‘ 


where d = dim(¢) = dim(p), and 
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NO Ina pe) 
A = Wo) 


lows from the theory of the Artin Conductor that A = 1; 


ational multiple of 2mi /log(NP,,) . Indeed for’ such. 6s, 


presentation ¢=P @ w. comes from the Galois group. 


ot Numbers of Orthogonal Representations 

at E/K be a finite Galois extension of local or global 
s of characteristic 0, G = Gal(E/K), and let 

GL (Cc) be a representation. Define: 


c(p) = w(e) /W(det,). 


If dim(p) = 1, then c(p) = 1. 


clo, + 0.) 
| = e(0 Je(o,)W(det, wlaet, ).W(aet, -aet, ) 
Ti) c(p +) = det,(-1). 


(iv) e(p) = e(p), and |e(p)| =1. 


(v) Suppose p =p. ‘Then e(p) = + 1. 
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Proof (i) and (ii) are clear. (iii) is immediate fron 


Theorem 1 Corollary 1 (ii). (iv) follows from Theorem } 


Corollary 1 (i), (ii), and (v) follows from (iv). 


We shall be interested in c(e) only when p is an 


) 
orthogonal representation; p € a to use the notation 
of [Dur.M]. 

Assume that K is local non-Archimedean, and that G is 
a dihedral group. Then ES>L>K, where E/L is cyclic, 
L/K is quadratic, and each element of Gal(E/K) - Gal(E/L) 
is of order 2. Take p = Indy (x) » for some 1-dimensional 
representation x of Gal(E/L). The character det , is the 
non-trivial character of Gal(L/K). The transfer map 
very 1 Gal(E/K) + Gal(E/L) is trivial. So the character 


x|K™ of rs corresponding to x ° ver by the local 


L/K 

transfer theorem ([Dur.M,3.1]), is also trivial. We may 
x 

write L = K(6), for some 6 such that 6% ¢ K. Then 


Tr. ,,(6) = 0. Also, x(6) =+1, and this value is inde- 


L/K 
pendent of the choice of 6. 


Theorem 2 (Fréhlich-Quayrut, [FQ]) In the above 


Situation: 
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e(p) = x(5). 


verifies easily that c(e) = W(x). We deduce 


. from the more general: 


n 2! Let L/K be a finite extension of non-Archimedean 
. x 
fields, and let X be a character of L of finite order 


Bet x|K" is trivial. Then: 


>) obtain Theorem 2 from Theorem 2', observe that when 


3 quadratic, the element § such that Tr. ,(6) =O is 


L/K 
determined modulo factors from K. Hence the 

SSion for W(x) in Theorem 2' reduces to W(x) = Ax(6). 

> W(x) ana x(6) both have absolute value 1, we conclude 


As 1, and W(x) = x(6). 


—Of Theorem 2' Suppose first that x is non-ramified. 


L = %lo], and let £(X) ¢ o,.[X] be the monic 
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ee ; ~1 
minimal polynomial of © over K. Then Try 6 t' (4) )=9Q 
and £' 9) 05. 2°P : So: 


_ me dl 
w(x) = x(0_) = XC, ie) = xCer(ay 


Now assume that X is ramified, and let b € i be such 


that bo. = D(x). 


Lemma If y € Pe? y #0, then: 


Proof Observe that the sum in the statement is independent 


x x 
y, moa (x). Let 


6(x) = ,.4, for an ideal 4 of 0,. Then: 


of the choice of representatives x of 0 


} X(> xy), (0 xy) 


ws) 
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-l ‘ : 
vo xyz) is constant on 1 + & since 
ca} But x is a non-trivial character of the 


a)/(1 + 6(x)), so the inner sum is zero. This 


he Lemma. 


non-zero complex numbers a and b, we write av b if 


real and positive. Now: 


wood > 1 x(b xu, (bx) 
x€0) 
mod” (x) 

y the Lemma: 

(x) ~ d x(b xy) y, (b- xy ) dy 
0,- 10} 


+ ; ; Das 
y Haar measure dy of K . Since x is trivial on ie. 
ategral is equal to: 


x) | u (0 xy) ay 
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Since the integral is zero if Try (Dx) ¢ ieee Otherwise, 
the integral is a positive real number A, say. But 
ito x) € p22 ans only df'b x =a +8 fo 

L/K K me gre Bee 


)=0O. But 


ee aha sone © 8 SR (6 
adie | mg Wa Nee ea ee 


ba. e 4(x), so: 
x(b x) = x(bo-x- a) = x(6) , 
and: 


wx) % T AX(8) 
x 


as asserted. 


Corollary 1 (Frohlich-Queyrut, [FQ]) If E/K is a finite 
Galois extension of algebraic number fields, and is an 
orthogonal representation of Gal(E/K), then: 


W(p) =1. 


Proof The global root number is invariant under induction 
for virtual representations of arbitrary dimension ("strong 
extendibility"). The induction theorem for orthogonal 
representations ([Dur.M, §3]) reduces us to the case in 
which p is a representation of one of the following three 


sorts: 


0: Gal(E/K) > GL (¢) 
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p is either (1,1; or the non-trivial character 
L/K) with L/K quadratic, in which case 

Lect} - (1,1. In both cases, W(p) =1. 

=06+ 6, for some representation 0: 


ne we have W(8) = W(6), so W(e) = W(8)W(é) = 1. 


> is dihedral: 

hat is, Gal(E/K) is dihedral, L/K is quadratic, E/L 

clic, andp = Indy (x) for some 1-dimensional repre- 
tion xX of Gal(E/L); in short, the situation is the 

1 analogue of that in Theorem 2. 

3y the global transfer theorem, [Dur.M,3.1], as idele 


; character, we have x|C, =. Let i= Kt), “with 


Je already know, by (i), that w(det,) = 1. Hence we 
reduced to proving c(e) =1. This will follow if we 
» for each place v of K, that: 


c(_) = Il X68) » 


wiv 


i 
ie) 
— 
OD 
~~ 
iT) 
tom 
| 
os 
Q 
~~ 
il 


Il x, (8) = x(6) = is 
W 


mse Se L and x is an idele class character. 
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If v is non-Archimedean and undecomposed in L, then (#) 
follows from Theorem e. 

If v is Archimedean, and undecomposed in L, then I 

W 

is complex, hence is 1. On the other hand, 
Sete [1] + sgn, hence c(p_) = 1, by Proposition 2 (i) ang 
(ii). 

Suppose v splits in L. Then the decomposition group 
of w|v is contained in Gal(E/L), so c= a x, and by 


Proposition 2 (ii) we have: 


e(p) = e(x, + %,) = x,(-1). 


Vv 
On the other hand, if w' is the other place of L above v, 


then: 


because x 168) = x_(-6). Hence (*) holds in every case. 
Let (a,b), denote the quadratic norm-residue ("Hilbert") 

symbol for the local field K ([CF,p.351]), and let 

x (x) = (a,x), denote the quadratic character corresponding 


a 


to the extension K(Va)/K. 


x 
Corollary 2 For a and b in K we have: 


W(x_)W(x,_) = W(x, 4) + (asd) 


a D K’ 
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ee X.., ea les X, = Xp» the formula to be proved 


jown to (W(x,))? = (asa), = (as-L)y = xX,(-1), which 
> by Corollary 1 (ii) of Theorem 1. Suppose Xx, #1. 


© can apply Theorem 2 to the situation: 


K(%a,"b) L = K(Yab), & = Vab 
rx, (on Er his ahs rma Te. and let det re 
W(x, WOK, (XE) = c(p) = (a,¥ab),. 


proves the Corollary because: 


© (a,Vab), = (asl, py ( ab) )ye = (asad), = (asd). 


eee 


We can define the Hilbert symbol on real characters of 
7 setting: 


(ap he 4 


(X, 9X ) _ 


b’K 


g this and Corollary 2, we see that Proposition 2 (ii) 
be rewritten as: 


ep, + °.) = c(p,)c(,) «(det »det, ) 


1 2 
Deligne in [DO] gives an alternative interpretation of 
for an orthogonal representation in the local case. 


S gives a local explanation of the global Corollary 1. 
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Tf Gis any finite group, and: 


oe: G > O(n) 
is an orthogonal representation of G, we denote the i-th 
Stiefel-Whitney invariant of pp by: 
4. (0) € H'(6,z /2Z) . 

In low dimensions i, the Stiefel-Whitney invariant is given 
algebraically as follows. Under the canonical isomorphisn: 
H!(G,zZ /2Z) = Hom(G,{+1}), 

the image of 4, (0) is det If 4 (0) is trivial; i.<e, 
det, =1, then 4,(0) is the element of H*(G,{+1}) = 
H2(G,Z /2Z) which is the inverse image under 9:G > SO(n) 
of the class of the extension: 
1 > {+1} + Spin(n) > SO(n) +1, 

where SO denotes the special orthogonal group and Spin the 
spinor group. 

Now take G = Gal(E/K), for some finite extension E/K 
of local fields. Then: 


H2(G,z /2z ) ae H*(Q, ,Z /ow) = Br(K), = {+1} (K #¢); 


where inf. denotes inflation (which is injective), and 
Br(K), denotes the 2-part of the Brauer group of K. Write 
c1(4,(e)) for the image of 4,(e) in {+1} under the 


composition of these maps. Then: 
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, 3 (Deligne) Let E/K be a finite Galois extension 


1 fields, and let p be an orthogonal representation 


(E/K). Then: 
el(4 (0) = ¢(p) 


et R°(K) be the set of pairs (L,p) € R(K) such that p 


orthogonal representation of 2% By an induction 


L 
en for orthogonal representations similar to the one 
ain [Dur.M, §3], one can prove that the function 

) + {+1} is the unique function satisfying the 

wing three conditions: 

(a) Proposition 2 (i), Proposition 2 (iii), and 

rem 2 (these give the values of c on the three basic 

S of orthogonal representation). 

(b) Proposition 2 (ii) (the addition rule for c). 

fe) If Kc L' cL and (L,p) € R°(K) satisfies 

©) = 0 ana det, =1, then e(Ind, /7,(e)) = c(p) 

uction rule). 

ene shows that the function p > c1(4,(e)) satisfies 

f¢ three conditions and is therefore equal to c(p). For 
ils, see [DO]. We note that condition (b), in the 


a (**) above, corresponds to the rule: 
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bE, 85) SS 0) & Aya) FAAP) S810) 


5 
( U means cup-product) in virtue of the fact that 
4 (0) = det,» .and that, with suitable interpretations, 
(x, »X,) =X, Ux, (ef. [CL,Ch. XIV, §2, Prop.5]). 

The global Frohlich-Queyrut theorem, Corollary 1 of 
Theorem 2, is an immediate consequence of Theorem 3. Let 


E/K be a finite Galois extension of algebraic number fields, 


and let P be an orthogonal representation of Gal(E/K). If 
vis any place of K, then 4, (9_) is the image of 4,() under 


the canonical localisation (restriction) map: 
H*(G,2/2 Z) > H°(G_ 2/2 Sey": 


where G = Gal(E/K), and G is a decomposition group of v. 


Thus the elements cl(4,(e_)) = e(P_) are the local invariants 
of an element (of order dividing 2) in the global Brauer 
group. Therefore c(p), the product of these invariants, 


is indeed l. 
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Galois module structure 


A. Frohlich 


The central topic of these notes is the global structure 
he ring of algebraic integers in a normal extension N/K 
umber fields, as a module over the Galois group. Com- 
d to he original notes, distributed in Durham, the 
Sentation here has been expanded and recast, although 
ering essentially the same material. Some new ideas and 
ults have been incorporated, in particular the notion 

m adelic resolvent. We also give a new treatment of 
oberties on change of base field or of group; the conn- 
ion between norms of homomorphisms and restriction of 
fers has now been clarified. 

The notes have been subdivided into three main parts. 
first part is concerned principally with the theorems 
Galois module structure, the second with the underlying 
Olvent theory, and the third part - which may be read 


“pendently of part II and which may be viewed as a 
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Supplement to Martinet's lectures (cf. [M3]) - deals With 
root numbers and Galois Gauss sums. We mostly give only 
brief outlines of proofs. In the nature of things these are 
mainly contained in Parts II and III. There is an appendix, 
which deals with some of the subject matter of Part II in a 


more formal manner. 


Notations. As usual, Z, Q, R, @€ are the ring of integers 
and the field of rational, of real, and of complex numbers, 
respectively. The multiplicative group of a ring S is de- 
noted by Ss", The Galois group of a normal field extension 
E/F is Gal(E/F). The algebraic closure of Q@ in) € is de- 
noted by ® and a "number field" K is always a subfield of Q 
of finite degree over Q. We then write Gal(Q/K) = fee The 
symbol Ons or just 0, stands for the ring of algebraic 
integers in K. Completions at prime divisors of K are 
indicated by appropriate subscripts, with the convention 
that if P is an infinite prime divisor and M an 0-lattice 
then My is actually the completion of MK. We shall often 


consider completions with respect to prime divisors of sub- 


fields (semi-local completions), denoted in the same way- 
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Part I. Theorems on Galois module structure 
eS col ie hee eee eee 


A nee ar 
Ne 


ypen kernel and we denote by N the fixed field of Ker 7. 
ye have an isomorphism 

m: T = Gal(N/K), 

we use to make N, 0, etc. into T-modules. (Except in 
nis really fixed and need not be referred to). We 
specifically to study a 0 (notation used throughout) 


module over the group ring 0(l') (of T over 0 = 0.) or 


os 


generally over 0, (I), where k is a subfield of K, and 


rticular over Z(T). 


The first attack is via localisation. Let M be an 


‘y_ 


J-module, which is an 0, lattice, 1.e. is finitely 


rated and torsion free over 0 We shall say that M is 


k’ 
free (of rank n) over o,(T), if for all prime 


rs Pofk, the OF. p\1)-module M, is free of rank n. 


> 


OW essentially by a theorem of E. Noether, that the 


ng conditions on 0 are equivalent: (i) 0 is locally 
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free over O(T), (ii) for some ke K, 0 is locally free 


over o(T), (iii) the extension N/K is tame (at most tamely 


ramified). Moreover if 0 is locally free then its rank 


over 0, (T) is the degree [K:k]. We shall assume this to bes 
the case and then study the global Galois module structure 
of 0. This turns out to be closely connected with arith- 
metic character invariants and in particular with the con- 
stants in the functional equation of the Artin L-function. 
For other brief reports see [M2], [F8], [F9] and for a 
detailed exposition see [F10], where most of the required 
details can be found. For resolvent theory see also [F1] 


and [F7]. 


§2. The classgroup of a group ring 


The definitions and results of this section apply to 
any triplet ([, K, 0) where [f is a finite group, K a number 
field, 0 its ring of integers. The representation of I as 
Galois group (cf. (1.1), (1.2)) is not used here and is 
irrelevant. 

Throughout these notes E is an absolutely normal number 
field which is "big enough". In general terms this means 


that- for various functors G of number fields which we shall 
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> consider, the maps G(E) + G(E”) induced by embeddings 
‘pecome isomorphisms. (As an alternative we could have 
ced E by ® and defined the objects G(Q) as limits). 
tively what we need is that E contains K (and subsequent- 
so some normal extension N of K), and the values of all 
scters of I, in the sense of representation theory. It 
‘be convenient also to assume that each character of I 
corresponds to a matrix representation of I over E. 
Let Rp be the additive group of virtual characters of 
i.e., the free Abelian group on the (absolutely) 

sducible characters. or acts on Ra» e.g., by viewing the 


tual characters as functions [*>Q. Thus for ye Ris 
“o> ye P, we have x (y) = x(y). Moreover 2. acts 


K 

the multiplicative group E of E and on its idele group 
i). We thus get a group Hom, (RD, J(E)) with subgroup 

9 (Rp.E ). Next let EN) be the group of unit ideles 
o(T), i.e., the product over all prime divisors Pp of K 
the groups ont). Let Xx be a character of T, 

responding to a representation T: T + GL(n,@). We extend 
to an algebra homomorphism K(I) > Mm (@) (n by n matrices 
@), and define for A OKT), 


Det. (A) = Det T(A). 
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x x 
Th D K).-€ f ASB RAL). W 

en et, ( ) €E for (T) e can extend a furth 
to a function on ideles of K(IT), and so in particular 
Det, (2) is defined for 4 € U(o(T)) and has values in J(E) 
Finally if x, are characters, we put Det, _y (A) = 

= ‘ . 

Dew (2) Det (4) .. hus Dek, is defined for y ¢€ Ree Now 
let yp € U(o(T)). Then the map Det(u) : xy ey Det. (u) is 


an 0, -homomorphism R, > J(E). The map 


r 
Det: U(o(T)) > Hom, (R,»d(E)) which takes u into Det(u) is a 
K 


homomorphism. We define the class group by 


(2:1): CiMo(E)}j = Hom, (R,»d(E)) /Hom, (RE) - Det U(o(T)). 
K K 


Remark It is clear that the choice of E within the 


stated conditions is immaterial. 


Let J(E,I) be the subgroup of ideles, whose semilocal 
components at all rational prime divisors p of order (I) and 
at p=” are =1. The map J(E,I) > J(E) yields a sur- 
jective homomorphism of Beta See) onto Cl(o(T)), and 
if U(E,I) denotes the subgroup of J(E,I) of ideles with unit 
components everywhere, then Heng panne? c Det U(o(T))- 


On the other hand associate with each f « Hom, (R, (EP) 
K 
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netion bo» with b (x) the fractional ideal (f(x)) 
tea by f(x) (the contents of f(x)). We then obtain 
smorphism 


(R,.J(F,E)) /Homo (R,,U(T,£)) ly 


K ot 


oT is the group of maps 6 from R, to fractional 
= 
Is of 0,, (the ring of algebraic integers in E) with the 


owing properties: 


b(x) has numerator and denominator prime to 


b(x) is actually a fractional ideal of Ky)? 


ee K(x) always denotes the field obtained by adjoining 


< the values of x and OK (x) is its ring of algebraic 


(iii) Forwe O» b(y*) = b(x)”. 


sing everything together one gets a surjection 
» > C1(O(T)). One can determine its kernel Hyp: it is 
? > 


“Subgroup of I, p for which b(x) = (b(x)), with 
5 


+ding order (I) and for p = ~ we have, in the obvious 


a Sd * 
“AT10n, 5 € Det ACt » Where the subscripts p denote 


Sletion at semilocal components. Thus we get an 
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av) 
(2) Ty r/Hg or =cC1(o(r)) . 
Remark We shall not prove that our class group is the 


usual one, but we shall show how one associates with a 
locally free rank 1 module M an element (M) of CL(o(T)). 
One can then prove that every element of C1(0(I)) is of 
form (M), that (M) = (N) precisely when M and N are stably 
isomorphic, that for many groups (M) = (N) implies M ¥N, 


and that (0(T)) is the unit element. 


The K-vector space V spanned by M has the structure of 
a K(T)-module, and in fact is free of rank 1 over K(I). 
Let V=vK(T). Then for wae idele 8 of K(T), we have 
M = vBO(T), this to be understood as a set of equations 
M, = vB On(t). Define f(x) = Det (8). Then 
f € Hom, (R..d(E)) and the class (M) of f in Cl(o(T)) 
indeed A independent of arbitrary choices and only depends 
on the isomorphism class of M. One may moreover choose v 


above so that M =v Goht) for all p | order ([). ‘Then the 


/H 


o,. O,T 
corresponding to (M). We shall call {b(x)} a family of 


equations b(y) = (Det (8)) define an element in I 


invariants for M. 
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> 
Remark For rank 1 one proceeds analogously. Only now 
one has to extend the homomorphism T: K(T) > M(Q) to one 


m (K(T)) > M an (@) » and analogously for adeles. 
m 


Let U(E) be the group of unit ideles of E, i.e., of 
ideles which are units at all finite places. Different from 
the usual terminology, we shall call an idele a of E totally 
positive if On is real and positive for all infinite prime 
divisors P, including the complex ones. We call a char- 
acter x of I symplectic if it is the character of a 
symplectic representation, and we write Rr for the sub- 
group of Rp generated by the symplectic characters. Any 
virtual character x € R Will then also be called symplectic. 
We write Hom, (R,,U(E)) for the subgroup of sae) 


of maps f with f(x) totally positive whenever x is symplectic. 


This group contains Det U(Z(I)). Thus one has a surjection 


(2.3) c1i(z(T)) > Hom, (Rp J(E)) /Hom, (RE) Hom, (R,,U(E)), 
Q Q 


whose kernel we denote by D(Z(I')) (the so called kernel 
group of Z(T)). In fact the group on the right in (2.3) 
May be viewed as the class group C1(M), where M is any 


Maximal order of Q(T), and the map (2.3) as given by 
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extension of scalars to M (containing Z(T)). We clearly 


have an isomorphism 


(2.4) D(a(T)) 2 Home (Rp,U(E)) /Homy (R,,0,) Det U(Z(T)), 
vy 


ie . 
* 


+ * 
where i a = mar ae: 


da Hoy, gC) 


In terms of families of invariants, the isomorphism 


(2.2) for 0 =2 yields an isomorphism 


(2.5) D(zZ(T)) , 


xX 
Postar = 


where Pos is characterised in Ip p by 
? 


+ having the obvious meaning, as above. 
Let k be a subfield of K. As ONG is finite we have 
the usual trace map on homomorphisms, which in view of our 


multiplicative notation we shall rather call a norm map 


N < i i f.. an. 2 
K/k If {o} is a right transversal of x in a, and 
f € Hom, (R, J(E) ) then we define Nile f¢ Hom, (Rp »J(E)) 
K k 
by 
og 
(2.6) (N fy Gee Ie Tae ‘ 
K/k 6 


For k = @ in particular this induces a norm map 
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2.7) Naja * CrlO(T)) + c1(Z(T)). 


n fact 


? 8) Nah o¢ry? = (Mo ¢r) . 


See (16.5) for further details). 


3. Resolvents, Galois Gauss sums and Module structure 


Here we take IT, K and N as given in 81. To compute the 
lasses 


(0) (64, Cl(o(T)), (0) e C1(Z(T)) 


Z(T) 


one has to generalise the notion of a Lagrange resolvent. 
Let x be a character of T, corresponding to a represent- 
ation T: T + GL(n,Q) and let a € N generate a normal basis 
fa’ } (y e T) of N/K. We define the resolvent by 


i.) (alx) = det () a’T(y) ~) 
¥ 


This is a non-zero element of Q@, which only depends on a 
andon yxy. Let ke K. Analogously to (2.6) we define 
-1 
22 = oO oO 
(3.2) Wiehe (alx) : Catye = yo, 


Where {o} is again a right transversal of Qi in Oy 
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Warning This is not the norm from K to k of some element 
x of K. Instead one should view Nic @l x) as (Nee £): Ux}., 
with f(x) = (alx) - except that now the map f no longer 
commutes with the operations of Op. or of Qs as it did in 
§1. Moreover Nee (alx) still depends on the choice of 
{o}, but only to within a trivial root of unity factor. 

Note that 

(alx + ¥) = (alx) (aly) , 


or more generally 
Nene (OlX + ¥) = Nene Calx) Meine (aly). 


Thus we may take x to run over all the virtual character. 
Let now W(x) be the Artin root number and t(x) the 

Galois Gauss sum, if x is viewed as a character of a, via 

its surjection onto T (cf. [M3] 1 and 2, §7 for defin- 


itions). 


Theorem l. The map 
-l 
xo 1(X) Ny ig (alx) 


lies in re 
amg re Bs 


Suppose now that N/K is tame and choose a so that, 


for all prime divisors p of order (IT), it generates a local 
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i.e., 9 =a0/(T). Then the 
Pp Pp 


b(x) = (t(x) NL (alx)) 


K/Q 


define a family of invariants fo 


Recall that the subscript ‘ is completion at the 


rational prime p. 


Theorem 2. If x € Rp (i.e. xX is symplectic), then 


ct ee ; ae 
(x) Nc /Q (alx) is totally real, either totally positive 
or totally negative, with its sign independent of a and 
given by 


sign(t(x) Ny ig (alx)”') = W(x). 


From these two theorems, and (2.5) we immediately get 


the first main theorem of Galois module structure. 


Theorem 3 Suppose N/K is tame. ‘Then 


(0) e D(Z()) . 


Z(T) 


Thus if M is a maximal order of Q(T) containing Z(T ) 
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then the module 0M is stably free over M, For K = @ this 
was conjectured by Martinet. (Note that for rank > 1, 


i.e., for K #Q, "stably free" implies "free".) 


84, Root numbers and Galois module structure 


For the background on representation theory see e.g. 


[s]. 
(2 


Let & be a prime number and Ro ) the Grothendieck group 


of k )(T)-modules , where k, is the algebraic closure of the 


& 


field of %-elements. There is a reduction or "decomposition 


(2) 


map d r 


Rp *- R 


Qi unique to within iy conjugacy. We are 


concerned with its kernel Ker d, which can also be defined 


canonically as the set of virtual characters which, when 
viewed as functions on I, vanish on the £-regular elements, 
i.e., on the elements of order prime to &. 

With E as in 82, let L., be the product of prime ideals 


of 0, above & and write 


x 
t= (0,,/L,) (multiplicative group). 


Lt? f£ « Hom, (R,,U(E)) then the composition 
Q 


f mod L. 


R(f): Ker d, > Re > U(E) + Wy 


lies in Hom, (Ker dy »W,). We thus get a homomorphism 


Q 
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“fe 
ye) R, :Hom, (R,.U(E)) > Hom, (Ker do sW.)- 


or £ \ order (TI) of course, the group on the right is null. 


A crucial property of Ro is 


fe) Det U(Z(T))¢ Ker a 


fact let 0 € Ker d,. Then 6 = x - ~, where yx and wv 

are actual characters with d, (x) = do (v). This means that 
she k, (T)-modules obtained by reduction mod & from represent- 
tions of I, corresponding to xy and to y, have the same 
composition factors. Hence the determinants in character- 


istic 2 coincide, i.e., we have 


Det, (2) = Det, (2) (mod L,,) 


for rA _« Q(T). This yields (4.2). 


(hu) E,(r) = a ee ay) /R, (omy (p05) 


if aN order (I) then of course E (Tr) =O. As Ro can be 
Shown to be surjective, and by (2.4), (4.2) we now obtain 


& surjective homomorphism 


(4.5) hot D(A(T)) HE, (Tr) 


Next let T: R, > R, be the map T(¢) = 6 + 6, where o 
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is the complex conjugate of $¢. Then T(R,) < Rr ‘ane 
Rp/T(Rp) is an Wg module and a vector space over the field 
with 2 elements. There is then a unique homomorphism 

Rr * Rp/T(Rp) which takes any irreducible symplectic charact- 
er to its class mod T(Rp) and any other irreducible character 


into zero. We define a homomorphism 


9 (Ker dy »Wy) 


Sy: Hpi ORES > Hom ; 


by taking, for given f, s,(f) as the compositum 


L 
r mod » 
> 


Ker d, > R, > Rp/T(Rp) lie > W 


R r my 


Now sy yields a homomorphism 
(4.6) ey Hoag MICE) £4) ET 


If now N/K is tame, then - on viewing x as a 
character of a via the surjection ™ of (1.1) - the map 
X —» W(x) = W(N/K,x) will lie in Hom, (RETR 2 Dis ae 
shown in Martinet's lectures (cf. [M3] 2, Theorem 7.4). We 
denote this element of Hom, (Rp/T(R,), +1) by W(N/K). 
(Abuse of notation: It ee depends on the choice of 7 
in (1.1), not just on N. Anyway at this stage it becomes 


natural to consider not only just one field N, but all 
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same representations" of I over K. We shall briefly 
aiscuss the problem of the range of possible elements 
w(N/K) in $14). 

Let now 2 be a prime factor of order (I). (Otherwise 
we have Ker d, = O and the preceding maps are all null). 


We get the second main theorem on Galois module structure. 


‘Theorem 4 Suppose that N/K is tame. Then 


by (Dor py) = Ky (WOK) ). 


In particular 


Epa? as 


Z(T) 


andif 2£=2, orif IT has no irreducible symplectic 


characters, then 


by (CO), 


I ea se 


A variant of the last theorem is obtained by restricting 


to symplectic characters. One gets a map 


+S} 
9 (R, Ker 4, Wy) 


R°: Hom’ (R.,U(E)) > Hom 
g b) 
nage T " 


yielding a homomorphism 
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Cet) 2°s Dézer hy > E70) 


= : pee nN Ker dy Wy) /0 Hy t Het, Bp ahg) Ns 


On the other hand we get a map 


(4.8) Ke: Hom, (R,/2(R) +1) + E°(T) 


(2) 


which takes f into the class of Il g > where gl *) 1s the 


compositum 


Re n Ker 4, + Re/T(R,) ee ee 


Then we have 


Theorem 5 Suppose that N/K is tame. Then 


Ss Ade 
h (C0) ony? =k (W(N/K)). 


Remark One can define a group 
* 


+ 
2 Oi a || Hom, (Ker d W)C R,) (Hom, (R20, 


g Q 3 Q 


Wy 4 


which maps surjectively onto I Er) - sometimes with 
Vs 
non-trivial kernel, as Cassou-Nogues has shown, and 


which also maps surjectively onto E*(r). The analogue of 


the last two theorems for this "better" group remains 
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proven, except for some special cases, partly due to 


assou-Nogues. 


ples Letl= i be the generalised quaternion group 
f order 4g™, & an odd prime. The groups E(t) ana E*(T) 
a identified. They both are vector spaces over the 
ield of 2 elements of dimension r, and this is also the 
cture of Hom, (R, /T(R,), #1). If % =- 1 (mod 4) 
=k is a is owetO, if 2 = +2 (mod 4) at is: null. 
nus for & = +1 (mod 4) our theorems tell us that the 


odule invariant hy ((0) ) in the non-trivial group E(t) 


ZT) 
does vanish. For £ =- 1 (mod 4), and in conjunction with 


Meorem 18 of 814, we obtain a different type of non- 


sYivial information. (For the case K = Q see already [F3]). 


§5. Examples 
We first mention one more general theorem, which is 


Teally classical. Let ks be the commutator quotient of I. 


The surjection T > ina 


yields a surjection 
(Zz (T)) + p(z (r2”)), If Tf is Abelian, and N/Q is tame 
then one knows that 02Z(T), i.e., we have a normal 


pral basis (over Z). (Indeed the Galois Gauss sums 
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are resolvents). Hence we have 


Theorem 6 Let K =Q, with N/Q@ tame. Then 


(0). e Ker[p(z(T)) + p(w (T®))] 


Z(T) 


Turning to explicit results for tame extensions with 
particular groups, these are of two types, as already 
illustrated at the end of the preceding section for 
[= ar Firstly we may get a quite rigid connection 
between module invariants and symplectic root numbers. 
Theorems 4 and 5 give a general background to this, 
leading e.g. to the root number interpretation for H ‘ 


4g” 
- 1 (mod 4). The very first theorem of this kind, for 


Wl 


& 


r 


He the quaternion group of order 8, and K = Q 

(cf. [F2]), which in a way started off this whole line of 
research, actually turns out not to be a special case of 
our theorems 4 and 5. It can however now be derived 
effortlessly directly from our Theorems 1 and 2. Fora 
statement of the result, and for another proof involving 
a suggestive and interesting local approach see Martinet's 


talk (cf. [M4]). 
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The case & =1 (mod 4) at the end of the last section 


ndicates that Galois module structure does not always 
sffice for an interpretation of symplectic root numbers. 
this is a principal motivation for considering additional 
¢ructure in terms of Hermitian forms over group rings. 
this however lies outside the scope of these lectures. 

The second type of theorem is a normal integral basis 
_ asserting that under certain hypotheses 

(9) 1. Our general theorems 3, 4, 5 and 6 are of 
course pence normal integral basis theorems, in that 
they restrict (7 0r) to a "small" subgroup of C1(Z(T)). 


To get the actual equation (9) = 1 one uses one of three 


T) 
basic methods, or variants of these. (i) Apply Theorem 3, 
showing that D(zZ(I)) = 1 for particular T - e.g. TF di- 
hedral of order 2" (cf. [FKW]) or of order’22, % an odd 
prime. (The normal integral basis theorem in the latter 
case, for K = Q, was actually proved by Martinet (cf. 


‘[M1]) before this whole theory existed). (ii) Use the map 
Gi D(z(T)) + D(z (r°)) x 1 E,(T). 
Q 


If CG, can be shown to be injective, and if there are no 
irreducible symplectic characters, then in the case K = Q 


We get (0), = 1. This works for some metabelian groups 
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(cf. [F6], and some unpublished results of P. Cassou-Nogues 
and of M. Taylor). (iii) Apply Theorems 1 and 2 directly 
and derive some new procedures for certain classes of groups ~ 
work of M. Taylor on p-groups goes in this direction. 


We end this section with the 
; 2 
Conjecture (0) = 1 when K = Q, 
Z2\T 


§6. Conductors 

Corresponding to the involution on 0(T) we have an 
involution - on its classgroup. If Mis a locally free 
o(T)-module, then (M) = (wey the inverse in C1(0(T)) of 
the dual, or "contragredient" M of M. With respect to the 


given representation of I as Galois group we have 


Theorem 7. Suppose that all prime divisors of order (I) are 
non-ramified in N/K and denote by 4(x) the conductor of 

AL Then {4(x)} is a family of invariants for 

(0) (0) € c1(o(T)). 


x eR 


Corollary (and source of counter-examples) 
f (0) =1 then, for each x eR 6(x) becomes 2 


— 


o(T) ee ee i 
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1 6) > 
pal ideal of K(x) 


Recall that K(x) is the field of values of x over K. 
Note At the appropriate places in Parts II and III 
shall see how the theorems of Part I follow from those on 


solvents and Galois Gauss sums. 


Part II. Resolvent theory 


The basic connections 
The results of this section will imply Theorem 1. We 
first indicate how the Galois group acts on resolvents and 
his will give us the first part of that theorem. The 
leeper second part will then be seen to follow from two 
ther theorems on resolvents to be stated here. The first 
f these, relating them to module structure, is quite 
slementary, but the second one, establishing the connect- 
ions with Galois Gauss sums, lies very deep, and is at the 
Core of the whole theory. 
Recall the definition of (alx) (cf. (3.1)), ana of 
(in §2). Restrict Det. to T and compose it with 7. 


We get a continuous Abelian character of Qe which by abuse 
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of notation we shall here again denote by Det. Then 
=) 
W) Ww 
(7.1) (alx ) = (alx) Det AG), forwe 2, , 


and more generally, if ke K 


C72) Nie glx” ) 


a Ni ph 21K) Cv, Det, ) (w), for we Qs 


% % 
where v. Hom(22,, ,€ ) > Hom(2,, ,€ ) is the transfer. These 


k/K* 
equations, in conjunction with [M3] 2, Theorem 7.2, now 


imply the first part of Theorem l. 


We also note for later reference that 


O7.3) fa°l3} = (alx) Det (A) for le K(T)" 


One can now proceed either idele theoretically, or 
ideal - and module theoretically, corresponding to the two 
descriptions (2.1) and (2.2) of Cl(o(T)). Although we shall 
lay the emphasis on the first approach, we shall indicate 
briefly also the second one - each offers its own advantages. 

We shall have to extend the notion of resolvent even 
further. It is clear in principle that it can be defined in 
the context of commutative rings. Here we are specifically 
concerned with local (or semilocal) completions. Let then 
P be a prime divisor of a subfield k of K. If a kK (T) 


p 


=N (=N 8. Ky)» '@s ais a free generator of N 


p 
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rer Ky(T)» then we can define the resolvent (alx), and 
jmilarly for k CF CK also Ne ppl lx) » in essentially the 
same Way as in §3. For E big enough, these will be in 

: (Ey, =f 6, Ky). We shall specifically be interested in 
jhe case when a Mave) = O09 1.€., when a generates a 
local normal integral basis at Pp. 

More generally we shall look at products of completions, 
with P running over some set S. For S finite, no further 
comment is required. We consider the only other case which 
e shall need, namely S the set of all prime divisors (say 
in Q). We are now considering adele rings Ad(K), Ad(N) 


etc. For an adele Go of N, i.e., for a e€ AA(N), we again 


1 
(alx) = aet Po rly)", Ne Calx) = m (aly), 


just as in (3.1), (3.2), provided of course that a generates 


@ normal basis of Ad(N)/Ad(K), i.e., that 
. for all p 5 
(7.4) 


a, OniT) = o, : for almost allp . 


meen (o|x) © J(E). Formulae (7.1) - (7.3) extend in the 
Obvious manner. Moreover via the embedding NC Ad(N), the 


Original resolvents may be viewed as adele resolvents. 
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Finally for local components we have 


(7.5) (alx), = (a,|x). 


The ideal theoretical counterpart to adele resolvents 
are the resolvent-modules (0:x). Note that, for given x, 
the resolvents (alx), a € N span a one-dimensional K(x)- 
subspace of @ (or of E). This follows from errak We 
define (0:x) to be the C(x) module generated by the (a|x) 
with ae 0. This is then rank one, finitely generated. 


Analogously we let N, (0:x) be the o ) module generated 


/k k(x 


by the N.. (aly) with ae 0 (use (7.2) and draw the same 


K/k 


conclusions!). If now N/K is tame, then there exists an 


adele o@ of Ny sO that for 611 p., oo. oT) = 0 and the 


p p p’ 


connection with resolvent modules is given by 


(ol x) 0 = (02x), ; 


K(x) ,p 
(7.6) 


(Osx). 


Nese (10) (x) sp = Meer p 


The next theorem describes the class of 0 in terms of 


resolvents. 


Theorem 8. Suppose N/K to be tame. 
(i) Let ae N, aK(T).=N. Let ae Ad(N), 


On ott) = 03 FOr: Bi) P, Write 
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£(x) = (alx) (alx)7* 


=. N : 
N 10 f(x) 


i vr (a|x) . Nie (al x) 


%) (ry? and the class of Me f in Cl(Z(T)) is (ey 


/Q ey. (T) 


(ii) With a as above, assume moreover that for all 


divisors ) of order (I) we_have a On(T) = 0. Write 


p 
(x) = (0:x) pei? Then {6(x)} is a family of invariants 


oY (9) ory? and tN, ig b(x)} one for OY ee 


We indicate the proof of (i), the idele theoretic 
version of the theorem. Go back to the description of 

(M) € C1(o(T)) given after (2.2). We now have M= 0, 

| v=a. Then the adele a of the theorem is of 
= aS, 8 an idele of K(T). Thus (0) or) ae 
Yepresented by f, with f(y) = Det (8). But by (7.3), or 
rather its extension to adeles we see that Det. (8) = 

(aly) (aly, This yields the stated description of 

| o(r)° For (0) (nr) SPP (20), 


Now we come to the connection with Galois Gauss sums. 


as we shall see, looks neater in terms of resolvent 
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modules - possibly because we do not yet have the full Story, 


Theorem 9. Suppose that N/K is tame, 


(i) Let ae Aa(N), a On(t) =0 for all p. Let 


p 
u(x) = t(x) Neva (alx) +. Then 


u € Hom, (R., U(E)). 


Q 
(ii) T(x) “a(x) = NK /Q COE) 


T? 


It is now clear that Theorem 1. is a consequence of the 
last two theorems. We shall only give an outline of the 
strategy of proof for Theorem 9, using most of the theory 


presented in the next few sections (see $10). 


Remark Theorem 9, say in its adelic form, can be extended 


to the wild case. One can only demand that a oit) = 0 


p 


at the tame primes, and one can then only assert that 


p 


ue Hom, (Ris U'(E)), where U'(E) consists of those ideles 


Q 


which are units at the tame prime divisors. 


§8. Change of field or of group 


This section contains a down to earth, explicit 


GALOIS MODULE STRUCTURE 161 


ecount of the topic in the title. We shall avoid at this 
stage bringing in new concepts, in accordance with our aim 
0 give a quick and accessible introduction to the essential 
results, rather than a formally presented theory. The 
appropriate formal background for the proper theoretical 
setting of these results will be briefly outlined in the 
appendix (which the reader can omit!). 
In the sequel let AL be one of the three following 
nctors of number fields L. 
(a 
(33) A, = if oP (product over all prime 


(8.2) P 
divisors P of L) 


L. 


(iii) AL = 0. p? where P is a prime divisor 
5 


of a number field k, and in this case L is restricted to 
extension fields of k. 

Let N, K, IT be as before, with k cK. In case (ii) 
assume N/K to be tame, in case (iii) to be tame above P. 
We consider the maps 


(8.2) x re(alx) (x € R,) 


Where 


a AAT) = i 


(i.e., a generates a "normal basis of Ay"). It, is 
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important for the interpretation of the theorems in this 
section, that the maps (8.2), for varying a, coincide 
exactly with the maps 


(8.3) xe» (a.|x) Det (A) 


with a, fixed, a. A(T) = Ay and with A varying over 
A(T) (1-63. 5 K(T)” in case (i),  U(o(T)) in case (ii), 
on(t)” in case (iri)). 

Let A be a normal subgroup of T, F= no its fixed 
field, and write 2=T/A. Thus £ ¥ Gal(F/K). Let 


Se R, > Ro be the lifting of characters. 


Theorem 10. Assume in case (8.1) (ii) that N/K is tame, 


in the case (8.1) (iii) tame above p. Tf 2 A(T) = Ay then 
ty ppl) A, (2) * Res where th yp is the trace. Also, for 
xX € R. 


(alBaerg = Cgypl Dag + 


Remark on notation. We indicate resolvents with 
respect to N/K by subscripts as above - strictly speaking 


they depend onT. 


Proof. Obvious. 
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Next let F be any number field containing K, let 


m2.) =4¢T, Then A = Gal(NF/F). 


Meorem 11. In'case (8.1) (ii) assume that N/K is tame and 


sither in N or in F. In case (8.1) (iii) make the corresp- 


snding assumption just above [P. Then given a € Aye 
€ Aur so that 
aA(T) =a, bdaAMA) = ARs 
A(T) with 
(alx)arye Det, (A) = (b1(XI4) nmyp > 


Here (x|A) is the restriction of x to A. 


Outline of proof. We consider the induced I-module 
Map, (T A- : is i ~ 

p(t, Bias of the A-module A, This is an A,-algebra by 
Pointwise operation on maps e.g. t, oe = fy) f(y). 
Moreover T acts by algebra automorphisms. 


On the other hand consider the A-algebra AY 


"a, Ap 


With T acting via the tensor factor Aye Then we have a 


homomorphism 
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(8.4) 6; Ay ea, A * Map, (T, AvP 


of algebras and T-modules, where 9(x @ y) (y) = xy. In 
view of the hypotheses made, this is an isomorphism. 
With b as given in the theorem let t E Map ,(T Ave) be 


defined by 


0, iF 5 Yet 


Identifying the two modules in (8.4), via 6, we see that 


T) = 
) Ay pe AD ‘ 
while on the other hand, with a as given, we also have 
(a 8 1) Ay et i Fa — 
Hence 
r cs 
(8.5) f= tae 4) ‘ de A(T) 


To form "resolvents" assume our big field E to contain 


% 
F and N. In (Ay 8 A.) we then have the equation 


T aby & | rs 
(8.6) Pete fe pet (1 (a@1)' y ) Det (2 @ 2). 


Now let g: N @, E> E be the map g(x 8 y) = xy. _— Denote 


K 
also by g the induced maps Ay 8, A, > An Then, recalling 


GALOIS MODULE STRUCTURE 165 


te definition of fi it follows that 


e(Det (J zy y)) = (| (xl) 


vel b NF/F 


hile trivially 
g(Det( J (a 6 1)"y *)) = (aly) 
yer 
g(Det, (1 @A)) = Det (A). 


N/K? 


The theorem is now seen to follow from (8.6) on applying g. 


We note a Corollary, to be used subsequently. 


Corollary In case (iii) (so that each prime divisor P of 


K, above Pp, is non-ramified either in N or in F), we have 


)s 


vg Calx)y ja) = vg ( Cb] (x1 4)) 


NF/F 
for all x € Rie and all prime divisors q of E, above p. 
(a, b as in the theorem). In particular if (x|A) = 0 then 


v,(Calx) ) =.0, 


N/K 


* 
Here v3 Eo +2 is the standard valuation. 


: A 
Next let A be again a subgroup of T, and let now F=N. 


Then again A ¥ Gal(N/F). For $ € R, denote by ¢, the 


A 


induced character of T. 


Theorem 12. Assume in case (8.1) (ii) that N/K is tame, in 
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case (8.1) (iii) that N/K is tame above p. Let 


a A(T) = Ay b ACA) = AL 
and let te, J be a free basis of A,/A, and {o} a right 


transversal of Qe in ae (or of A inT). Then for some 
x 
AE A (4) 


(alo,).j- Det,(A) =N 


N/K ) 


ane (oI) eCdet 0,7) 2088 


Outline of proof Let ta, } be a free basis of Ay over 
A(4) and {fo} a right transversal of 2, in Qe If,. say; 
De) GL (E) is a representation, we consider the block 
matrix with row index 0, column index i whose o, i entry 


‘ ’ 6 -1 ; F 
is the matrix T( ) ae” 6 “). Its determinant will only 


depend on the Pee ? of 4, corresponding to T, on 

the choice of {a}, and on the choice of {o}. We shall 
denote it by Det ,({a;}). Note in passing that this is a 
generalisation both of resolvents, and of discriminants. 


Note also that for the definitions we only need tameness 


hypotheses on N/F, not on N/K. 


Remark: We have been a bit vague as to where the matrix 


60 .-l : : ; ‘ 
T( ) a. 6 ) lies. In fact we may view it as a matrix 


SeA 


over AG: 
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The dependence of Det ,(ta,}) on the choice of {co} can 
neglected. A different choice of transversal is reflected 
a factor Det, (8), with 6 fixed in A. On the other hand 


, {a} is another free basis of Ay over A, (A) then 
* 
8.7) Det ,({a;}) = Det ,({a;}) Det (2), Le ACA) , 


Now we choose particular bases {a}. First suppose that 
=] 
A(T) = Ay Then, with fo} as above, {a° a is & 


ee basis of AY over ACA). Here of course the o ¢€ Q, can 


be replaced by their images m(o) e T. An analysis of 


induced representations then shows that 


1 
(8.8) Det, (ta 1) = (along 


Next with b, te, } as in the theorem we take a, = be.. 


Then 


0) deg(x) 


Be?) Det, (tbe; }) = Neg (b|$).. jm (det C; 


N/F 
The theorem now follows from (8.7) - (8.9). 
§9. Kummer extensions 

Here K is assumed to contain the primitive n-th roots 
of unity and we assume that f ¥ Gal(N/K) is cyclic of order 


nh. A radical x of K in N (or of Ky in Nye where now 
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. . . . . * 
P is a prime divisor of K) is an element of N with x” « K* 


Sg * ¥ 
(an element of Ny with x" € Kp) The valuation Vp} Ky +7 


can be extended uniquely to a homomorphism, from the group 


* * 
of radicals of K, in N into Q. If xX is a character of 


p p? 

l of degree 1, which we may view as a homomorphism of I 
into the group of n-th roots of unity, then the elements 
x6 Ny with x’ = xx(y) for all y € I form a one dimensional 
K-subspace Vy All non zero elements of vy (of Vp? are 
radicals and their values under Vp form a unique coset of 
Q@mod Z. Write r(x,P) for the least non negative rational 
in this coset. Thus O < r(x,p) <1. 

Now assume that P is finite and that nis a unit at Pp. 
Via class field theory we get from x a character of Ky 
whose restriction to the group Ur, of P-adic units we denote 
by Xp)" Then there is a unique rational s(x,p), 


O < s(x,P) < 1 so that for all ue Uy 


X( py (2) = yw NP-1) (Xs) (mod p). 


Now let a Date) = O° Then (alx) is a radical, and 
vy (alx)) will be independent of the particular choice of a 


Within the stated conditions. We have 


Theorem 13 (i) v(Calx)) = r(x,P) (Kummer criterion) 
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(ii) vp( (alx)) = s(X,P) ee field criterion). 


The proof of (i) is not hard. One then derives (ii) 


rom (i), using all the properties of the local norm residue 


110. Outline proof of Theorem 9 


We take the theorem in form (i). With © as in the 


sheorem, we write 


w(x) = 10x) Neiglalxd 


we Hom(R,.J(E)). 


We divide the assertion of the theorem into two parts, 


ue snag eee 


ue Hom (R_, U(E)), 
Where U(E) is the group of unit ideles. 

Now (10.2) follows immediately from the way in which 
% acts on Ne pqolx)» (see (7.2), or rather its general- 


isation), and on t(y) (cf. [M3] 2, Theorem 7.2). Compare 
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here with the proof of Theorem 1. 

We are then left with the proof of (10.3). This pro- 
ceeds by a number of reduction steps. 

4°" step Immediately from (10.1) one notes that it 
will suffice to prove that 
(10.4) u(x) € U(E) 
for a set of generators x of Rpe We shall take for this 
the induced characters of abelian characters of sub- 
groups. 

gud step We reduce the proof to that of (10.4), for 
any number field K as base field, and for y abelian. 
This is done by using the induction properties of T(x) on 
the one hand (cf. [M3] 2, Theorem 8.1), and of (a|x) on 
the other (see Theorem 12, or rather a slight strengthening 
OF 26): 

ard step One reduces to semilocal components. More 
precisely, take x abelian and let p be a rational prime. 
In the evaluation of vg6tQd) where 4 is a prime divisor of 
E above p one can replace T(x) by the local Gauss-sums of 
the prime divisor P of K, above p. Thus one has to com- 


((a|x)). 


pare this with the values v 


q 
th . : 
4“ step The evaluation of the vgitQd), which 
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sentially goes back to Stickelberger (compare [C] 3.6, 
ry 31S) 

th . —- > 4 

5 -step If x abelian, order(xy) =pm, (m,p) = 1, 

d Ss 

yas in the a ‘step, then x = ov, order(¢?) =p, 
rder(v¥) =m. By hypothesis of tame ramification, ¢ is non- 
amified at all prime divisors of K above p, and so the 
virtual character x - vanishes on all corresponding 
inertia groups. By the Corollary to Theorem 11, we may 
replace X by ¥, i.e. we may assume (order (x), p) = 1. 

6° )_step If yx abelian, (order(x), p) = 1 then 
<(x)/K is non-ramified above p. By Theorem 11 we may, for 
the evaluation of v9 (Colx)), assume that K = K(x). 

th 5 

7 ‘-step Evaluate vg ((alx)) by Theorem 13 (ii). The 
Theorem now follows by comparison with what came out of the 


yeh step. 


$11. Relation to Artin Conductor 
In this section let P be a finite prime divisor of K. 


S Det 5 = 1, it follows that (al xO a ry BECK + Vy. Uber 


@e€N, with an analogous result for a € Ny Denote by 4(x) 


the Artin conductor. 


172 FROHLICH 


Theorem 14. Suppose that N/K is tame at P and let 


a0 ( Lr) 0 


Then 


p" 


(alx + X) = (x) 


0 ae a“ 
K( x+x) 5P p “K(x#x) ,p 


The proof uses methods similar to that of Theorem 9, 
but 1s much easier and less deep. Thus e.g. only Theorem 
13 (i) will be needed. 

Theorem 14 together with a computation for resolvents 
ylelding a formula of type 

(alx +X) = Det (A,) 
then yields Theorem 7. 


§lla. Congruence and Signature properties 


We first return to the subject matter of 84. Indeed 
our next theorem is one of the ingredients in the proof of 
Theorems 4 and 5. The symbol L. denotes again the product 


of prime ideals of o., above &. 


Theorem 15 Suppose that N/K is tame above the rational 


prime 2 (i.e., tamely ramified at all prime divisors of 


K above 2). Then, if a o,(T) 10 we have 


(alx) = 1 (mod L.) 
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X © Ker d,. 


2 2 -1 
If actually N/K is non-ramified above 2 then 2 a! Y 


a unit of 0 (T) and hence Det (2 a y') = 1 (mod L.). 
f there is ramification one uses Theorem 12 to reduce to 

e case X= ¢- , deg() = deg(v¥) = 1, (order ¢,2) =1. 
n this case the result is then again easily verified. 

Next we turn to signature properties. If Pis a real 


prime divisor of K, then W(X) denote the corresponding 


local root number (cf. [T]). 


Theorem 16 Let P be a real prime divisor of K, and let 
= N 4 Then for all x € Re 


signp(al x) = W(X) 


for any prime divisor P of K(x) above p. 


(Thus signp(al x) is independent of the choice of P, as 


the choice of a). 


From the theorem one deduces the 


Corollary For each x € Rr : Nc pq @!x) is either totally 


Ositive or totally ne ative, and 
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sign N., (alx) = Woo(X) - 


K/Q 
Theorem 2 is now clearly a consequence of this Corollary 
and of [M3] 2, Theorem 7.4. 


For the proof of Theorem 16 one first shows that indeed 


iS) 


re is independent of the choice of a4 


signp(alx), for x € R 
or of P. One then verifies the equation with a particular 


convenient choice of a in the K algebra Ny 


Part III. Galois Gauss sums and Root numbers 


8 
S12, Congruence properties of Galois Gauss sums 
We once more return to the subject matter of 84. Let 


QL ' es 
vy! ) denote the group of roots of unity in Q of order 


prime to &. 


Theorem 17 Suppose that N/K is tame. Then there is a 
(2 
: 


unique y, € a dy» V so that 
yg(x) = t(x) (mod L.), 
S 


’ Ker d then 


for all x € Ker d r Q 


Q° If moreover xX € R 


yp(x) = 1, dee.s tlx) = 1 (moa Lo). 


GALOIS MODULE STRUCTURE 175 


Yutline of Proof It suffices to show, for some set of 


enerators X of Ker d, (of Rp a Ker d,) that t(x) is con- 


ent mod te to a root of unity in yb) Cho 2}. Using 
induction the proof reduces to the case of Abelian or 
guaternion characters. One then localises and has to do a 
pit of work. 

Theorems 4 and 5 can now be deduced from Theorems 1, 2 
and 15, l7. We illustrate the main points in terms of 
Theorem 5. First, theorem 1 describes OO) op ) by the 


variants 6(x) = (t(x) N gealal 2: Restricting x to ean 


K/ 

s -1 
we can replace this by 5(x) = (t(x) Nc /Q (alx)  w(x)). By 
, the generator of this principal ideal is 
totally positive. One deduces that n°((0)) is represented 
by ge Hom, (RL 0 Ker dy, Wo) where g(x) is the class 

| S 

) f: 
mod é of Ne pglalx).t0d WO): for ald ye Ry Ol Ker'd. 
By Theorems 15 and 17 this is the same as the class of W(x) 


mod L.. Thus g(x) also represents k°(wW(N/K)). 


13. Properties of Galois Gauss sums and root numbers 


We have used the t(x) to derive results on Galois 
module structure. One can however change one's point of 


View and in turn apply our general theorems to obtain 
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information on the T(x). 

Note that in the proofs, specifically that of the basic 
Theorem 9, the (known) fact that the t(x) are algebraic 
integers (first proved by Dwork) was not used. For "tame" 
X this result follows evidently from Theorem 9 without any 
further computations. For, by the Theorem, T(x) generates 
a module which by its definition consists of algebraic in- 
tegers only. 

Theorem 9 determines the map xe T(x) (for tame x) to 
Within an i, momomerphizem xX —» y(x) into global units. If 
one observes that t(x)1t(x) is rational this becomes a homo- 
morphism into roots of unity. The problem then arises, 
what further intrinsic properties will determine x r+ tT(x) 
uniquely. 

One can ask corresponding questions also for the local 
Galois Gauss sums ([M3], 2, §4), and the local root numbers 
({T]) - at least for symplectic x. The local approach 
moreover gives some hope also in the wild case - at least 
modulo roots of unity. It is already clear however, even 
for the interpretation of global symplectic root numbers 
that additional elements of structure are needed, beyond 


that of the integers as a Galois module - specifically 
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"Hermitian Galois module structure" defined via the trace 
orm. This topic however lies outside the scope of these 
otes. 

Another result which we can prove, again based on 


Meorem 9, is that the "non Abelian Jacobi sum" 


1(x) EO) (yy PEO) 7 2¢ yy) 


for tame X and ¥) is an algebraic integer. 


$14. The range of symplectic root numbers 

The problem considered in this section is that referred 
to in 84. We now vary the map 7 of (1.1), i.e., the 
representation of I as a Galois group of a tame extension. 
Corresponding to each 7 we get an element - given by the 
Toot numbers - of Hom, (RE/T(Rp) 44 1), and the problem is to 
decide which elements ss of this form. We shall discuss 
this in a particular case only, taking K = Q, and [ = Him 


‘the quaternion group of order 4m, with m odd. For these 


Ss 


groups every automorphism of I keeps the No orbits in Re 


fixed, hence also keeps Hom, (RE/T(R,) » + 1) fixed. Thus 
Q 

the element of that group corresponding to a particular 7, 
er T 


Will only depend on N = a » and we denote it by W(N). 


‘Thus W(N) is the map: x +» W(N,x) in the classical notation. 
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Let F~ be a tame, absolutely cyclic field of degree h, 
To avoid complications assume that the quadratic subfield F 
of F” has class number and discriminant prime to m. Then, 


for [ =H, _, we have 
Gm 


Theorem 18. For every W € Hom, (RE/T(R,) » = a ere 


infinitely many fields N, tame and normal with Gal(N/®) *r 


> 


so that N 2 F* and W(N) = W. 


Outline of proof 1) The Ng conjugacy classes of irreduc- 


ible symplectic characters w of Hm correspond biuniquely to 


the divisors d > 1ofm, under a map w +d, where yj is 


y 


the character of a representation lifted from a faithful 


representation of the quotient group He (d=4) of Hn 


d y 


(N) when d=d. We thus 


We shall then write W(N,y) = Ws ) 


have to show: 
given a map f from the set of divisors d> 1 of 
mto +1, there exist infinitely many N, tame 
CTL ST) me z 
and normal with Gal(N/Q) =r, andN DF, so 


that wm) = fd) for all, da: 


2) Let u be the quadratic idele class character of 
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corresponding to its extension F . Let ? be an idele 
lass character of F of order m, not ramified at the prime 


visors of m with $(J(Q)) = 1. View $u as character of 


m/d 


and let UP be the character of © induced by ($n) . 


WR? 


Q 
nen, writing N for the fixed field of $u we see that N is 


ame and normal over @ with Gal(N/Q) = H and contains 


4m? 
7“. Moreover Va = ~ is an irreducible symplectic 
sharacter with d = diy: 
Let s ,(4) be the number of rational prime factors p of 
_,,m/da : : : y ’ 
AC > ) which are inert in F. Then by a computation given 
[F5] (Theorem 2), 
s ,(¢) 
Wy C8) ‘ 


We thus have to show 


Given f as in (14.1) there exist infinitely 
(14.2) many idele class characters ¢ of F of order mn, 
not ramified at the prime divisors of m, with 


s (4) 
¢(J(Q)) = 1 and with f(d) = (-1) for all d. 


3) For S a finite set, write 


nae (-1)Carals) 


Given f as in (14.1) one can show the existence of a 
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family {Ss} of sets of natural numbers, one set S 
corresponding to each divisor d > 1 of m, so that (i) dja' 


implies Sac Sar 


= U 
S475, 8 


(ii) d= ata", (d',a") = 1 implies 


(737) o(S,) = f(d). In the sequel the 


a d 


symbol 5, will be the empty set. Fix such a family {s.} 
once and for all. 
kh) Let P be an injective map of Sa into the set of 

natural primes not dividing m, so that (i) Ba) is inert in 
F and non-ramified in F*, (ii) Pcs) = - 1 (mod n), 
There are clearly infinitely many such maps. The proof of 
(14.2) now reduces to 

Given {55}; and P, as above, there exists 

an idele class character ¢ of F of order m 
(1.3) with ¢(J(Q)) = 1 so that (i) a prime Pcs) will 

divide ne oes if and only if je S 5° (ii) 
plg(o), pd Sa implies that p \m and that 
p splits in F. 


In fact for such a ¢$ we will have s4(¢) = card(S.). 


d 
5) Given {Sts and P, observe first that for each 


‘lees Sn there is a unique greatest divisor e(j) = g21 of 


m with j ¢ a For each je se we can then choose a 
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wesidue class character ae mod ea oF of order m/g(j). 
Jiew oe as a character of the local units at Psy: and 
extend it to a character, again denoted by Ming of the 
group of unit ideles U(F) of F, so that ae = 1 for 
prime divisors p other than Ee syit Next choose a natural 
prime q = 1 (modm), which splits in F, and a residue 


class character 6 of 0,,/ 40 of order m, which takes values 


F 
on rational residue classes. View 6 as a character of 


U(F), ramified only at the prime divisors above q. We can 


Moreover fix q and 6 so that 


II a0) Gs em 9 


for a fundamental unit n of F. 

Let h be the class number of F. If © is an idele of 
F then o” = y (mod EF), ue UF). Put (a) = 5(u) I 6 Cu). 
This defines a unique idele class character ¢ with all the 


Yequired properties. 


$15. Symplectic root numbers for wild extensions 


The interpretation of symplectic root numbers depends 
On the fact that in the tame case W(x’) = W(x) for all 
We Ms In the wild case this need no longer be so. We 


Shall give here a recipe for infinitely many normal disjoint 
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wild extensions of Q@ in which the symplectic root numbers 

are not invariant under transition to Wy conjugate characters , 
generalising an example given in [Fl]. The Galois Zroups are 
quaternion groups Hig of order 42, with 2 an odd prime which 
is totally ramified. This implies of course % = 1 (mod }), 


The method is based on a Lemma, which is the global 


analogue to a local result in [M3] (2. Proposition 6.1). 


Lemma Let xX be a real valued character with trivial de- 


terminant. Then, for we 2 


Q’ 
WW) eis W 
W(x ) _ WW 
W(x) 1/, 
N6(x) 


Thus w(x’) = W(x) for all w precisely when N4(x) is a square. 


Indeed as W(x) = +1, we have wy)” =W(x). Also 


always N£(x-) = N&(x). Thus, expressing W in terms of T, 
1/2 
W, and Nf , we have 


w w w, W (4°) 12 w 
Wigs. 2 2 at eee ER 
BS Ra a I gee 


But, as Det, =1, we have t(x’) = t(x)"s Wo(x) = W(x), 


hence the result. 
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Denote by ¥ an irreducible symplectic character of Hig: 


neorem 19 Let % = 1 (mod 4) be a prime number and F° a 
yelic field of degree 4 over Q in which % is totally 
ymified, and so that the class number of the quadratic 
ubfield of F° is prime to %. Then there exist infinitely 
ny normal fields N containing F°, in which 2 is totally 
amified and so that 

§(N/Q,¥) = 29 27, (27,2) =1 

me. 


w(N/Q,v') # W(N/Q,¥), some. 


Proof We follow the general technique developed in [F4]. 

F be the quadratic subfield of F“, and op a residue 
character of On /20,, of exact order 2. We then have to 

find infinitely many idele class characters o of F, such 
that 

(15.1) ¢ is of exact order 2 

(15.2) ¢ restricted to the local units of F at 2 is 9 
(25.3) 9(3(@)) = 1. 

One Shows that if F, is the corresponding class field, then 


$ 


N=F°F has the required properties. 


$ 
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View P as a character of U(F), ramified only above 2. 
Choose a prime p = 1 (mod &), splitting in F and so that 
there is a residue class character uy of 0,/P Oy, which is 1 
on rational residue classes and for which po(n) =1, na 
fundamental unit of F. There are infinitely many such p. 
Given up and p we can then construct a ¢ which only ramifies 


at 2 and at p, whose restriction to U(F) is yp and so that 


o(J(Q)) =1, o» =1. (Here p is always of order 2). 


Appendix 


§16. Once more: Change of field or of group 

Just as in §2, the representation of T as a Galois 
group is not assumed here and is irrelevant. We are simply 
concerned with pairs, consisting of a finite group and a 
number field, and study the formal behaviour of various 
associated objects. 

First of all we have to consider more general sets of 
homomorphisms than the group ee Let then F be a number 
field, f a finite group, X some Ng module written 


multiplicatively. We consider pairings 


PRE ale eS 
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6.1) o(x + x',) = O(x,4) $(X",4), 
6.2) X,mv") = (x0) Ox,0"), 


a ME 
6.3) o(x® ,w) = $(x,4), 
w, wi € ae oa > ne ae aa Roe We denote by 


g(Rp 2X) the set of homomorphisms f :R, * X of groups 
F? 


6.) f(x” )° = £(x) o(x,4)5 


yw allwe 2_, Xe Roe If 1° Rs are two such pairings 


F? 
nen multiplication in Hom(R,,X) yields a pairing 


x Hom > Hom ; In particular, Hom 
is either empty or else is a coset of Hom, in Hom. 
F 


(i) Restriction of base fields. 
Let k be a subfield of the number field K. We have 


Jready considered the norm map N., (cf (2.6)) on the groups 


K/k 


X). One can show that the map N for 


K/k? 
C= J(E), maps Det(U(o(T))) into Det(U(o,(T))) (similarly 


* 
Det(K(T) ) etc). Hence we get, via (2.1), a homo- 


Neg? CL(O(T)) > C1(0,(T)). 


Comparing with restriction of scalars, one gets, fora 
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locally free 0(I)-module M of rank r, the formula 


(16.5) (Mg (ry = (OTIS py + Neer (OM ge py) 


When k = Q@ the first factor on the right vanishes and we 
get (2.8). 
We define also a map 


N : Hom 


K/k a..¢° re > Hom (R, 2X) 


Ue ve 

by choosing a right transversal {co} of a in a and setting 
: N = I 

(16.6) (Nene £1 OX) (x 


0 


Here v(x, ) = Vee /K (x, ) is the image of (x, ) € Hom(®,, ,X) 


under the transfer map. A different choice of {o} leads to 
a different map a but only to within a factor 
xe o(x, w) where W, is fixed in Qe 
(ii) Extension of base fields. 
Let F be a number field containing K. We have a 
K/F: nae see (and analogous when 


@ pairing ¢ is present), which acts in the obvious way on 


natural embedding i 


Det(U(O(T))), hence induces a map i e1(o(T)) = C1(0,(T))- 


K/F* 


One then has 


(16.7) La /p ((M) o(py) = (M®@ plo (T)* 


(iii) Transition to quotient groups. 
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Let £ = T/A, A a normal subgroup of Tf. Lifting 


Ry > Rp of characters yields homomorphisms 


T 
A. : Hom, (R,,X) > Hom, (R.,X) 

x? 
z a iy Re 


nich takes e.g. Det(U(O(T))) into Det(U(O(Z))). It thus 


: r 
nduces a homomorphism As on class groups, and we have 


| r wee: 
.8) Gs ey ee Pe 


malogous when a $ is present. 
(iv) Restriction to subgroups. 
Here A is a subgroup of [. Induction of characters 


X ++ X, is a homomorphism R, 7 Rp which yields maps 


Pra? Ao ee + aa a 


S. 


and analogously when a > is present. Again one can show 


that e.g. for X= J(E), the map op takes Det(U(o(T))) 


T/A 
into Det(U(0(A))), hence yields a homomorphism 


Pri : Cl(o(T)) + Cl(o(A)). Now we have 


Priya ((M) o¢py) = (M) 6 (A) . 


(v) Induction. 


With A and T as under (iv), restriction R. *R, of 


“fharacters yields maps 
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inyp? ne Ae > Hom 


(and analogously when a pairing ¢ is present). We get an 


induced homomorphism Ln pt C1(o(A)) + c1(O(T)), and have 


(16.10) iy pO o¢ ay) = (Me) o¢ ry 3 


where M, is the I-module induced by M. 


§17. Functorial behaviour of resolvent classes and module 
classes 
Now we assume again as given a surjection T: a soe oe 
with N=@°°" "| if first = = T/A (as in 16. (iii)) then 
by composition we get a surjection 7,: 2 > 2, and 


, z K 
_Ker, 
=N =F, say. If N/K is tame we have from (16.8) 


(17.1) ACO) py) = (paz): 


Next let A be any subgroup of [, let again F=N. 


If N/K is tame, then by (16.5), (16.9) 


(17-2) (ORCA) ac ay B/C) g (cay = rsa ory): 


Next let F be some number field containing K and let 


m(2,,) = A, Suppose that N/K is tame and that each prime 


divisor of K is non-ramified either in N or in F. Then 
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yis Will follow from (16.7), (16.10) and the isomorphism 
f. (8.4)) 


: o BO 
2 2 ee, Map (T, ) 


F NF 


We now return to §8, using the notation established 


here. The surjection 7: Qe >T gives rise to a particular 


airing ¢ = Det, where $(x,w) = Det, (mw). The map 
me» (alx), where a A(T) = Ay then lies in 


(R,,X) for some suitable X. More precisely 
xodet r 


x 
* : 

eB = ft @ 6, V E, 
x Bs iG Sip we En for AL Tis LP? Lp respectively 


Moreover these maps coming from resolvents, for varying a 
vith a A(T) = Aye form one orbit under the action of 
Di t(A,(T)") , to be denoted by r(A,/A,) (abuse of notation). 


r(A,/A,) € Hoty peep 9X) /Det(ay()”) 


the theorems of §8 can now be reformulated in terms of the 


-7 


maps defined in the preceding section 16, and the resolvent 


Classes r(A./A,) ; 


r 2 
Theorem 10 asserts thatA, r(A,/A,) = r(A,/A,). 
Theo ! 2 ; —_ 
rem 11 that le yp r(A./A,) in yr r(Ap/A,) A similar 


anterpretation, involving N and p can be given to 


F/K Ea 
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Theorem 12. 


FROHLICH 


This would however require some further 


definitions which we shall not give here. 


Lc] 


[F1] 


[Fo] 


[F3] 


[Fu] 


[F5] 


[F6] 


[F7] 


[F8] 


[Fg] 
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Part I of these notes is basically a résumé of [Ds]. 
The principal result proved is that the Mellin transform of 
a (suitably normalised) newform of weight 1 (with character) 
is the Artin L-function of a two-dimensional linear repre- 
sentation of the Galois group of the rational numbers. The 
representations which arise in this way have a simple charact- 
erisation (modulo the Artin Conjecture), and one obtains a 
bijection between a set of newforms and a set of isomorphism 
classes of Galois representations. 

Some applications of a general nature are given in §5. 


Part II deals with more explicit examples. 


§1. Two-dimensional Galois representations 


Let Q/Q denote an algebraic closure of the rational 
number field Q@, and let G = Gal(Q/Q). Let p: G > GL,(C) 
denote a two-dimensional continuous complex linear represent- 
ation of G. (Throughout, linear representations of G will 
be implicitly assumed continuous. Recall that, in this 
case, continuity means having open kernel, and hence finite 
image.) The map o> det(o(c)), 6 € G, is a one-dimensional 
linear representation of G, which we denote by: 


x 
e= detliors Goo. 
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Let c eG be a "complex conjugation", or Frobenius at 

nfinity; then c is of order 2 (and, by a theorem of Artin, 

the only element of G of order 2, up to conjugation). 
if x is a one-dimensional linear representation of G, 

(c) = +1, and we say that x is odd if x(c) =- 1. 

Let N be the Artin conductor, and L(s,e) the Artin 

‘—-function, of the representation p. We refer to [Dur.M] 

Por the definitions and basic properties of these. The 

conductor of € = det(e) divides N so that, via class field 

theory, we may regard € as a Dirichlet character mod N 

e: (Z/NZ) + @. 

Then the representation € of Gis odd if and only if this 

Dirichlet character satisfies €(-1) = -l. 


For P such that € is odd, define: 


Ms,e) = n°/(2n)8T(s)L(s,0). 

Then one knows that A extends to a meromorphic function on 

the whole s-plane, and has the functional equation: 
M(1-s,e) = W(e).A(s,e), 

Where P is the contragredient of the representation P, and 

We) is a constant. The Artin Conjecture states that A(s,0) 

is a holomorphic function of s, fors #0, 1. Recall that 


Ms,0) is holomorphic for s = 0, 1 if P does not contain the 
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unit representation of G. We say that 0 satisfies condition 
(A) if: 

(A): there exists a positive integer M such that, for 
all one-dimensional linear representations x of G with con- 
ductor prime to M, A(s,o ® x) is a holomorphic function of 
s fore \F 05-1. 

The representation p satisfies the condition (A) if, 


in particular, it is reducible or monomial (i.e. induced 


by a one-dimensional representation). 


§2. Modular Forms 

In what follows, we use only holomorphic modular forms 
of one variable, and we describe them in classical terms; 
for interpretations (and generalisations) in the language of 
infinite-dimensional representations of GL(2), see for 


instance [DA], [J-L], [wu]. 


2.1 Let H = {2 e € | Im(z) > 0} denote the complex upper 
+ : 
half-plane, and GL,(R ) the group of 2 x 2 real matrices 
5 , + 
with determinant > 0. Then GL, (R ) acts on H as a group of 


holomorphic automorphisms: 


: az +B " a. 86 + 
iS a Beccary: A where o = { )« GL, (RR ). 
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et f be a holomorphic function on H, and k a positive 


nteger. For 5 as above, define: 


k/2 “K 


o(z) = det(o) Bare 


iGo + 6 


(Ya + 6) 


For fixed k,o : freflio defines a group action of GL3(R ) 
‘on the space of holomorphic functions on H. 

Let T = SL,(Z), and let I'' be a subgroup of I of 
finite index. Let f be a holomorphic function on H such that 
£|,.0 = £ Por all‘ ove I*. The group [' contains a matrix 
i. #) , for some positive integer M. Hence f(z + M) = 
f(z) for all z€H, and so f has a "Fourier expansion at 
infinity": 


foe) 


f(z) = ) aay ° 


n= 


= eo tiz/M 

ayy ° 

We say that f is holomorphic (resp. vanishes) at infinity if 
a= 0 for all n <0 (résp;. pes) O). TP ove TT, then 


~] 
f| |, 0! =fl|,o, for allo'€ o I''o. So, for anyoer, 


k 
f| 0 also has a Fourier expansion at infinity. We say that 
fis holomorphic (resp. vanishes) at the cusps if f| 9 is 
holomorphic (resp. vanishes) at infinity for allo el. 


Now let N be an integer 21, and € a Dirichlet 


Character mod N. Define: 


P(N) = Tos eo € Tle = 0 (mod )¢ : 
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A modular form on Py) of type (k,€) is a holomorphic 


function f on H such that: 


(Nv) 


: a2 b < a b 
(i) fl, '@ a) = (a)f for all é a ey 


O 
and 


(ii) f is holomorphic at the cusps. 


Notice that (i) implies oe = f for some subgroup l' of T 
of finite index, so that (ii) is meaningful. Also, the 


Fourier expansion of such a modular form is of the form: 


n OTLZ 
) a 9 Dn SG. TRE. 


f(z) = ; 


e 


The integer k in the type (k,€) is called the weight. 


The weight and the character are related by: 
k 
eSLvSCeLy™ 5 


since, if f is a modular form of type (k,¢€), 


-ko SEMEN ashe 
ar eZ. ( a =) e(-1)f. 
Such a modular form is called a cusp form if it vanishes 


at the cusps. The modular forms on Py (iv) of type (k,¢€) form 


a complex vector space M(T.(N),k,€), and this has a sub- 


O 


space S(I_(N),k,€), consisting of the cusp forms. The 


e) 


subspace S has a canonical complement: 


M(To(N) skye) = E(T)(N),k,€) @ S(TU(N) ,k,€), 
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mere — is the space spanned by the "Eisenstein series". 
see [H, 24] or [Sch] for the definition of Eisenstein series 
in this context. The above decomposition of M is proved for 


2 2in [Sch], and for k = 1 in [P]. 


2.2 Hecke Operators: Let p denote a prime number, and 


f(z) = ) aa a modular form on Py (v) of type (k,e). The 
n=0 
Hecke operators Ds? Us are defined by: 


foe) 


n i? np: 2, 
) apt E(p)p ) aa” if p4{n, 


e\T = 
P  n=0 n=O 
‘lu. = } q if p|n. 
ee EY 
Then £|T., £|U,, are also modular forms on P(N) of type 


(k,€), and they are cusp forms if f is a cusp form. See 


[Ogg] or [Sh]. 


2.3 Newforms: For a full discussion of newforms, see 
[Li] and the references therein. Suppose n'|q, and that 
€ is a Dirichlet character mod N'. If f is a cusp form on 
TN") of type (k,€), and aN'|N, then z e+ f(dz) is a 
Cusp form on Pi (a) of type (k,€). The forms on Pty) 


Which may be obtained in this way from divisors N' of N, 
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N' #N, span a subspace S(T) (N) ke) of S(T) (N) ,k,€). 


This leads to a decomposition of S: 


S(T(N) ke) = S(TG(N),k,€) @ S*(TL(N) ,k,e) 


e) 
into subspaces orthogonal under the Petersson inner product, 
([Ogg]). These subspaces are stable under the Hecke opera- 
tors. The space SF is spanned by the so-called newforms. A 
newform f = ) aa 1S a non-zero cusp form, and it is an 


elgenvector of all the Hecke operators 433 Ma 


e(t -= 2f,, pM; 


with ts € ¢. This implies that a, #0, and that: 


for all p. We shall say that a newform is normalised if 


If two newforms have the same elgenvalues Aas for al- 
most all p, they differ by a constant factor ([Li]). 
(Using the connection with 2-adic representations, one can 
even show that this holds when the forms have the same 
elgenvalues x for a set of primes p of density > 7/8.) 


Any cusp form on I. (N) of type (k,€) can be written, 


O 
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ssentially uniquely, as a finite sum ) f.(d.2), where 
1 


7.N.|N, € can be defined mod N;, and f, is a newform on 
LNG 


(N;) of type (k,€). 


foe) 


To any modular form f = ) aq of the above type, we 
n=0 
‘an attach the Dirichlet series: 


GAS) = ) a ty”) 
f n 
n=l 


The series L p(s) converges in some right-hand half-plane. 
One knows that it has an Euler product expansion if f is an 
eigenfunction of the Hecke operators. See [H,36] or [Ogg]. 


In particular, if f is a normalised newform of type (k,¢), 


Ms) = User Sei yey idee ey” « 


pf p|N 


2.4 Functional Equation: For a modular form f on To(N) 


the function: 


A,(s) = no/? (2m) Sr(s)L_(s) 


€xtends to a meromorphic function on the whole s-plane, 


ith the functional equation: 
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where k is the weight of f, and f' = £ |W with W = e ge) 


> 


that is: 
fh (7) i= w 8/2, Ker _a fz). 


The only possible singularities of K are simple poles at 
s =O, ks, -and he is holomorphic if f vanishes at infinity. 
See [Sh] or [Ogg]. When f is a newform on Ty) of type 
(kOe) A(s) is holomorphic. The function f' is then a 
newform on Py (w) of type (k,€). One proves (cf. [Li, p.296]) 
that it is equal to cf, where c is a constant, and 
f= ) ad. In particular, the functional equation may be 
rewritten as: 
-K 

AAk - &) = ci hee). 

a ‘ f 
Notice the analogy between this and the functional equation 


or SL; 


2.5 Properties of Eigenvalues: Let f = ) aa be a cusp 
form on Py (N) of type (k,€), and let o be an automorphism 


of the field ¢C. Define: 


In [DS,2.7], using methods from algebraic geometry and the 


Tate curve, it is proved that: 
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(i) f° is a cusp form on P(N) of type (k,e°)3 
(ii) if the coefficients a are algebraic, they 
have bounded denominators; 
(i333) the eigenvalues of the Hecke operators 
T U, on S(T) (N) 5k €) lie in the ring of 


integers of an algebraic number field (of 


finite degree over Q). 


Alternatively, one may deduce these results from the 
lassical theory as follows. 

When k 2 2, assertions (i) and (ii) follow from 
[Sh,3.5.20, th.3.52], which relies on the Eichler-Shimura 
isomorphism relating (cusp) forms of weight k with 
(parabolic) cohomology classes in the symmetric (k - 2)- 
power of wZ*. The case k = 1 can be reduced to k 2 2 by the 


following trick. Let: 


co 


alge TORRE Ge. 


and 


1+ 2ho. } o,(n)a', where 0, (n) =} dos 


n=1 d>O 
a| n 


O 
i 


Then Q, A, are modular forms on IT = SL,(Z) » of weights 
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4, 12, respectively. The form A vanishes at infinity, but 


not on H, while Q is non-zero at infinity. The map: 


(Q,4): f > (Qf, Af) 

is an isomorphism between S(T(N) 15) and the space V_ 
consisting of pairs (g,h) where: 

(a) g € S(T) (N),5,€), h € S(T)(N),13,€), and 

(b) Ag = Qh. 
The statement (ii) in weight 1 now follows from the case 
k 2 2. Further, we see that 0 induces a commutative 
diagram: Be 
YY. SS 7 a 


€ 


(Q,4) | (Q,4) 
% ay 


S(t.) 22) = S(T} a5 


$507 é - vu 
and hence a (semilinear) isomorphism S(T) (N) 515€) = 
oO ; ee : 
S(T)(N) ,1,€ ). This proves (i) in weight l. 
To prove (iii), it is now enough to show that the 


eigenvalues of the 3 Us on a given S(I.(N),k,e) all lie 


O 


in an algebraic number field. From the definition, it is 
clear that: 


o} (oy (of oO 
Pep a tye Ne E, f\U = ff [hss 
(£|T,) IT, (£|U,) |U, 


for f€ S(T)(N) K€). Therefore, if ne is a system of 
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igenvalues of the T,? U, on S(T) () 5k5€) 5 so is (rt), for 
automorphism 0 of € fixing the values of €. Since the 
ace S(T) (N) 5k.) is finite-dimensional, there are only 
initely many distinct systems D,} of eigenvalues, as o 
ranges over the automorphisms of € fixing the values of €. 


o (iii) holds for all k 2 1. 


$3. The Main Theorems 

2.1 We have said, in 2.4, that the Dirichlet series attached 
so a cusp form on P(N) is holomorphic and has a functional 
equation. The same applies to the other Dirichlet series 
obtained from this one by "twisting" with a Dirichlet char- 
acter whose conductor is prime to N. 


Conversely, suppose one starts with a Dirichlet series 


mis) = ) an”. If x is a Dirichlet character with con- 
n=1 ‘ 
ductor ae define 


foe} 


L(s) = } ay(n)yn *, As) = (27) “T(s)L(s), 
is n=1 ” 


As) = (m".2n) “T(s)L,(s). 


Tf A, and Hy for sufficiently many x, are holomorphic, 


bounded in vertical strips, with functional equations of 
the appropriate type, then f(z) = } aa is a cusp form 
n=1 
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on some P(N). This is a theorem of Weil, [W]; cf. [Eas 
th.8]. For more general results in this direction, see 
[WL] ana [J-L]. 

A holomorphic Artin L-function A(s,e) is bounded in 
vertical strips ([WL,p.163]). Combining the functional 
equation of the A(s,p ® x) and the properties of the Artin 


root number ([Dur.T]) with [Li,th.8], one obtains: 


Theorem 1 (Weil-Langlands) Let p be an irreducible two- 


dimensional complex linear representation of G = Gal(Q/Q) 


with conductor N and € = det(p) odd. Assume that pe 


co 


satisfies condition (A) of §1. Suppose L(s,o) = } an, 
- n=1 

and let f(z) = ) aa. Then f is a normalised newform on 
n=1 


Py () of type (1,¢€). 


In the other direction: 


Theorem 2 (Deligne-Serre) Let f be a normalised newform on 


P(N) of type (1,¢€). Then there exists an irreducible two- 


dimensional complex linear representation p of G such that 


L.(s) = L(s,o). Further, the conductor of p i 


e is N, and 
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There are similar results, due to Hecke [H,36], for 


and conductor N. These correspond to the normalised 


(N). 


"primitive" Eisenstein series of type (1,€) on - 
3.2 The correspondences PR*L(s,P), f r+ L.(s) yield a 


(N) 


bijection between the set of normalised newforms on ee 
of type (1,€), and the set of isomorphism classes of 
irreducible two-dimensional representations of G with con- 
ductor N, determinant character €, satisfying condition 
(A). This gives a way of checking the Artin Conjecture in 
certain specific cases. Given a representation pe of the 
appropriate kind, one can determine the coefficients a of 
its L-function, for n < B, say. One can then try to con- 


struct a modular form with Fourier coefficients a for 


n<sB. If Bis sufficiently large, for example: 


ST 
Bes. HE (i +p Ds 
p|N 


this form is uniquely determined, if it exists. The form 
then gives rise to a representation RS via Theorem 2. 


Then p satisfies the condition (A) if it is isomorphic to 
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Ba Otherwise, the Artin Conjecture is false. 


3.3 A two-dimensional linear representation Pp of G gives 


rise to a projective linear representation, Pp , of G: 


fe) 
Sh GL 00) 


PGL,(€) 


where PGL(€) = GL, (¢)/¢. Notice that det(p) is odd if ana 
only if p(c) #1, for a complex conjugation c €G. The 


image of p is a finite subgroup of PGL (€), and hence is one 
2 


of the following: 


Ci) Ce - cyclic of order n; 
(ii) ie dihedral of order 2n, n 2 2; 
(iii) the alternating groups Ais A.» or the 


symmetric group Si. 
Ef Im(o) is cyclic, Im(p) is abelian and hence p is re- 
ducible. Otherwise, p is irreducible. In the dihedral case, 
(A) is satisfied since p is induced from a one-dimensional 
representation of Gal(@/K) € G, for some quadratic field 
K/Q. The modular form attached to op is a linear combination 


of 6-series of binary quadratic forms associated with K (ek. 
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H,23]). We will discuss this case further in 87. 
Tate has constructed a number of examples of represent- 
tions 0 of type (iii); see Part II. For one of these, 


with conductor 133, and Im(6) =A, he managed, with the aid 


4 
of Atkin et al., to find a corresponding modular form, and 
so gave the first verification of the Artin Conjecture in a 
non-trivial case. 

Recently, in [LB], Langlands has made a very important 
‘advance with case (iii) above. By representation theoretic 
arguments, involving descent properties of representations 
), he has shown that ep satisfies condition (A) when 
A. The method also applies to the case Im(p) = Si. 


‘at least when the quadratic field corresponding to the 


is real. This approach does not appear to work in the A, 


Exercise: (Tate) Let p be a two-dimensional representation 
of G with odd determinant, satisfying Condition (A). Show 
that, for any automorphism o of the field C, o° also 


Satisfies (A). (Hint: use Theorems 1 and 2, and 2.5 (i).) 
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$4 Proof of Theorem 2 
In this section, we sketch the proof of Theorem 2. 
For more details, see [DS]. 
As in the theorem, let f be a normalised newform on 
Py () of type (1l,e): 
f(z) = } aq. 
For a prime number p, we let ae denote a Frobenius at p. 


We must find a representation: 
pS GL (€) 


such that, for all p/N, p is unramified at p, and 
Triplo =a det( plo =e N. 
(o(o,)) = a3 (o( »)? (pls. pf 


Here, Tr denotes the trace. Note that Tr(p(o,,)) and 
det (o(o,,)) are well-defined, independent of the choice of 
os since p is unramified at p, for p/n. 

As in 2.5 above, we can find a number field E/Q, of 
finite degree, such that the ring On of integers of E con- 
tains all the coefficients a9 and the values of €. We 
can, moreover, assume that E/Q is Galois. For each prime 
number %, let Po denote a prime ideal of O,, containing 2%, 


and let k, = 0,,/P, be the corresponding residue class field. 


g 
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.1 Existence of "modular'' representations : 


Mere exists a continuous semisimple linear representation 


By) Go GL, (Ky) 


QR 


ynich is unramified outside N& and such that 
tr(P,(9,,)) 2B (mod p,), det(o 9(o,,)) = €(p) (mod p,) 


ror all Pp X Ne. | 
The proof relies on the following general result of 


Deligne [DS,6.1,6.2]: 


Let K be a non-Archimedean local field, with ring of 


n 


integers 6) and residual characteristic 2. Let g = ) bia 


K? 
‘be a modular form on P(N) of type (k,€), with k 2 2. Assume 
‘that |", = b.g for all p/YN, and that 0, contains these b,, 
and the values of €. Then there is a semisimple continuous 
linear representation 0: G+ GL, (K) which is unramified 


Outside N2, and such that: 


k-1 


Tr(6)(o,)) ae det (9 )(o,,)) =p  €(p), 


for all p J Ne. 


Let m be an even positive integer, m24, andm#=0O 


Amod (2 - 1)). The normalised Eisenstein series: 


Nw 
i) 


SERRE 
-] = 
Bo=i=-b 3m |} @ 
m m m: 
n=1 
where b. is the m-th Bernoulli number, is a modular form 


on I of weight m. It has rational £-integral Fourier co- 


efficients and, as a formal power series in q: 


BES (rod 2), 


by the Clausen-von Staudt theorem ([BS,p.384]). Hence: 


fe =f (mod Po) and 
fe,,/7, 2 a, fe, (mod Po) for pf N. 
The product fE is a modular form on P(N) of type 


(m+1,€). By [DS 6.11], we can find a modular form g on 
P(N), of type (mtl,e), with 2-integral Fourier co- 


efficients lying in a finite extension E'/E, satisfying: 


T =b and b= 7a. (moa P,) 
g p p?? p p g/? 
for all pj} N&, and some prime Re of E' dividing Py. We 
can apply Deligne's theorem to this g, and obtain an 


£-adic representation Fy of G over the completion of E' 
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Replacing 8, by an isomorphic representation, if 
cessary, we can assume that Go is an integral represent- 


sion. So we may reduce 6) mod P, to obtain a continuous 


wer the residue class field kp /Ky at Poe Further: 


Shimura has suggested that, instead of taking En as 
above, one uses a suitable Eisenstein series E, of weight 1 
on Bf?) in which case fE, is of weight 2. Then one only 
has to use Deligne's theorem in the case k = 2, where it had 
been proved earlier by Eichler-Shimura-Igusa, using more 
€lementary methods. This has the added advantage of showing 
peat Po appears in the natural representation of G on the 
4-division points of the Jacobian of the modular curve 


X(N2), cf. Koike [K]. 
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Let 9, be the "semisimplification" of Py’ that is, 
Py is a semisimple representation with the same Jordan- 
Holder factors as 0). We must show that Po is realisable 
as a representation over k. Since the Brauer group of a4 
finite field is trivial, it is sufficient to prove that P, 


and oY 


gy are isomorphic, for any y € Gal(k)/k,). For a 


Frobenius oe: ANZ, we have 


Tr(o,(o,)) = Tr(ey(o,)) = a, (mod P,), 


and 


det(p,(0,)) = det(op(o,)) = e(p) (mod P,) 


since, by hypothesis, the a, and the values of € (mod Po) 


lie in k,. The group p,(G) is finite so that, by the 


& & 


Cebotarev density theorem, every element is of the form 
Aye) for some py N&. Consequently, Po and e) have the 


same characteristic polynomial, and they are isomorphic. 


4.2 Exploitation of a result of Rankin: Let P denote a 


set of prime numbers. We define the upper density of P 
to be: 
-s 
) p 


nae es ee 
upp. dens.(P) = lim sup log (1/(s-1)) 
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Let f, E be as above. Then: 


For every 1 >? 0, there is a finite subset S of 0, 


uch that the set P, of primes p f NV with a €@ S has upper 


Let es p 1 N be a system of eigenvalues of the 


scke operators T,, on S(To(N) K€). Using a result of 


ankin one proves ([Ds.5.-7)): 
LIA |?p § log(1/(s-k)) + 0(2) ass +k. 


1 particular, this applies to the case k=1, dA =a, 
md also to a = an. for any yY € Gal(E/Q), (cf. 2.5). So: 
\ ¥ L585 

» la, p< [B:Q].1o0g(1/(s-1)) + 0(1) ass 71, 


here y ranges over Gal(E/Q). For any c > O, the set: 
S(c) = fae 2 Yla"|2 < ch 
Y 


s finite. Consider the set Ps(e)* By definition, if 
Ps(c)? we have: 

) lav |2 Ps so that: 

y P 


ce. } p € [B:@].log(1/(s-1)) + 0(1) as 8 + 2. 
BEE SE 6) 
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-l 
Therefore upp.dens. (Pec gy) <c [E:Q], and in the 


: -1 
assertion we may take S = S(n_ [E:@]). 


4.3 Bounds on Im(p,): We denote the cardinality of a 


finite set S by #5. Let 9, again denote the modular 


x 
representation of G over k constructed ri oe a a Let 
c= Im(p , ) C GL, (k,) and let L denote the set of prime 
numbers which split completely in E/Q. The set L is 
infinite, and for 2€L, G) CGL(F,), where F , 
denotes the field of & elements. The next step is to prove 
sup a ©, 
REL 

The groups Go» for 8 € L, have the following property: 
Given n> 0, there exists M such that, for all 2 EL, 


there is a subset HH ¢ Go. with: 


#H, 2 (1. = mn) Sos and 
#+{det(1 - ht) € F, [t] {hn E Ht < M. 


For, by 4.2 above, there is a set Po of prime numbers such 


that: 
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ike H, to be the set of all conjugates of Polo)» p €P.. 

a 
nen H, satisfies the first condition by the Cebotarev density 
neoren. The characteristic polynomial of 0 


2%) is 


1 


at + e(p)t? (mod P,)- So Hy and M have the required 
wroperties. 

A group-theoretic lemma, based on the list of subgroups 
of GL,(F ), applied to any n < 1/2, now implies the exist- 


nce of a bound for 4G, s ef... (DS 7221. 


4 End of Proof: Since, for & splitting completely in 
#6, is bounded independent of 2, #G, is prime to & for 
large 2. Then, ([DS,8.5,8.6]), there is an integral 
representation p of G, defined over a finite extension of 


f, which reduces mod primes to p for infinitely many &. 


Q? 
Clearly, this p satisfies: 

o is unramified at all p JN; 
det(p) = €; 

Tr(e(o,)) = a, for all p YN. 


It remains, therefore, to show that: 


(i) 0 is irreducible; 
(ii) L(s,o) = L,(s)5 


(iii) the conductor of p is N. 
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Proof of (i): Suppose that Pp is reducible, OSX es 
2 
say. Then xX,-xX, = €, and x, (2) + x,(p) = a for all p/n, 


Hence: 


ila, Pp” =2.)p° *) Glo). xtelp + f Xy(b)-x,(p)p *. 


Since e(-1) = -l, the characters us and KX are non- 
trivial, and so: 


=5 =. 


oh x (2) -x,(P)p =e Gal 
as sol. 


Consequently: 


hla, |? p = 2.log(1/(s-1)) + 0(1), ass +1. 
But we know (see above): 
tla,|?p © < log(1/(s-1)) + 0(1) ass >, 


and this contradiction shows that p is irreducible. 
Proof of (ii) and (iii): The only possible differences 
between L(s,p) and L,(s) occur in their Euler factors at 
primes p|N. So h p(s) and A(s,p) can only differ by a 


finite number of Euler factors and an exponential factor: 


A(8sp) = Ag(s)H(s)(F(p) wt) 9/4 


and similarly 
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Ms,6) = Ap, (s)H"(s)(F(p) uw )8/?, 


ere F(P) is the conductor of P, and H, H' are finite 
-s,-1 
oducts of Euler factors of the form (1 - vor 2) : The 


netional equations of As) and A(s,e) imply a functional 


“1)s/2 )(1-s)/2 


(F(p) .N nay = cela H(1-s) , 


x 1 
* some constant c €€. Using the fact that lo! <p. 


3e shows easily that such an equation implies ([DS,4.9]) 
=H' =1, and F(e) =N. 


This concludes the sketch of the proof. 


Applications 


One can obtain various estimates for the coefficients 

f a normalised newform of weight 1 on P(N) by using the 
act that they are also the coefficients of an Artin L- 
feries. Then one can deduce similar results for the Fourier 
s0efficients of more general modular forms of weight 1, by 


Peducing to newforms and Eisenstein series. 


2-1 Let f = ) aa be a non-zero modular form of type 
7 n=0 
1,€) on TO (11) such thet |, = Af for all p4AN. Then 
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JA. | $2, -for all p YN. 

Without changing the elgenvalues Ao we may replace f 
by either a newform or an Eisenstein series. In the first 
case, Theorem 2 shows that AS is the sum of two roots of 
unity, and hence 2, | ae The same is true in the second 
case, because of Hecke's theory of Eisenstein series. 

This is the Ramanujan-Petersson Conjecture in weight 1. 


The Conjecture is proved for weight 2 2 in [Dw]. 


co 


Sac. Lett: = ) a dy be a non-zero modular form of weight 1 
n=0 


on some congruence subgroup of SL,(Z ). Then: 


(a) a 0(9 ((n)) = o(n°) for any 5 > 0. 


log( la, |) log log n 


(b) lim sup hen = log 2. 


(c) The set of positive integers n for which ae 0 


has density l. 


See [DS 9.1,9.2], [DS 9.5] and [DPP 3.5]. For new- 
forms, (b) follows also from the following general property 


of Artin L-series: 
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ercise: Let © be a d-dimensional complex linear re- 


resentation of G, and let: 


t(s,0).e > bine": 


log(|b_|).log log n 
“ n 
lim sup ——— "Menge LO: is 


‘ 2 1 
Bo lhe Cebotarev density theorem shows that if o! ) and 
(2 . 
¢" ) are representations of G such that: 
(1) (2) 
Tx Oo = Tr(e o 
(o> *( a ( ( »? 

& ae (1) (2) : ; 
for sufficiently many p, then op and 0 are 1somorphic. 


See exercises below. One can give effective forms of this 
in some generality ([Dur.LO]), but Theorem 1 yields a 
icularly sharp effective form of the Cebotarev theorem 
for two-dimensional representations with odd determinant: 
Let N be a positive integer, and € a Dirichlet char- 
icter mod N. Let P be a finite set of primes, containing 


prime divisors of N. Define: 


e 
A(N,P,e) =N. Tp? , where 
péP 
eo” CLE ryN; 
“p > Oo SE p* | N and € may be defined 


mod N/p 
el otherwise. 


222 SERRE 


(1) (2) , ; 
Theorem 3 Let Pp + # be two-dimensional complex linear 


representations of G, with conductor dividing N, and 


aet(o'??) 


(1) 


an odd character. Assume that 0 and 0 both satisfy 


condition (A) of 81, and let: 


Let P be a finite set of primes containing all prime divisors 


1 2 
of N. Suppose that a ) = at ) for all primes £% such that: 


REP, and’ ¢ (1/l2).A. 1 (1 + >), 
peP 


where A = A(N,P,€), as above. Then: 


Proof: There is a constant a such that: 


pt) = J al? for a dy Bs 
n 
n=0 
is a modular form of type (1,€) on P(N). (In fact, 
(i) (i) is irreducible.) 


oo = 3L(0,0 » which is zero if Pp 


Let: (1) (2) 7 n 


* roe) 
and % 
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bre) denotes the sum taken over all n prime to all pé€ P. 


% 
‘emma: g is _a@ modular form of type (l,e) on [,(A), where 


A = A(N,P,€). 


Fix a prime p and consider: 


n 
= ba. 

B, ) ss 
pfn 

Then e,* g- glU ne where the action of the operators 


U,» A on power series is given by: 


n 
(Jc nt )1U, =Je Capt >; eee Ch « ae =) 8 _ 
By the properties of these ala a ( [Li,p.287]) g, a 


modular form of type (l,e) on r.(Np “Py, The lemma follows 


0 
y iteration. 


x % 
By hypothesis, the coefficients db of g satisfy: 


¥ < 
b= 0 for all ng (1/12).A. 1 (1 +p). 
p|A 


_ : Bor 

if the order of ¢ is r, (g )” is a modular form on Ty (A) of 
ype (r,1), with a zero at infinity of order at least: 
Mya2).a. n (l+p')tr= (r/12).(riro(A)) +r . 


pA 
7 * . . . 
wOnsequently, by [OggA,Prop.7], g is identically zero, and 
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the result follows. 


(1)) iA), 


Remark: If one only assumes that det(p , det(p 


are 


odd characters, not that they are equal, the theorem stil] 


; 1 2 
holds provided Zh ) = a\ ) 


4 for all primes £2 €P such that: 


-2 
2 ¢ (1/2h).B*. 1 (1-p ), where B=N. 1 p?. 
p|B peP 


(Hint: work on Py) rather than P(N). ) 


Exercises: 


(i) Let G be a compact group with Haar measure u, and 


(1) (2) 


let p 50 be two r-dimensional representations of G, 


1 
and suppose that the set A of g € G such that tr(p! \(e)) = 


tr(o'?)(g)) satisfies u(A)/u(G) > 1 - 1/2r*. Show that 
(1) (2) 


fe) and p are isomorphic. (Hint: use the orthogonality 


relations. ) 


(ii) Take G = Gal(Q/Q), and show that if 


t(p'")(0,)) = m(o'*) (0) for all p in a set of density 


(1) (2) 


el 1/2r?, then 0 and Pp are isomorphic. 


(iii) Show that for r = 2, this bound is sharp 
(Hint: Take G=D, x C,). 
. Cc . 
ee) = ) ath) ge 1 =1, 2, be two 
n 
n=1 
distinct normalised newforms on Pty) of weight 1. Show that 


tay) Det + 
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: 1 2 ; 
set of p for which =u he at ) has density < 7/8. 


roduce an example where it is t/os 


PART II 


This part contains examples illustrating the theory of 
I, namely two-dimensional representations of 

3, = Gal(Q/®), with odd determinant and the corresponding 
jodular forms of weight 1. 

We first discuss liftings of projective representations 
f Galois groups to linear representations (86). We then 
sive examples of dihedral representations (§7) and of 
epresentations (dihedral or not) which have prime con- 
Juctor (§§8, 9). 

Most of these results and examples were found by Tate, 
ind communicated to Serre in a series of letters during 


973 and 197h. 
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§6. Cohomology and Liftings 


6.1 Let K be a global or a local field. (We assume through- 

out that our non-Archimedean local fields have finite residue 
ea, 

field.) Let K/K be a separable closure of K, and let 


G, = Gal(K/K). Let . be a projective representation of G3 


a x 
° > = 
QO: G. PGL (€) GL (c)/¢ , 


We assume throughout that all representations of G. are 
continuous. A lifting of 0 is a (continuous) linear repre- 


sentation P: G, * GL, (¢€) such that the diagram 


p 
Ge. —_> GL (¢) 
NI 


PGL (C) 
commutes. If Pp is a lifting of 0, then so is xX @ Pp, for 
any one-dimensional linear representation x of G5 further, 
any lifting of 0 is of this form, for some x. 

We may regard c as a discrete G,-module , on which Gy. 
acts trivially. Let H?(G,,0°) denote the 2-cohomology 
group of the profinite group G, with coefficients in c" 

(cf. [CG]). The obstruction to the existence of a lift- 


~ x 
ing of p is an element of H*(G,¢ ye 
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neorem 4 (Tate) Let K be a local or global field. ‘Then 


srolla Every projective representation of Ge has a 


We will give a proof of Theorem } in 6.5 below. 


If K is a non-Archimedean local field, let 


> I. c G. denote respectively the first ("wild") rami- 


fication group and the inertia group of K/K. We say that 


a projective representation o of G, 


tamely ramified) if p is trivial on I, (resp. P 


is unramified (resp. 


Exercise: If K is a non-Archimedean local field, an w- 
ramified (resp. tamely ramified) projective representation 
of G, has an unramified (resp. tamely ramified) lifting. 
Hint: Use the known structure of C/I, and G,/P ; 

ef. [CG,II-33 Ex.1].) 


6.2 Now restrict to the case K = @. Let p be a prime 
Number, and let I, c Ds c G be respectively the inertia 


and decomposition groups of a place of Q above p.. So tb and 


a are uniquely determined up to conjugation, and a may be 
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0° 


identified with Gal(®,,/@,) = G 
p 


Theorem 5 (Tate) Let 0 be a projective representation of ¢ ; 
Q 
and for each prime number p, let a be a Jiftine of e |p ? 
9) 


Suppose that puit. is trivial for almost all p. Then 


there is a unique lifting P of © such that: 


P|T. = Pp] T 
Pp Pp Pp 
for ell ‘p. 
(Note that the lifting can be specified on the inertia 


groups, not on the decomposition groups.) 


Proof: Let Py be some lifting of p. Then, for each p, we 
can find a one-dimensional linear representation Xp of Ze 
such that: 

ie Fa eID. 
We may assume that Xp is unramified for almost all p. If we 
view X_ as a character of a, there is an idele class 
character X of @ such that x|Z = x1, for all p. That 
is, we can find a one-dimensional linear representation X 
of G. such that xIT, = X11, for ‘all p. Then @ = X @ rs 


Q 


is the required lifting. Since p is uniquely determined on 
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the inertia groups, it is uniquely determined. 


We now define the conductor of a projective represent- 


ation ep of G to be the integer: 


Q 


n= 1 pale) 


Pp 
where, for each prime number p, m(p) is the least integer 
such that p y, has a lifting with conductor pnt) , Theorem 
5 shows that,if p has conductor N, it has a lifting with 


conductor N, and every lifting has conductor a multiple of 


N. 


6.3 Now restrict further to the case K=Q, n=2. The 
groups 0(Gy) e(D.) are finite subgroups of PGL, (€) (cf. 
3.3). A lifting of po (resp. p|D,) is reducible if and 

only if o( Gy) (resp. p(D,)) is cyclic. 

If p is unramified at p, o(D.) is necessarily cyclic, 
and m(p) = 0. 

On the other hand, suppose that 0 is ramified at p, 
but only tamely ramified. Then e(D.,) is metacyclic, and 
hence is cyclic or dihedral. In the first case, any 
lifting of 6 D., is reducible and m(p) =1. If e(D.) is 


dihedral, any lifting of o|D, is induced from a one- 
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dimensional representation of G,, for some quadratic ex- 
tension K/Q,,- In this case, m(p) = 2. 

In the wildly ramified case, with p # 2, e(D.) is still 
either cyclic or dihedral, since o(D.) has a normal subgroup 
A which is a p-group, such that the quotient e(D,)/A is 
metacyclic; one has analogous results on the conductor. In 
the remaining case p = 2, e(D,) can also be A, or S,, cf. 


[W,] ; the exponent m(p) has been determined by J. Buhler 


(unpublished) . 


6.4 Now suppose we have a two-dimensional projective re- 
presentation p of Go and a Dirichlet character €. It is of 
some interest to know (cf. 3.3) whether P has a lifting Pp 
such that det(p) = €. Since det(x @) = x*.det(p), P 
determines the determinant of a lifting to within the square 
of an idele class character of Q. 

View € as an idele class character, and let ee = ela. 
for every place p of Q (including ~). Define: 

(e,p) = etl). 

Observe that the group of characters of a, modulo squares is 


of order 2, so that (€,p) = +1 if and only if e. is the 


x 
square of some character of mst Also: 
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II( E,p) = +1, 
Pp 


ynere the product is taken over all p, including ~. 

Since PSL,(€) = PGL,(€), the obstruction to 6 having 

2 lifting with determinant 1 is an element A of H*(Gp,{41}). 
We may identify H*( Gp, {#1}) with Br (@), the subgroup of 
the Brauer group of © consisting of all elements x such that 


ox = 0. For each place p of Q, the restriction - of A 


We 


is an element of H2(D ,{+1}) = Br (Q ) 
Pp 2. BP 


may also be viewed as the obstruction to p|D, having a 


ceane The element 


Brting with determinant 1. We define (p,p) as the image 
of a, in {+1}; then: 

I (p,p) = +1. 

Pp 
eorem 6 p has a lifting p such that det(o) = © if and 
if (e,p) = (p,p) for all places p of Q. 
(Notice that, because of the product formulas above, these 
Statements are equivalent to (e,p) = (o,p) for all p except 


Possibly one.) 


Proof: Let ey be some lifting of po. Fora given p, one 


Checks that (e,p) = (p,p) if and only if: 
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€ .det(p ie : 
-Qge = 
Pp l’p »? 


x 
for some character Xp of o This is equivalent to: 
€ = det(x._ @p _|D). 
p Pp | p) 


Suppose this holds for all p. We may assume that Xp ae) |D 
L'P 
is unramified for almost all p. Theorem 5 shows that there 


1s a.lifting p of ? such that: 


pjil = 8 p_|I 
ey iy PE 
for all prime numbers p. So = and det (P) coincide on I, 


for all prime numbers p. Hence € = det(p). The converse 


is now clear. 


Remark: Ifce Cy is a Frobenius at infinity, e(c) = (€,~). 


Also, if p is some lifting of 9, det(p) is odd if and only 


if (9 ,~) ='-1, So the case which will interest us is 
(e,0) = (p,°) = -1. 

271X ‘ 
6.5 Proof of Theorem 4: The map x Pe embeds Q/Z in 


c, and the cokernel is uniquely divisible, so that 


H2(G a”) S H?2(G,,Q/Z ). Hence it is enough to prove: 


(6.5.1) H?(G, ,@/Z) Pe 


MODULAR FORMS AND GALOIS REPRESENTATIONS 233 


> first announced (6.5.1) at the Stockholm International 
meress (1962), as a consequence of deeper (and partially 


aproved) duality theorems(*). The proof we give below is 
ased on suggestions by Tate himself; for the sake of 
implicity, we restrict to the characteristic zero case. 
(a) Preliminary reduction 

fhe p-primary component of H*(G, ,@/Z) is HG, 50/2.) ‘ 
so we have to prove that H'(G, 50/2, ) vanishes for all p. 


If E/K is a finite extension of degree prime to p, and 


a = Gal(K/E), the restriction map: 
Res: H*(G_,@ /Z_) * H7(G_,@ /Z_) 

KP P E'P Pp 
is injective ([CL,VII Prop. 6]). Consequently, it is 
enough to prove that H’(G, 50/2.) vanishes when K contains 
the group vi of p-th roots of unity. 
Since H'(G, .@,/Z,,) is p-torsion, it is sufficient to 
prove that multiplication by p is injective. That is, we 
have to show that the coboundary map: 


é: H'(G, 50/2.) > H*(G,,%/ pZ) 


CS SEE a 
& 


One of them is known to be equivalent to the 
Still unproved "Leopoldt's Conjecture" on the non-vanishing 


Of the p-adic regulator. 
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in the cohomology sequence attached to 


Pp 
0 > Z/pzZ > Z > Z +0 
/p Q/Z., Q,/Z., : 


is surjective. 

Since we are assuming that K contains the group u of 
p-th roots of unity, we may identify H°(G, ,Z /p2Z ) with 
H°(G,4u,) = Br (XK) » the subgroup of the Brauer group of K 
consisting of all elements x such that px = 0. 

(b) Local case (see also [CG,p.II-25] and [SS,p.232]) 
The case when K is Archimedean is trivial. So we may assume 
that K is a non-Archimedean local field, and, as in (a), 
that it contains the p-th roots of unity. So Br. (K) = 
Z/pZ, and it is enough to prove that 46 #0. 

The group HG, @/Z,) is just the group of continuous 
homomorphisms G, + Q 12, » and,via class field theory, this 
group may in turn be identified with the group of continuous 
homomorphisms o:K" aa C2, . Now, 6(¢) =O if and only if ¢ 
is a p-th power, and the known structure of K” shows that ¢ 
is a p-th power if and only if $ is trivial on ue There 
certainly exist continuous homomorphisms cs a /Z., which 


are non-trivial on ue and so 6 is non-zero, as required. 


(The case of non-zero characteristic is slightly 
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fferent, but easier.) 
(c) Global case 
w assume that K is an algebraic number field containing 


We have to show that: 


6: HI(G,,@ /Z ) > Br (K 
(6,0,/%,) > Br, (K) 
s surjective. 
Let Jy denote the idele group of K, C, = I /K the 


idele class group of K, and De. the connected component of 
Then, via class field theory, we may identify 


1 G,»0,/Z.,) with the group of continuous homomorphisms 


An element a € Br (kK) is described by its local com- 
ponents a, € Br (kK) for all places v of K. If we view 
the a as elements of Z /pZ, we have: 


(i) a =0 for almost all v; 


Vv 
(ii) Ke O if v is complex, or if v is real and 
p # 2; 
= 0. 


(iii) } o 
Vv 
Given 4 € Br (kK) » there exist continuous homomorphisms 
x 
XK 4 @/Z., such that 5(x_) i for all places v of 


K, by the local theory. Further, the image 6(x_) depends 
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only on 2» the restriction of es to the group HS of p-th 


Vv 


roots of unity in Ke If we can construct a continuous 
homomorphism @: J, > ZZ factori 
p K aA a? ring through J, + C./D,5 


such that 2] u, = 6 for all places v of K, then 6(6) = q, 
> 


Vv 


Moreover, by (iii) above, it will be sufficient to verify 


that o|u = ¢@ for all v except possibly one. 
pov Vv 


Fix a non-Archimedean place _ of K, and define: 


ts Th. wy Lod, 
J p5V K 
VF, 


The Or determine a continuous homomorphism Ortuy > 0/2. 
which, we assert, is trivial on the kernel Ly of the 
composition: 


Wy > Ji > Ce > C,./D, 


Now, uy Ks fis 66 uy embeds in C We must 


K° 
x But, SEE BON Dy is the product 


of R, a “solenoia", and (R/Z) 2 where r, is the number 


determine uy AD 


of complex places of K. The solenoid is the Pontrjagin 
oti Geli | 


dual of the discrete group Q : > where r, is the number 


of real places of K. The solenoid and R are torsion free; 
r 


SO Ly is a subgroup of (Z /pZ ) *. But Uy clearly contains 


u if v is complex, so: 
PV 


complex 
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he map o, is clearly trivial on this group. 
So S defines a continuous homomorphism ‘es ie 


ere Uy denotes the image of u,; in C/D,.- Since u, is 


compact , uy is closed, and 2, extends to a homomorphism 
$:C,,/Dy SIR/Zs But C,./Di. is totally disconnected, so 
the image of is a finite subgroup of Q/Z. Consequently , 


the extension © may be chosen to take values in af and 


we have 6(%) =a. Therefore, 6 is surjective, as re- 


This argument also applies in non-zero characteristic; 


that case is easier, since D, = {cbs 


§7. Dihedral Representations 

7.1 Let p be a two-dimensional projective linear represent- 
ation of Gps and let p be some lifting of 9. We say that 0 
(or p) is dihedral if 6(G,) © PGL (€) is isomorphic to the 
dihedral group D, of order 2n, for some n 2 2. A dihedral 
representation is irreducible. 

Let Ch be a cyclic subgroup of De of order nr. if n> 35 

m is uniquely determined. If 9 is a dihedral representation, 


the composition 


p 
Gg Ge Di ree De fe at 
n 1 ans a 


Q 
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is a one-dimensional linear representation of G. of order 2 
> 


Q 


corresponding to some quadratic extension K/Q. If G, = 


0 ot 5 — 1 7 * 
Gal(Q/K) Gp» then p(G,) Ci» and p|G, is reducible: 


ela. =x@x', 


say, for some one-dimensional representations x, x' of Ge. 


If o lies in the non-identity coset of G,/G » then x' = Xoo 


=. 
where Ge = x(oyo ), Ye Gee Further, p = Indy 79%) » 


the representation of Cp induced by x. 


7.2 Suppose, conversely, that we start with a quadratic 
number field K/Q, corresponding to a character w of 


G and a one-dimensional linear representation x of G. Let 


Q? K 

p = Indy 9X) » and let p be the associated projective re- 
presentation of Gp: If o generates Gal(K/Q), let Xo be as 
above. Let 4 be the conductor of x, and d, the discriminant 


of K/Q. 


(7.2.1) With the above notations: 


(a) The following are equivalent: (i) p is irreducible; 


(ii) p is dihedral; (iii) yx # Xo" 


(b) The conductor of p is |4, Nig’ 8) 


(c) The representation det(p) of Cy is odd if and 
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only if either: 

(i) K is imaginary, 
or 

(ii) K is real and X has signature +,- at 
infitity; thatas, 27 ‘¢,: ¢* ¢ G, are Frobenius 
elements at the two real places of K, then 


x(e) # x(c'). 


Ca) Ie e(G.) = D> then n is the order of aoe oe 
Proof: (a) plc, is reducible, so e(G,) is cyclic. There- 
fore P(G,) has a cyclic subgroup of index 2 2, and from 
the list of finite subgroups of PGL,(€) , one sees that 
(a) must be either cyclic or dihedral. The equivalence 
of (i) and (ii) is now clear. The equivalence of (i) and 
(iii) follows immediately from [SRL,Prop.22]. 

(b) is the standard conductor formula for induced 
representations, as in [Dur.M]. 


(c) The representation det(p) is given by ([Dur.M, 


3,2]): 


det(p) = Xe PY 


where Xo is the representation x e ver Of, Gis 


K/Q Q 


G.) + GG, 6 ) being the transfer map. As 


VET /Q' Gg! (GQ 0 m 
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idele class character, Xo is just the restriction of x to 
the idele class group of Q. The character ™ is odd if ang 
only if K is imaginary. If K is imaginary, and v is the 
Archimedean place of K, xIK is necessarily trivial, so 
Xo is even. 

Suppose, on the other hand, that K is real. Then w 
is even, and det(p) is odd if and only if Xg as odds. This; 
in turn, is equivalent to x having signature +,-. 

(d) C. is the image e(G,). Up to similarity, pe G. is 


the representation: 


x(y) o) 1 0 


oe 
. Pe mod C€ CGL,(C). 


aan 
So n is the order of x Xoe 
Remark: If we view x as a ray class character mod 4 of K, 


then x has signature + - if and only if x(x0,) =-1, for 


K 
x 

any totally positive x € K such that x = -1l (mod 4). In- 

deed, a real quadratic field K has a character with con- 

ductor 4 and signature + - if and only if K has no totally 


x . 
positive unit u such that u =-1 (mod 4). In particular, 


a character x with signature + - has conductor 4 such that 
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o'®) > 1. So a dihedral representation with odd deter- 


/ 


inant attached to a real quadratic field cannot have prime 


onductor. 


ma If p= Indy 9X) is a dihedral representation of Gos 


+ satisfies Condition (A) of §1. Hence, if € = det(p) is 
dd, and we put: 


Rise) = ) an”, f(z) = } ag ; 
ae n me n 
n=1 n=1 


shen, by Theorem 1, f(z) is a cusp form on Py (y) of type 


(1,€), where N = la (4), in the above notation. The 


K/Q 
cusp form f is a linear combination of ®-series of binary 
quadratic forms attached to K (cf. [H,23]). 

For example, take K Suan ear and X unramified. View 
X as a character of the ideal class group of OK For any 
ideal @ of Gos a.o(a) is principal, so x # X, if and only 
at x7 aay Therefore an imaginary quadratic field K gives 
rise to a dihedral representation of Cy of this type if its 
ideal class group is not an elementary abelian 2-group. The 
Smallest value of la, | for which this happens is 23, 

The class number of @( ¥-23) is 3; the Hilbert class 


field H of @(V-23) is generated by the roots of xX? - X-1 =0, 
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and Gal(H/Q) = D,- If is the irreducible two-dimensional 
linear representation of Gal(H/Q), then: 


L(s,p) = L(s), 


f 
where 
= 216. = B 

L 3 ( 1 5): 

ane 2 2 2 
m<+mn+6n 2m*+mn+3n2 
8, = ) q 5) e, ¥ : Q Ss 3 
m,neZz m,néz 


ee 8, are the 8-series of the two classes of primitive 


binary quadratic forms over Z with discriminant -23. 


Further: 


n 
feq. T(l=-g) = 
n=l 


qe ot) = n(z)n(23z), 


where nN is Dedekind's n-function. 

Similarly, Q( ¥-31) has class number 3; its Hilbert 
class field H is generated by the roots of x? +xX-1=0, 
and Gal(H/Q@) =D. The irreducible two-dimensional linear 


3 


representation of Gal(H/Q) corresponds to the cusp form: 


2 2: 2 2 
m<+mn+8 2m* +mnt+hin 
f= 30) 4 “ =~) q ) 


A different kind of example is given by the extension 


E/Q, where E = Q(/-1, 'V12), cf. [H,22,23,pp.425,426 448] : 
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Q(v-1, V2) 


Q( v-1 , Y-3) 


an a 


Q( v-3) Q( v-1) Q( 73) 


a 


e have Gal(E/Q) = D,- The modular form associated to the 


irreducible two-dimensional linear representation pe of 


(E/Q) is: 
shes (-1)8, gm 


where the sum is taken over all pairs (m,n) e Z X Z such 
that: 

mS {mod 3), a SO (mod 3)5. mta-= 2 Gaede). 
One has: 


foe) 


f(g) <q. HF {i= gbenie = H( 122 


n=1 


2 
Vs 
The conductor of p is 1h. The image of 0 in PCL, (€) is 
D,. The group D, has three distinct. cyclic subgroups C, > 
corresponding to the three quadratic subfields of E. Each 


of these gives a presentation of p as an induced 
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representation, and hence an expression for f in terms of 


theta-series of the associated quadratic field. For in- 


Ve 
stance Q(Y-1) gives the expression )(-1)" q™ 7m above. 


§8, Representations with Prime Conductor 


We now consider irreducible two-dimensional linear 


representations 0:G, > GL, (C) with odd determinant, and 


Q 
prime conductor p. 


8.1 Classification (after a letter of Tate, dated March 
26th, 1974) 

I) Dihedral Case: Suppose that Pp is dihedral, in the 
sense of 87. If p has conductor p, it follows from 7.2.1 


and 7.3 that: 


(i) o = 3 (mod 4). 


(ii) ps Indy j9(X) » where K = Q(V=p), andxis an 
unramified character of K such that x* #1. 


(iii) The character € = det(p) is the Legendre symbol 


n 
n> ‘os : 
Pp 
Such a representation does indeed correspond to a form on 


a ’ 
Po(p) » namely ) x(a) , where the sum is taken over all 
a 


integral ideals 4 of the ring 0, of integers of K. 


K 
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If p = 3 (mod 4) and h is the class number of @(v-p), 
nen h is odd ([BS,p.346,Th.3]), and there are precisely 


h - 1)/2 non-isomorphic dihedral representations with 


onductor Pp. 


Show that every irreducible two-dimensional 
representation of Ge has conductor 2 23. (Hint: use 
Odlyzko [Dur.0] combined with tables of cubic and quartic 
fields. ) 


II) Non-dihedral Case: Recall that, if is 
irreducible and not dihedral, then 0( Gy) aa PCL (€) is 


isomorphic to either A,, 5,, or Age 


Theorem 7 Let ep be an irreducible two-dimensional linear 
representation of Cy with prime conductor p such that 
€ = det(op) is odd. Assume that p is not dihedral. Then: 
(a) p #1 (mod 8); 
(bo) if p = 5 (mod 8), po is of type S, (i.e. 
(Gp) = S,) and € is of order 4 and conductor p; 


(c) if p = 3 (mod 4), op is of type S, or A,, ande 


is the Legendre symbol nt» cs . 
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Proof: The conductor of € divides p. Since € is odd, 

€ #1, so the conductor of € is precisely p. If E is the 
inertia group of a place of ® above Ds e|T, =Wv@l1, for 
some one-dimensional representation w # lof ts Since 
the conductor of P is p. It follows that the canonical 
homomorphisms 


e(I,) * e(I,) and o(I,) * (I) 


are isomorphisms. Since € is ramified only at p, we have 
e(I) = e(G)), and this group is cyclic of even order. So 


e(I,) is a cyclic subgroup of even order of A,» S, or A 


4 a 
Therefore this order is 2 or 4, and e€ is of order 2 or h. 

On the other hand, since € is a character with con- 
ductor p, we may view it as a character of (Z /pZ )*; 
since €(-1) = -1, ¢€ is faithful on the 2-primary component 
of (z /pzZ)>. So, 22 p' = 1 (mod. 8), ‘the ‘order df e is = 8; 
which is impossible. If p = 5 (mod 8), € is of order }, 
and since A, and A. have no elements of order 4, ep is of 
type Sy. 

Suppose now that p = 3 (mod 4). Then € is of order 2, 


and must therefore be the Legendre symbol. If e were of 


type A the image of ne under the composition: 


~ 


p 
se — A, ——> C. 
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ould be trivial. Then the kernel of the composition 


As + C, would correspond to an everywhere unramified 
subic field. This is impossible, so Pp is of type S,, or Be 


oroll If p =1 (mod 8), every cusp form of weight 1 on 


WAG) is zero. 


Conversely, start with a Galois extension E/Q, and a 


prime number p. Consider the following three cases: 


(b)  Gal(E/Q) = S, and p = 5 (mod 8); 
(c,) Gal(E/Q) = S, and p = 3 (mod 4); 
(c,) Gal(E/Q) = A, and p = 3 (mod i). 


‘An embedding of Gal(E/Q) in PGL (€) defines a projective 
presentation Pa of Go: Notice that in cases (b) and (c,), 
Pp is essentially unique, since any two embeddings of S,, in 


PGL,(€) are conjugate, while in case (c,), there are two 


conjugacy classes of embeddings of A, in PGL,(€). 


Theorem 8 Pn has a lifting with conductor p and odd deter- 
‘Minant if and only if: 


Case (b): Eis the normal closure of a non-real 


Quartic field E,/Q with discriminant p%; 
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Case (c,): E is the normal closure of a quartic fielg 
E,/Q with discriminant -p; 


Case (cy): E is the normal closure of a non-real 


quintic field E,/Q with discriminant p*. 


When these conditions are satisfied, in each case Px 


has precisely two non-isomorphic liftings with odd deter- 


minant and conductor p; if one of these is P, the other 


is P = 9 @€ €, where € = det(P). 
Proof: We only prove the sufficiency of these conditions; 


the necessity follows readily from Theorem 7. 


Lema: Let P be any two-dimensional projective represent- 
ation of Gps and p any prime number. Let i, = #o(r). 
Assume that i, is prime to p (i.e., 0 is tamely ramified 
at p) and a 2 3, Then the conductor of is exactly 
divisible by p if and only if in| (p Ey. 

Since 9 is tamely ramified, (D,) is either cyclic or 
dihedral. The conductor of 0 is exactly divisible by p if 
and only if e(D,) is cyclic (6.3). But (I) is cyclic, 


and contains an element of order 2 3, so 6(D,) is cyclic 


if and only if it is abelian. Now, the group o(D,)/e(1,) 
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; cyclic, generated by an element F such that FxF | = x, 
all x € p(T, ). So o(D.) is abelian if and only if 

—|(p - 1). 

: In Case (b) of the Theorem, the condition p = 5 (mod 8) 
implies that p is tamely ramified in E, and hence that Pn 

is tamely ramified at p. The discriminant condition on E, 
implies that the ramification index of p in E is at least , 
jo 6, (I.,) is cyclic of order 4, and the result follows from 
the Lemma and Theorem 5. 

Now consider the cases (c,)5 (c,) of the Theorem. If 

€ is the Legendre symbol, (€,%) =-1. Also, (0.3%) =-l. 
If2is aprime, 2% #p, then (€,2) = +1. One verifies 
directly that an unramified (local) projective representation 
has a lifting with determinant 1, so (0,52) = +l also. By 
Theorem 6, Pn has a lifting p sich thatdetio)l =<. pede 
easy to see that P may be chosen to be unramified outside p. 
Observe that there are precisely two choices for e|I,. 

The conductor of P is a power of p. We show it is 
Precisely p. Since ep is tamely ramified, e(I,) is cyclic, 


generated by some matrix which we may take to be of the 
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Now det(P) = €, so ab =~-1. On the other hand, P,(I,) 
has order 2, so a= -b, and either a or b is equal tol; 
hence OP has conductor p. 

The uniqueness statement is now immediate. 


One can also determine the images e(G_) for the 


Q 
representations 9 given by Theorem 8. One finds that e(G,) 
consists of all elements s € GL, (€) whose image s in PGL,(€) 


lies in pA (G ) such that: 


Q 
(b) det(s)* = sgn(s) (where sgn: S. > {+1}); 
bee) det(s) = sgn(s); 
(c,) det(s) = +1. 


The orders of these groups are respectively 96, 48 and 2h0. 


The fields of values of the character of p are respectively 


Q(v-1), @(7-2) ana Q(v-1,¥%5). 


8.2 Numerical Examples: We use the notation and list of 
cases of Theorem 8. 

Case (b): p = 5 (mod 8) 

The group S, is a quotient of S,, so E contains a 
totally real cubic subfield with discriminant p. Hence 3 


divides the class number of Q(vp), and the tables of class 
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wmbers of quadratic fields (e.g. [BS]) show that the only 
-< 1000 with this property are p = 229 and p = 733. 

For p = 229, Tate has constructed a representation of 
ype S,, With conductor 229: Lf. X)> X > X, are the roots 
9X2 - WX + 1=0, the field generated by the V(-3 + 8x, ) 
has Galois group S,, and gives a representation a of the 
required type. One can also take the field generated by 
the ¥(4 - 3x,); this gives a representation Ps, which is 
not isomorphic to P, or pi Langlands’ eRBOvEn (see [LB] 
and 3.3) shows that 2 and P. correspond to modular forms 
fi» f,, say. If we choose Pp, and Ps, (from among their 
Bijucates) so that det(o, ) = det (0, ) =€, where € is the 
character of order } of (Z/229%)” such that e(2) =i, the 


first coefficients of fi» f are (H.Cohen): 


f, =q + q? - iq? + ig? + (i-1)q’? - iq!! - igh? +... 


be) 
ul 


Ge (iq? go ag ae = Ca? 4 ae: 


M@hese are both newforms on T(229) of type (1,€), and one 
Show (see 9.3) that fi» fos ae os are the only newforms 
or T(229) of weight l. 

Case (c,): p=3(mod 4), «type S. 


The tables in [G] show that the only primes p < 1000 
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for which there are quartic fields with discriminant — D are 
283, 331, 491, 563, 643, 751. (These tables list all such 
fields for p < 3280.) One thus gets representations; it 
is not (yet) known whether they satisfy Condition MTs ae: 
whether they correspond to modular forms of weight 1. 

Case (e,)% p = 3 (mod. 4), ‘type A. 

There are no adequate tables of quintic fields. 
Computations done by J. Buhler suggest that there are no 


representations of this type with p < 1000. 


§9. Modular Forms of Weight One on P(e) 


This section is a continuation of 88 from the point of 
view of modular forms. If p is a prime and f = ) aa is 
a normalised newform on P(e) of weight 1, then Theorem 2 
shows that there is an irreducible two-dimensional linear 


representation Pp of G whose conductor is p, such that 
foe) 


Q’ 

L(s,e) = } an”. The character of f is det(p), and? 
n=L 

satisfies Condition (A) of §1. We say that f is of dihedral 


type (resp. type S,> type A.) if p is of dihedral type 


(resp. type S_, type A,), in the terminology of §8. Recall 


1? 


that Theorem 7 shows that A. cannot arise. 
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A Bound on the Number of Representations: Suppose 


= 3 (mod 4),p # 3; we are therefore in cases (c,); (c,) 


» §8. Let w be the Legendre symbol: 


uo) = (2) 


here is a unique reducible two-dimensional linear represent- 


tion of Gy with conductor p and determinant w, namely 


@w. This representation corresponds to the Eisenstein 


eries: 


One has L(-1,w) = h, the class number of Q(V-p), and this 
is an odd integer ([BS, p.346]). 

If e« is any Dirichlet character mod p, it follows from 
Theorem 7 that the space S(T) (p) .1,€) of cusp forms on Po (p) 
Sf type (1,€) is null unless ce = wu. The space S(T) (p) 51,4) 


@S a basis of normalised newforms, consisting of: 


(nh - 1) forms of dihedral type, 
2s forms of type S,, 
ha forms of type Acs 
Where s (resp. a) is the number of quartic (resp. quintic) 


flelds £/Q satisfying the hypotheses of Theorem 8 Case (c,) 
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(resp. (c,)) whose associated representations satisfy 
Condition (A). So: 


dim S(T)(p),1,u) = $(h - 1) + 2s + ha. 


We now give an upper bound for 2s + ha: 


Theorem 9 (i) If p is of the form 24m - 1 or 2m +7, then 


either 


Se. + hes eee (ha LS) oe: +S Ser = 8; 
(ii) If p is of the form 24m + 11 or 24m + 19, 
then either: 


3 
2s + ha <m- rie -1), ors=a=0O. 


Proof: Let W = é e geo LES M(T (bp) 51,0) 5 we have 
f|,W € M(TO(p) 52,4). Since ™ = w, this shows that 
fr f|,W is an endomorphism of M(T)(p) ,1,4). Moreover, we 


have f| we = -f, hence the eigenvalues of W acting on 


M(T(p) 5154) are ti. 


(O32) (i) If P< M(TQ(p) 5154) is either the Eisenstein 


series Gor a newform of dihedral type, we have f| W = Sire 


(ii) If f is_a newform of type S, or A., the vector 


space spanned by f and f is two-dimensional; it is stable 
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nder W, and the eigenvalues of W on this space are i and 


(Recall that if f=) aa”, we put f=) aa%.) Set 
fl = t|,W. One knows (cf. 2.4) that f' = cf, and 
A(1-s) = ichs(s) for some constant c. In case (i), the 
Merficients of f are real, so f=f. It is easy to show 
that the representation P corresponding to f is realisable 
ver IR. So, by a theorem of Frohlich-Queyrut ([Dur.T], 
Mi-s,e) = A(s,ep). Hence ic =1, ande =-i, which 
proves (i). 

In case (ii), it follows from Theorem 8 that f and f 
e linearly independent. We have f|,W = ef, f| Ww = 0'k, 


so that f and f span a space stable under W, and the action 
ac! 
(@) e 


has trace 0, so that both i and -i are eigenvalues of W. 


of W on this space is given by the matrix fe This 


Remark: In case (i) of 9.1.1, the fact c = -i can also be 


‘Geduced from the transformation formulae for theta-functions; 


(9.1.2) Let Mo (resp. M ) denote the space of modular forms 


256 SERRE 


of type (1,w) on Py(p) such that f| Ww = if (resp. -if). 


Then: 


= 
B 
= 
rT 


1 
i + F(h -1) +s + 2a, 


and 
dim M =s5 + 2a. 


Moreover, M is contained in the space of cusp forms 
S(T) (p) 51,4). 


This follows from 9.1.1. 


To prove the Theorem, we must find a bound for 
co i am ae ae Ms geeéeM, then F = fg is a cusp form 
of type (2.1) on Po (p) such that F| Ww =F. Write 2, for the 
space of such forms. The dimension om of 2 is the genus of 
the curve x,(p) which is the quotient of X(p) by the 


involution: 
W: 2p —1/pz. 


This genus is determined by Fricke in [F,vol.2,p.366]; in 
the notation of the Theorem: 

m — (n - 1) in case (i) 

m- (h - 1) in case (ii) . 

We now use the following lemma (well-known in the theory of 


"linear systems"): 
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emma: Let L, M, N be non-zero finite-dimensional vector 


spaces over an algebraically closed field. Let B: Lx M->N 
ne a bilinear map such that B(x,y) = O implies either x = 0 
or y = O. Then: 


dim(L) + dim(M) < dim(N) +1. 


(Proof: Let H be the kernel of the linear map L®M->WN 
defined by B. We have codim(H) ¢ dim(N). Let X be the 
cone of L 8 M consisting of all elements x ® y with x € L, 
y eM. Then X is an irreducible algebraic variety whose 
dimension is dim(L) + dim(M) - 1. By assumption, we have 
HaxX= {0}, hence dim(H NX) = 0. But an elementary re- 
sult from algebraic geometry shows that dim(H MX) 2 dim(X) - 
codim(H), and the lemma follows.) 

We apply the lemma to the bilinear map (f,g) =» fg of 
M, x Minto Q,. Under the assumption that M, and M_ are 


Mon-zero (i.e. a #0 or s #0), we get: 


(1 +2(h - 1) +s + 2a) + (s + 2a) se, 71, 
ae. 
m- (h - 1) in case (i) 


1 
mer te eg - Hh- 1) = 3 
m - rye - 1) in case (ii), 


Which proves the Theorem. 
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Numerical Examples: Write A(p) for the upper bound for 

2s + ha given by Theorem 9. It is easy to tabulate A. If 
A(p) < 2, one has s = a=0, and so all normalised new- 
forms of weight 1 on P(e) are of dihedral type. If 


p < 300, one finds A < 2 except in the following cases: 


The cases p = 139 and p = 227 are easy to deal with; as 
A(p) < 4, the only possibility, apart froma=s =0, is 
s=1, a=0. This is impossible since the tables in [G] 
show there are no quartic fields with discriminant -p. ‘The 
same method applies to p = 163 and p = 211, once one knows 
a=0. One can prove this using reduction mod p, as in 


9.3 below, but it is simpler to use the following result: 


(9.1.3) If p isa prime for which a #0, there is an 


extension K/Q, of degree N = 240, whose discriminant dy. 
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la, |?4¥ = ¥e 


woof: By hypothesis, there is a representation 


BG, > GL, (¢) of type A, with conductor p. Take K to be 
he field corresponding to the kernel of p. The degree 
K:Q] is 240, as in 8.1. Since K/Q is ramified only at p, 
snd the inertia group is of order 2, one has the result. 


[7/" optainea by Odlyzko 


The lower bounds for la, 
‘[Dur.0] ) show Vp > 16.28, hence p > 265, which excludes 
> = 163 and p = 211. (A more recent variation of this 
method gives p > 350, and even p > 500 under the generalised 
Riemann Hypothesis. ) 

In the case p = 283, [G] shows that s ¢ 1, with 
equality if the Artin Conjecture holds, anda =O by 


(9.1.3). 


Remark: As p>, the bound for 2s + 4a given by Theorem 
9 is of the form: 


j 1 
2s + ha < = - O(p?**), for any € > 0. 


It seems likely that 2s + ha is O(p") for some a < 1 (maybe 


vena <3), but we do not know how to prove this. 
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9.2 The Case p = -1 (mod 24): Now take p = -1 (mod 2h), 
In this case, we define an element g of M as follows. 
Consider the two primitive binary quadratic forms with 


discriminant -p which represent 6: 


Q(x,y) = 6x* + xy + ie y73 Q"(x,y) = 6x2 + Sxy + a y2, 
Let 
@= ) gale) ee ) g®' (sy) 
x, yea x,yeZ 


be the corresponding §-functions, and let: 


+ 
g= (0 - 6') =q(1-q-q2+...), where m= a ‘ 


e(z) =n(2) Hpk =a T (e772 =o"), 
n=l 


where n is the Dedekind n-function (cf. [Sch pls 


(9.2.1) The map f ++» fg is_an isomorphism of the space M 


onto the subspace O, (m) of 2, consisting of all forms F whose 


Fourler expansion at infinity 1s divisible by qn 4 (or, 


equivalently, q’). 


(Recall that Qs is the space of cusp forms of weight 2 
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on P(e) which are invariant under W:z +» -1/pz.) 

This follows immediately from the observation that ¢g 
does not vanish anywhere on the upper half-plane. 

Re ae A Qs, F(z)dz is a differential form of the first 
kind on the curve x(n) and 2 (ma) may thus be identified 
with the space of differential forms of the first kind on 
x (P) with a zero of order at least m at the cusp. Since 
dim(M_ ) = dim(% (m) ) =s + 2a, this gives a "geometrical" 
interpretation of the quantity s + 2a. 

The genus g, of x (p) is m- (h - 1)/2, and so g, < m. 


One concludes: 


(9.2.2) If p = 2im- 1, we have s + 2a # O if and only if 


infinity is a Weierstrass point with gap y > (h - 1)/2 of 


x 
the curve Xo(p). 


In his Durham lecture (not in this volume; but see 
[A]), Atkin explained how one can compute the gap % of the 
reduction of x (p) mod p. One has Y < Yp? and it would be 
interesting to know whether there is equality. Atkin has 
found re < (h - 1)/2 for p < 1823, and this is sufficient 


to prove s = a = 0 in these cases. On the other hand, for 
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p = 1823, Atkin has found ac =(h -1)/2, in perfect 
accord with the fact that there does exist a quartic field 


with discriminant - 1823 ([G]). 


9.3 Reduction modulo p: We now exploit the results of [Sp] 
to give a bound on the dimension of the space of modular 
forms of weight 1 on Ty (p). One knows ([Sp.§3]) that every 
modular form on P(e) is congruent, modulo p, to a modular 
form on SL,(Z ES 

a) The case p = 3 (mod 4) 

We retain the notations of 9.1. Let K/® be a number 
field whose ring of integers 0, contains all the Fourier 
coefficients of the normalised newforms Piofi sees of of 
type (1,w) on I (p) (cf. 2.5). Let P be a prime ideal of 


O 


dividing p. Let F = 0,,/P5 then F is a finite extension 
of a = Z/pZ, and the f. define, by reduction modulo 


P, forms fr. With coefficients in F. 


(9.3.1) The forms fe are cusp forms (in characteristic p) 


of weight (p + 1)/2 on SL,(Z ), and they are linearly 


independent. 
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Using Th.12 of [Sp,3.4] one sees that f. is a cusp form 


on SL,(Z) of weight congruent to (p + 1)/2 modulo (p - 1). 


Let p. be the representation of G which corresponds to fe 


Q 
Since the conductor of p5 is p, the p-factor of L(s,e, ) is 
2s. é 
(1 - u;P ) , for some root of unity u,. So flu, = u.f., 
and f.|U =u.f., where u; is the image of u, in F. Since 


a, #0, it follows from Theorem 6 of [Sp,2.2] that the 


filtration w(t. ) of f. is << (p +1). Using the congruence 


w(t, ) (p + 1)/2 (mod (p-1)), we then see that w(f,) = 
(pt1)/2, which proves the first part of (02802). 

Moreover, the images of the p.'s are finite groups of 
order prime to p; hence the p.'s remain mutually non- 


isomorphic after reduction modulo P, and this implies the 


linear independence of the ae 


The f. have the following properties: 


(1) If £4 pis a prime, f./2, = a, afi: 


(2) (iz f. is of dihedral type, a = 0 for all 2 


a¢ 
Such that w(%) = -1. 
Cay se t. is of type Si w(L)ap = 0, 1s. 2,.or-h. 
(4) -If f. is of type A w(R)ar 5 = 0, 1, 4, or 
(3 + v5) /2, 
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The fs have the same properties. One can now obtain a bound 
on the number r of f.'s by proceeding as follows. One writes 
down a basis for the space of cusp forms (mod p) of weight 

(p + 1)/2 on SL,(Z), and finds the normalised eigenfunctions 
of the Hecke operators Ty and U.. One eliminates those whose 
p-th coefficient wn is zero, and those with a coefficient 

a, not satisfying properties (2) - (4). The number of 


elgenfunctions remaining is then 2 r. 


Exercise: Let v be the dimension of the space of cusp forms 


f= ) aa of weight (p + 1)/2 on SL, (Z) with coefficients 
in E such that a, = O whenever w(n) = +1. Show that 
s +2a<v. (For p = 163, H. Cohen has shown that v = 0, 


and hence that s = a = 0.) 


b) The case p = 5 (mod 8) 


Here one is interested in forms on rg (p) of type (Ice) 


Fs x 
where € is a character of order 4 of (Z/pZ) (cf. §8). 


Choose K and P, as in a), with the extra condition: 


(p-1) /4 


é(n) =n (mod P) for all n. 


Lf Proeeee ty are the normalised newforms on I.(p) of type 


O 


~ 


(7 E)%- Let Sere be their reductions modulo ~. Then: 
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(9.3.2) The fi are cusp forms (in characteristic p) of 
weignt (p + 3)/4 on SL, (Z) and they are linearly independent. 


The proof is analogous to that of (9.3.1). 

One has a precisely similar method for obtaining an upper 
pound for the number s of newforms. In particular, for 
p = 229, one has (p + 3)/4 = 58, and the space of cusp 
forms of this weight has dimension 4. H. Cohen has shown 


that there are at most two functions fs namely: 


ba) 
tm 


7 54 S47 10 
A.(84E E + 30E7E, + 128E-E, + 21785, ) (mod 229) 


Le) 
MW 


7 Sat 357 10 
-A( 30E,E,, + 13325, + 99EGE, + 195E,B, ) (mod 229), 


where E> E, are the normalised (i.e. having constant term 
1) Eisenstein series on SL, (Z) of weights 4, 6 respect- 
ively. In fact, both of these functions do occur, because 


of Langlands' theorem [LB]; cf. 8.2. 
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p-adic L-functions and Iwasawa's theory 
John Coates 


Introduction 

These lectures give the still largely conjectural 
description of a certain Iwasawa module attached to a 
totally real number field F in terms of the abelian p-adic 
L-functions of F, together with some related material. This 
subject is the fusion of two rather different developments 
in number theory. One was the introduction by Iwasawa of 
his [-modules attached to Z, ~extensions., and his study of 
them by classical class field theory. The other was 
Leopoldt and Kubota's construction of the abelian p-adic 
I-functions of Q. In recent years, this latter work has 
been extended to all totally real Auber Breas by Serre, 
Deligne and Ribet, and others. The key idea of relating 
the two (in the case F = Q) via Stickelberger's classical 
theorem is due to Iwasawa, and the underlying ideas of 


these lectures depend heavily on his work. The actual 
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choice of the material covered (and much of this is only 
done sketchily) has been made with two points in mind. 
Firstly, we work throughout with an arbitrary totally real 
base field F rather than F = Q, at the cost of introducing 
still more conjectures. Secondly, we give only those 
aspects of the theory which are directly relevant to the 
connexion between p-adic L-functions and I-modules. Thus 
many important topics have been omitted (e.g. Iwasawa's 
bilinear form, and the techniques used to construct 

p-adic L-functions). On the other hand, Stickelberger's 
theorem, which is so essential to the connexion, has been 
treated in some detail. There would be great interest in 
finding precise analogues of the conjectures discussed here 
for non-cyclotomic ag of certain non-totally 
real fields (e.g. imaginary quadratic fields). In fact, for 
imaginary quadratic base fields, important work on the con- 
struction of p-adic L-functions has already been done by 
Katz, Lichtenbaum, and Manin-Vishik, but the connexion 
with IT-modules is still lacking. In conclusion, I wish to 
heartily thank R. Greenberg, S. Lichtenbaum, and W. Sinnott 
for many helpful discussions on the material of these 


lectures. 
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Appendix 1 


81. ‘The algebraic theory 


Let F be a finite extension of Q,p a prime number, 
and F, the field obtained by adjoining to F all p-power 
roots of unity. In this section, we define a certain p-adic 
representation, which we denote by X., of the Galois group 
of Ps over F. The rest of these lectures will then be de- 
voted to the study of this representation. In 81, we use 
only methods from class field theory and commutative algebra 
to study X, (for this reason, we call this part the alge- 
braic theory). The underlying idea, due principally to 
Iwasawa, is to view X, as a module over the ring A of 
formal power series in an indeterminate T with coefficients 
in Ds Class field theory shows that X,_ is finitely 


generated over A, and it enables us to find the A-rank of 
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xX. modulo A-torsion. However, as far as is known at 
present, these algebraic methods alone tell us very little 
about the A-torsion submodule t(X,) of X,. In the remainder 
of the lectures,: we assume that F is totally real, and 
give what is still a largely conjectural description of the 
part of t(X,), which is fixed by complex conjugation, in 
terms of p-adic L-functions. 


Throughout , riot Will denote the number of real and 


2 
complex primes of F, respectively; also S will denote the 
set of primes of F lying above p. By a p-extension of a 
number field, we mean a Galois extension whose Galois 
group is a projective limit of finite p-groups. If H/K is 
a Galois extension of fields, we write G(H/K) for the 
Galois group of H over K. The rank of a finitely generated 
2 -module will always mean the rank of Y modulo torsion. 
If V is a finite set, ae(V) will denote the cardinality of 
vz. Finally, we denote the algebraic closure of the field 
of p-adic numbers a, by ‘3 and we always suppose that the 


Valuation | ls of te is normalized so that IPI, en a 


1.1. Class field theory 


We recall the main facts from class field theory used 
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in 51. Let L be the maximal unramified abelian p-extension 
of F, and M the maximal abelian p-extension of F which is 
unramified outside S (= set of primes above p). By class 
field theory, G(L/F) is isomorphic via the Artin map to the 
p-primary subgroup of the ideal class group of F. Let E be 
the global wits of F. For each P € S, let U, be the units 


p 
of the completion of F at P, and let 


Gs Ee TE 
pes P 


be the diagonal map. Write Uy ; for the local units 


> 


= 1 mod Pp, and E, for the global units = 1 mod P for each 


Pes. 


Theorem 1.1. G(M/L) is isomorphic via the Artin map to 


(1 U, ,)/¢(E,), where the bar denotes closure in the 
p-adic topology. 


Corollary 1.2. G(M/F) is a finitely generated ease 
and its rank is equal to r, +1 +6, where 6 = Z-rank of 


E- Z_, rank of o(E,). 


Leopoldt has conjectured that 6 = 0 always. At present, 
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this is only known (see [1]) for F abelian either over Q or 


over an imaginary quadratic field. 


1.2. The basic Iwasawa module 

A oe -extension of F is a Galois extension F./F whose 
Galois group is topologically isomorphic to the additive 
group of the ring ce of p-adic integers. This is the same 


as saying that there 1s a unique tower of fields 


Pie CP. SS eRe Se 5 er. = LSP 4 
fe) 1 n ~ 
nzo0 


such that each Fo is cyclic over F of degree p. In these 
lectures, we shall only be concerned with the so called 
cyclotomic Bo PERSE SOR of F. By definition, this is the 
unique Z,, ~extension of F contained in the field F, = F(W), 
where W is the group of all p-power roots of unity. 

Let F/F be an arbitrary a a (we postpone for 
the moment the assumption that it is the cyclotomic one). 
Suppose we are given an extension N, of F, satisfying 
(i) N,/F,, is an abelian p-extension, and (ii) N./F is 
Galois (but not necessarily abelian). Put 


a = GON /F)5 (Ge GUM FY. =P Se GUE YP) 


co 


SO that G/X, = 0. Since X, is abelian, I operates on Xe 
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via inner automorphisms in the usual way. Namely, if y e 9 
we pick a representative uy, of Y in G, and define 

Ve PS 3S Me ur for all x eX. Thus Xo is a compact con- 
tinuous I-module. Moreover, X,, being a profinite abelian 
p-group, isa B motte in the obvious way. Let A be the 
ring of formal power series in an indeterminate T with 
coefficients in a Choose a fixed topological generator 
Ye of [. Then the Il and SO a aces structures on X give 
rise to a unique A-module structure on X, satisfying 

(i) the Z,, action is the same, and (ii) (1+ T)x= Y, for 
all xe X, (see [19]). The following lemma enables us to 
use class field theory to study X,, by relating certain 
quotients of X, to the finite layers Fo (ay 2 0) ef P/F, 


n 
Let w= (1 + TP hed. 


Lemma 1.3. For each n 2 0, let N. be the maximal abelian 


extension of Fo contained in N_. Then G(N_/F.,) = X,/%, X_- 


Proof. By the definition of N., G(N,/N) is the closure 


in G, of the commutator subgroup of G(N,/F,). Choose 
n 
h SGN /F,) whose restriction to F, is Ye . Since 


n 
GUE B.) is topologically generated by 1 , 20 Poilows 
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that G(N,/F,) is topologically generated by h and X,. But, 


Hence the closure of the commutator subgroup of G(N,/F) 


must be am Xo as required. 


Corollary 1.4. X, is finitely generated over A if and only 


ar G(N/F,,) is a finitely generated Z, module. 


Proof. It is well known that X, is finitely generated over 
A if and only if X,/m X, is finite, where m = (p,T) is the 
maximal ideal of A. But 


X/m X= X/pX 5» where Xo = X10 Xo 


Clearly X/PX, is finite if and only if xX, is finitely 
generated over His and so the corollary follows from 


Lemma 1.3. 


Before making a particular choice of the extension N, 
of F., we note the following basic fact, which follows 


easily from the theory of higher ramification. 
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Lemma 1.5. A Zi -eebeneson F_/F is unramified outside § 


(= set of primes above p). 


We now take N, to be the maximal abelian p-extension of 
F.,2 which is unramified outside the primes of F_ lying above 
p. Also, from now on, we follow tradition and write M_ 
rather than N. for this field. Let Mt be the maximal 
abelian p-extension of FE which is unramified outside the 
primes of a lying above p. In fact, M is the field call- 
ed Ny in Lemma 1.3, i.e. M is the maximal abelian 
extension of : contained in M,. This follows very easily 


from Lemma 1.5. 


Theorem 1.6. X, = G(M,/F_) is a finitely generated A-module. 
Proof. Corollary 1.2 shows that G(M/F,,) is a finitely 
generated ROMS: end thus X, is finitely generated 


over A by Corollary 1.4. 


If A and B are A-modules, we say that A is pseudo- 
isomorphic to B if there exists a A-homomorphism from A to 


B with finite kernel and cokernel, and we denote this 
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mmbolically by A’ B. Of course, this notion is important 
cause the structure theory of finitely generated A-modules 
‘see [19]) classifies such A-modules only up to pseudo- 

somorphism. Finally, if Ais a A-module, t(A) will denote 


the A-torsion submodule of A. 


Corollary 1.7. There exists an integer a 20, and non-zero 


elements h,,...,h of A such that x, v A® @ t(X,), and 


y 
%(X,) % ® A/(h.). 
jee 
For the structure theory (see [19]) shows that the corollary 
is true for any finitely generated A-module. 
At present, deeper results about X, are known only when 
F/F is the cyclotomic By See non: From now on we assume 


that this is the case. 


Theorem 1.8. Assume that F /F is the cyclotomic te 
r 
€xtension. Then x vA ® t(X_). 


Proof. The theorem is due to Iwasawa [13]. We sketch a 
Shorter proof due to Greenberg [7], which is more in the 


Spirit of the present lectures, but which gives less 
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additional information about M,. We use the notation of 
§1.1, except we attach a subscript n to indicate that the 
objects are associated with Fo By Corollary 1.2 and Lemma 


Ao35. “Bhe a of ay X,, is equal to rye + oi where 


6 =Z- a ~ 
z rank of EN Z. rank of ¢sE. 1): 


> 


One sees easily from the structure theory that the theorem 

is true if and only if 5 is bounded as n~*®. To prove the 
latter assertion, let a” be the order of the torsion sub- 
group of 6) )) Now take m to be any integer 2 t. Then 
we can find units Corerses » which form part of a basis of 


t n 
p : m A 
4 but which are p -th powers in oe p for each P € Sn 


> 
Let F_ be the field obtained by adjoining all p-power roots 
of unity to F. Plainly the field obtained by adjoining to 
F the p -th roots of Creer ses is an unramified extension 
of =a with Galois group deaieoeuie to the product of ae 
copies of Z [pt ag : Since m can be chosen as large as we 
wish, it can be shown without too much difficulty that the 
unboundedness of S would contradict the fact that the 
Galois group over F. of the maximal unramified abelian 


p-extension of G. is a finitely generated A-torsion A-module 


(see [13] for the proof of this last result). 
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1.3. Kummer theory 


The role of Kummer theory in these lectures is that it 


enables us to interpret the part of the Galois group xX. in 
which we are interested as the Pontrjagin dual of part of 
the p-primary subgroup of the ideal class group of Fi, (see 
Theorem 1.12). 

For each integer m 21, we write a for the group of 
m-th roots of unity. Also, as before, let W be the group 
of all ionober roots of unity. Let ies = F(W), and let F 
denote the field F(u,) or F(u,), according as p is odd or 
even. Put 


Gos G(FL/F), A= G(F/F), T= G(F,/F), 


so that cA is canonically isomorphic to A x [T. Let 

i : GC. > ZZ» be the character giving the action of GC. on W, 
Mee., o(z) = rx(o) for allceWandoeG. We write 

8, « for the restriction (by a slight abuse of language) of 
xX to A, Ty, respectively. 

Let M.. anne the maximal abelian p-extension of Foe 


Which is unramified outside the primes of oe above p, and 
put 
X = G(M_/F_) . 


Since Mis plainly Galois over F, G_ acts on X_ via inner 
foe} [oe] 
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automorphisms. This is the representation of G@ which we 
shall be studying in the rest of these lectures. Since ae 
is the cyclotomic i ee SHEED of F, Theorem 1.8 shows 


ris) 
' : ‘ 2 
that X, is pseudo-isomorphic to A @ t(X_), where a (PF) 


is the number of complex primes of F, and t(X_) is the j- 
torsion submodule of X 

It is often convenient to decompose t(X,) into eigen- 
spaces for the action of A. To do this, we assume that p 
is odd, so that the order of A is prime to p. Let 6 be the 
character of A defined above (i.e. the character giving the 
action of A on Ho)» and let e; be the orthogonal idempotent 
of et in Zz, lal. Since e.t(X,) is also a finitely generated 


\-module, the structure theory tells us that 


Cha) e.t(X_) » 


al 
tk, Mts) 


ek 


where r, is an integer > 1, and the fs LES -e r.) are 
non-zero elements of A. We put 


Helen 
f= He dg 


ey 
and call r. @ characteristic power series for e,t(x ). We 
stress that (1.1) only determines the ideal (f,) in A 


uniquely. Thus f. itself is only determined up to a unit in 
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Of course, the Weierstrass preparation theorem does 


f 


mrovide a canonical choice of fs, namely, it shows that 


there is a unique f. which is a power of p times a distin- 


shed polynomial. But, as we shall see in 54 and 85, 
this does not seem to be the most natural choice. 

Let I}, be the free abelian group on the non-archimedean 
primes of aa which do not lie above p. Define V, by the 
exactness of the sequence 


v 
07,7 (Q/%,) 8 fF» (0/2) @IL 3 


there the map ) is defined by W (a@a) =a @(a)', where 
Ma)’ = ) vp(a)P (this makes sense because there are only 
PH p 

finitely many primes of F_ above each rational prime). The 


result from Kummer theory which we need is the following. 


For the proof see [13], §7. 


‘Theorem 1.9. There exists a canonical dual pairing 


Re eS ae 


Satisfying <ox,ou> = o<x,u> for all oe oe 


Here we take xX. with its natural topology as a profinite 


6roup, and V_ with the discrete topology. The pairing on 
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Theorem 1.9 is then a dual pairing in the sense of 
Pontrjagin. If A,B are G -modules , we always adopt the 
convention of endowing the group Hom(A,B) of homomorphisms 
from A to B with the 6 -structure given by (of)(a) = 


of(o a) for alloe oe Then Theorem 1.9 immediately gives 


a@ canonical isomorphism 
av) 
(i52) X, > Hom(V,,W) 


of G -modules. We also assume that G acts on tensor 
products of G -modules via the diagonal action, and, of 
course, that it acts trivially on oe and Rhee Define 


the G -modules 


T = lim u “ pen }) = Hom CTE ) 
% a ae Pp 


coh) 


Of course, as Z,~modules , both T and T are free of 
rerk a. lf Dae -any A eee which is also a G -module, 


we define D(-1) = D 8, te! (with the diagonal action of 


Pp 
G_). In terms of this twisting by roots of unity, (1.2) is 


equivalent to the existence of an isomorphism 


(1.3) X_(-1) > Hom(v,.@./Z_) 
PB Pp 


of G -modules. 


Let A. be the p-primary subgroup of the ideal class 
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up of F, (thus A, = lim A,> Where AL is the p-primary 
> 

ubgroup of the ideal class group of yee Let E, be the 

coup of units of the ring of integers of ae We omit the 


proof of the following elementary lemma (see [13], Lemma 


10, for the proof of a similar result). 


Lemma 1.10. There is an exact sequence of G -modules 


ae a CO os Be PE We, ae a et ie 


87 
Corollary 1.11. Assume that F is totally real, and that 


p#2. Then, for each odd integer i,e, V. is isomorphic 


co 


to e; A, as G -modules. 


To deduce the corollary from the lemma, we note that each 
4a is totally imaginary quadratic extension of a totally real 
field. For such a field, the subgroup of its wnits, which 
is generated by the roots of unity and the units of the 
totally real subfield, is of index 1 or 2. Since p is odd, 
this implies that e; (CO fz) @ E,) = 0 for all odd integers 


1. 


Theorem 1.12. Assume that F is totally real, and that p is 
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odd. Put Y¥, = e.t(X,). Then, for each even integer i, we 
have an isomorphism 


u 


Y, (-1) ae Hom(e,_; Ko Q /Z,) 


Of G -modules. 


Proof. It follows from (1.3) and Corollary 1.11 that the 
G —module on the right is isomorphic to (e,X)(-1), when i 
is even. Thus, to complete the proof, we must show that 
e. xX, = e,t(X,) for even integers 1. This follows from 
Theorem 1.8 since one sees easily that 

ye x (S = [F : F]) 

: 1 eo 

1=1 

1 even 
is isomorphic canonically to the Galois group of the maximal 
abelian p-extension of ane which 1s unramified outside the 
, + + : 

primes above p, over es here oe denotes the maximal 
totally real subfield of Fo Alternatively, one can appeal 
to the fact that Hom(A, .Q,/Z, ) is A-torsion, which is not 


too difficult to prove by other means. 


Recall that om is the fixed topological generator of 


IT which we use to define our A-module structure from the 
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T-module structure. As above, let x be the character 


giving the action of [ on the group of p-power roots of 


the corresponding change we must make on the right hand side 
is to replace the variable T by u(1+T)-1. Thus, if i is 
odd and we put k = 1- i, Theorem 1.12 implies that there 
is a pseudo-isomorphism 


vk 


Fonte. 2, 0129 % ae AME (aQ ah A 
where the £ are given by (1.1). In particular, a 
characteristic power series of the A-module Hom(e, A, 4Q,/Z ) 
(i oda) is given by 


g, (T) =f 0 Gre sip ea 


i-i' 
For reasons that will become clear in g4, we define the 


Power series G, (T) (i odd) by 


(1.4) G,(T) = g,((1 + tT) -1) 5 fy (eG + Tt) -1). 


Needless to say, G. (T) is defined only up to multiplication 
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1.4. p-adic residue formula 


The result in this section, which seems to be new, 
provides the first evidence that the power series G. (T) 
defined above may be related to p-adic L-functions. 

We again assume that F is totally real. Let (C(F,s) 


be the complex zeta function of F, and put 


(1.5) to(F,s) = 6(F,s) M (1 - (up) *) 
Pes 

It is classical that Co(F,s) has a simple pole at s = 1 with 
residue 

mail 

ot se 47% 

C156) —SSo He Ga A NP} 4 

vA pes 


where d is the degree of F over Q,h is the class number, R, 
the regulator, and A (for this section) the discriminant of 
F over Q. Let oA 8) be the p-adic zeta function of F, i.e. 
bP oa) is the p-adic analogue of the function (1.5). One 
suspects that thse, has a simple pole at the point s =1 
in 2. ,» and that the residue at this pole is the p-adic 
analogue of (1.6), namely the quantity oF) defined in 
Theorem 1.13, where Bi, is Leopoldt's p-adic regulator of F. 
However, at present this is only known for F abelian over 

® (a result due to Leopoldt [16]). Nevertheless, the 


following parallel result is true for all totally real number 
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jelds F. We again assume that p # 2. 


Theorem pies ae G (a - 1)/(u® - u) has a pole ats = 1 if and 
only if the p-adic regulator z of F does not vanish. If 
R, #0, this pole is simple, and its residue has the same 
p-adic valuation as 

tl g a 
CP) See OW Cae py 
P VA pes 
Since this theorem is new, its complete proof is given in 
Appendix 1. The reader should also note the equivalent form 
of Theorem 1.13 given by Lemma 8 of Appendix 1. This is 
quite useful in practice for computing the order of G(M/F,), 


where Mis the maximal abelian p-extension of F unramified 


outside S, and F, the cyclotomic as -extension of F. 


Example. Take F = @(Y85), and p= 3, For this field, 


(9 + ¥85)/2, and 3 


h=2, the fundamental unit is ¢ 
Splits. Since e% is congruent to 1 modulo 9 but not modulo 
27, the power of 3 dividing R, is 9. Thus, in this 
example, oF) is a 3-adic unit. Moreover, Lemma 8 of 


Appendix 1 shows that the degree of M over F, is 3. 
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82. Stickelberger ideals 


Let F be a totally real number field, M/F a finite 
abelian extension, and G = G(M/F). In this section, we use 
values of the partial zeta functions to define, for each 
integer n 20, an ideal 1 (M/F) in the integral group ring 
Z(G]. Actually, our definition will depend on a certain 
integrality hypothesis (labelled Hs below). So far a 
complete proof of this hypothesis has only been given for 
F = Q@ or F real quadratic (see [5]), but it is almost 
certain that current work of Deligne and Ribet [6] will 
establish it for all F. These ideals I (M/E) seem to play 
a key role in the study of the Iwasawa module introduced in 
§1 for two reasons. Firstly, when F=@andn=0, a 
classical theorem of Stickelberger (see §3) asserts that 
T (m/e) annihilates the ideal class group of M. One sus- 
pects that the same is true for all totally real base fields 
F, but the proof in any case other than F = Q@ seems to be 
a long way off. Secondly, granted a certain congruence on 
the values of the partial zeta functions, the L_ (M/F) can 
be used to construct the abelian p-adic L-functions for F 
(see §4). This important connexion between the Stickelberger 


ideals and the p-adic L-functions is due to Iwasawa [12] 


(in the case F = @). 
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The partial zeta functions 

r.. 4 be an integral ideal of F, and I(4) the group 
ractional ideals of F which are prime to 4. Write P,(4) 
.. group of principal ideals (%), where © is totally 
itive and * = 2) = V'6 ) for all primes P which divide 
‘The quotient group 1(§)/P,(4) is, by definition, the ray 
Ss group modulo 4. To each ray class (= an element of 

s quotient group) C , we can associate a function 

C,s) of the complex variable s by defining 


64(C,s) = ) (na)* (Rleyi 2 5 


sre 4 runs over all integral ideals in C, and Na denotes 
e absolute norm of a. The analytic continuation of the 
plex L-functions implies that each 54(C,s) can be analy- 


continued over the whole complex plane, except for 


imple pole ats =1. If bisa representative of C, we 
ten write 54(6,s) instead of 54(C35). We call 54(C,s) 

. partial zeta function of C. 

Suppose now that M is a finite abelian extension of F, 
d let § be its conductor. If @ is a fractional ideal of 
Which is prime to 4, write (a,M/F) for the Artin symbol 
@ For each o in the Galois group of M over F, we 


iz 
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Byles) = L (way ®  (R(s) > 1); 


here 4 runs over all integral ideals of F prime to 4 such 
that ° = (qa,M/F). Plainly 


2 Nie ) (Coe) ag 


s 
6 
where the sum on the right is taken over all ray classes 
modulo C such that (C,M/F) = 9%. More generally, the 


following lemma is plain from the behaviour of the Artin map 


under restriction. 


Lemma 2.1. Let L,M be finite abelian extensions of F, with 
M contained in L. Assume that each non-archimedean prime of 
F which is ramified in L is also ramified in M. Then, for 


each 0 €G(M/F), we have 


I ers) = alos), 


where t runs over all elements of G(L/F) whose restriction 


to M isd. 


After earlier work of Klingen, Siegel [22] proved the 


following basic fact using modular forms. 


Theorem 2.2. For each o € G(M/F), and each integer n > O, 
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Gy 2-2) is rational. 


Explicit formulae for these rational numbers Cyl CoB) are 
known only when F = Q (Hurwitz [9]) and F real quadratic 


(Siegel [21]). 


2.2. The norm congruence lemma 


Let L be a number field, andn a positive integer. 
We define w(t) to be the largest integer m such that 
G(L(u_)/L) has exponent dividing n. In particular, w, (L) 
is the number of roots of wnity in L itself. 

We call a set S of fractional ideals of F dense if, 
for any finite abelian extension M/F, and any 0 € G(M/F), 
we have 0 = (a,M/F) for some qe S. For example, the set 
consisting of all integral ideals of F which are relatively 
prime to a given finite set of prime ideals is dense. The 
following lemma was first pointed out to me by Sinnott, 


although it is probably well known to others. 


Lemma 2.3. Let p be a rational prime, and let § be a dense 
Set of fractional ideals, all of whose elements are prime 


to p. If Mis a finite abelian extension of F, andn is a 
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positive integer, then 


| =i: 
lw (mM) |~ > = min fin 4 
n P aeS p 
(4,M/F)=1 


where the minimum is taken over all ideals @ in S such that 


(a,M/F) is defined and equal to the identity. 


Proof. This is just an exercise in the formal properties 
of the Artin symbol. Let Py denote the subset of S con- 
taining all @ such that (a,M/F) is defined and equal to l. 
The lemma follows immediately from the equivalence of the 
following five statements:- (i) p° divides w 6M) (e 


some integer 2 0), (ii) o = 1 for all o € G(M(u _)/™)» 
Pp 


—n 
(iii) (a,M(u fF) = 1 for all @e S,; (iv) ye = ¢ for 
Pp 


all teu . and allaeS,, and (v) p divides Na” - 1 in 
p 


Z.. tarrarkl ae a3 


vj 


2.3. Integrality 
Let 6, c, 4 be integral ideals of F with be prime to 
4- For each integer n 2 0, we define 


(2.2) 6 (b,e3g) = (we)? c4(by-n) ~ &4( ben) 
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Consider the following integrality hypothesis for F and n. 


Hypothesis oe If p is a rational prime which does not 


divide Nc, then 6 (6.03 6) is integral at p. 


For each integer n 2 0, Ha is true for F = @ and F real 
quadratic (see [5]). As mentioned before, the work of 
Deligne and Ribet [6] will almost certainly establish ae 
for all totally real F and all n 2 0. 

Now let M be any finite abelian extension of F. For 
each 0 € G(M/F), and each integral ideal c of F which is 
prime to the conductor of M/F, we define 


its a 


(2.2) 6 (o,c3M) = (Nc) Cyl oon) - by(0(c.M/F) ,-n) ; 


The next theorem was pointed out to me by Sinnott. 


Theorem 2.4. Assume that hypothesis Hs is true for F. Then, 
for each finite abelian extension M of F and each o e G(M/F), 
we have (i) Wg, Gy (oon) is an integer, and (ii) 

6 (0 sc3M) is an integer for each integral ideal c of F 

Which is prime to w.._(M) and the conductor of M/F. 


ntl 


Proof. Let 4 be the conductor of M/F, and let L be the ray 


296 COATES 


class field with conductor 6. Then GC ((6 ,L/F) ,s) = 5 (6,8), 


so that Lemma 2.1 gives 


: 2 6 (e354) = 6 (o,esM) 
(6,M/F)=0 

here 6 runs over a set of representatives of the ray classes 
modulo 4 such that (b,M/F) = o. By hypothesis oe the left 
hand side is p-integral if p does not divide Nc, and so the 
Same 1s true on the right. Fix a prime number p. Letting 
c range over all integral ideals prime to 4 and p such that 
(c,M/F) = 1, we conclude from Lemma 2.3 that 
w .(M) & (o,-n) is p-integral. Since p was arbitrary, 
this proves (i). Now suppose that c is integral and prime 
to 4 and Wie (M)- Again let p be any prime. If p does 


divide Wie iM) s then 6 6 Fac3M) is integral at p because p 
does not divide Ne. On the other hand, if p does not 


divide Wit (M)» then 6 6 o203M) is p-integral by (i). Thus 


(ii) is proven. 


2.4. The Stickelberger ideals. 


Let M be a finite abelian extension of F, and 
G = G(M/F). For each integer n 2 0, define the n-th 


Stickelberger element a (Mt) € Q[G] for M/F by 
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The study of these elements when n = O as generalizations 

of the classical Stickelberger element for abelian extensions 
‘of Q was first suggested by Brumer (see [1€]). If cis an 
integral ideal prime to the conductor of M/F, we plainly 
have 


ntl 


((no)"** = (c,m/F)) a(M) = J blosesMlo 


oeG 


where the 6 6 o903M) are defined by (2.2). Suppose now that 
hypothesis He is valid for F. Then Theorem 2.4 shows that 
the right hand side of the above equation lies in the 

integral group ring Z[G], provided c is prime to Wy M)- 
We therefore define T (M/F) » the n-th Stickelberger ideal 
of M/F, to be the ideal of Z [G] generated by the elements 


(2.3) (ape ne (c,M/F)) ar, (M) 


for c ranging over all integral ideals of F which are prime 


to Way) and the conductor of M/F. 


Lemma 2.5. Assume that hypothesis His valid for F. Then 


(i) We (i) a,(M) belongs to I (M/F), and (ii) I (M/F) is 


in fact generated by the elements (2.3) for ¢c ranging over 
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all integral ideals of F which are relatively prime to 
Wa (M), the conductor of M/F, and any given finite set of 


primes. 


Indeed, Lemma 2.3 implies that Wit!) is the greatest 


1 
- 1}, where C ranges over 


oot + 
common divisor of the set {Nc™ 
all integral ideals of F, relatively prime to the conductor 


of M/F and Lan (M), which satisfy (C,M/F) =1. This 


1 
establishes (i). For the proof of (ii), which is not 


obvious, see [5]. 


§3. Stickelberger's theorem 


The aim of this section is to prove Stickelberger's 


theorem. We use the notation of 82. 


Theorem 3.1. Let M be a finite abelian extension of Q@. Then 


15 (m/Q) annihilates the ideal class group of M. 


The theorem is nontrivial only when M is imaginary, since 
one sees easily thet a (M4) = 0 when Mis real. Our proof is 
the same as Stickelberger's [23], and is based on the 


factorization of Gauss sums. It would be interesting to 
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find an alternative proof. 


Corollary 3.2. Let M be an imaginary quadratic field, and 
L(¥,s) the Dirichlet L-function of M. Then ew (M)L(¥,0) 


annihilates the ideal class group of M. 


Of course, in this case, the analytic class number formula 
tells us that the order of the ideal class group of M is 
actually equal to the absolute value of w (M)L(¥,0). We 
have mentioned the corollary because its proof is not 
analytic, and is essentially different from that of the 
analytic class number formula. It is also of interest to 
note that historically the proof of the corollary preceded 
the proof of the analytic class number formula. 

We mention an analogue of Theorem 3.1, although we 
Bo not prove it in these lectures. To motivate this 
analogue, we recall that we can view the ideal class group 
of M as the (reduced) Grothendieck group Ko, where 0 is 
the ring of integers of M. Let K,0 be as defined by Milnor 
[17]. It has a natural structure as a Z([G]-module. It 


is also known that Ko is finite. 
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Theorem 3.3. Let M be a finite abelian extension of Q. 
Then I (M/@) annihilates Ko, except perhaps for the 2- 


primary subgroup. 


Just as above for the classical Stickelberger theorem, one 
sees almost immediately that Theorem 3.3 has the following 


corollary. Let t(M,s) be the complex zeta function of M. 


Corollary 3.4 Let M be a real quadratic field. Then 
w,(M)(M,-1) annihilates K,0, except perhaps for the 2- 


primary subgroup. 


The Birch-Tate conjecture predicts that the order of Ke is 
equal to the absolute value of w,(M)o(M,-1). Buty. 2h 
contrast to the class number formula, this has only been 
proven in a few cases. For the proof of Theorem 3.3, see 
[4], [5]. Finally, we remark that the obvious guess is 
that, for each integer n 2 0, T(M/@) annihilates Kn? 


where these are the higher K-groups defined by Quillen. 


3.1. ‘Gauss. sums 


Let p be a prime number, and t., the algebraic 
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closure of 5 Throughout §3.1, we assume that all 
characters take their values in vs For each integer m 2 1, 
we write, as usual, ne for the group of m-th roots of 
unity in U3 

Let q =p, and let F, be the finite field with q 
elements. The Gauss sums we will be interested in are those 


of the form 


where / is a character of the additive, and X a character 
of the multiplicative group of va If m is the order of 
X, it is plain that G(x,) belongs to Qu) We omit the 


proof of the following elementary lemma. 


Lemma 3.5. (i) If mis the order of X, then G(x,v)™ ¢€ 
Q(u)s (ii) If both x and ¥ are non-trivial, then G(x,V) 


has absolute value Vg at each archimedean valuation of 


Let K denote the unramified extension of ®., with 
residue field a Then Maen K is mapped ilsomorphically 


under reduction modulo p to ra Let Tr denote the trace 
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from K to a: One sees easily that any G(x,¥) can be 


written in the form 


for some integer k and some & € xo Note also that each 
integer k with 0 < k * q- 1 can be written uniquely in the 
form 

n= , 
) k. pe c where O < es =P x 


jzo ° 


32) k 


Theorem 3.6; Let m= e-— 1, Then, for 0 < k <q = 1, “We 


heave 


where Korres ok are defined by (3.1). 


Proof. Note that 1 is a local parameter in K(e). If z is 


in a > we have 


Taking z = Tr(a), we obtain 


Gs Es ae Sse Nae ) Pa Cony : 
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Our aim is to find the smallest integer 1 > O such that 


. # O. We begin with an observation. Let k ,...,k 
A, : - 
*! fo) n-1 


‘be defined by (3.1). Then we claim that 


n= 17 age nez ; 
(3.2) } k, = min{ y he: |S tip! 2k modlq-i), hi yO}, 
jo j=o jzo 9 : 


with the minimum being obtained only when 


ho = ee = ash? Indeed, if one of the Diss say Ass 
n-1 

is greater than or equal to p, one can decrease ) or 
J=o 


- pandh (resp. hy if X = GAL) 


r A+] 
by ee + 1 (resp. ht Lie But< if a4) the h, are <D), 


by replacing hy by h 


we plainly must have Bs = i FOX Os Sy os ah, 
Next we note that the formal identity 


he ose a n=} 7 
(1+ 2) Se: Glee), 2 
j=o 


(tna (ae), 


Where the sum on the right is over all non-negative integers 

* o n= ch 

eel, with sum i. Recalling that Tr(q) = ) a? for 
J=o 


gives 


we obtain 
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where the sum in brackets on the right is again over all 


non-negative integers Tyrrset iy With sum i. Now it is 
plain that 
»° ae 
7 
(. ) eee (. ) 
oO 5 feat 
oO n-1l 


where the sum on the right is taken over all integers 

Coore ee) with O < e. < a (O< 9°<n), ‘and. the 

cle jses+5e _,) are rational numbers. But ) 2 a 

unless h = O mod(q-1l). Thus, if A. ; #0, there must 
° 

exist integers i joteeod ; with sumi, and integers 


@. as vege such that 
nei 
n=1 3 
O< 6:6 2.16485 a), 2 -&. B= eda = 4) 
J J ae J 
j=O 
It follows immediately from (3.2) that we must have 
iE Piece + k p Aiges 2G eh ts OR. (3.2) 


tells us that 


ees = (a-1)/(kot ee. kt) =F CH1)/(e ot ee Kt) mod 4. 
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is completes the proof of Theorem 3.6. 


If x is a real number, we write [x] for the largest 
integer < x, .and put tbs es [xd, FP yds any integer, 
Jet k = k(h) be the least non-negative residue of h mod q-l, 


d then let the integers k. with O k. < p be given by the 


expansion (3.1) of k. We define 


s(h) =k +... +k . 
O n=} 


Lemma 3.7 For each integer h, we have 


Sag ‘ 
(p-2) 1 {pn/(a-1)t= s(n). 
1=0O 


Proof. Since both sides of the previous equation are un- 


changed when we add to h a multiple of q- 1, we can 


n-1 
Suppose that 0O <h<q-il1. Hence h = ) k. pr’, where 
j=6 
Os K. <p. Let i be any integer satisfying 0 <i<n-1l. 


Since q = p', we evidently have 


n-i-] Saha n=] itji-n 
p 2 "x. mod (q- 1). 
j=o j=n-1 J 


Since the expression on the right is < Q =aby it must-be 


the least non-negative residue of ph, Lee's. 2b must. be 
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(q-1) {p’h/(q-1)}. Summing from i = 0 ton- 1, we con- 
clude that 
n-l n= 


“ n= 1 l 5 
fea) Sera et Fy ae CY ply. , 
jae Gs 


1=0 fe) 


which is just a slightly modified form of the lemma. 


3.2. Proof of Stickelberger's theorem 

(i). Until further notice, we assume that M is the 
full cyclotomic field M = Quy)» where f is either odd or 
divisible by 4. Let p be a prime ideal of M which does not 
divide f. Let Xp be the f-th power residue symbol relative 
to py. ies) Tor x prame top, x) is the unique f-th 


grl 
root of unity congruent to x z mod p, where q = Np. We 


view Xy as a character of the multiplicative group of the 
residue field of p, and take y to be any non-trivial 


character of the additive group. 


Proposition 3.8. Ox, 9¥)” belongs to M, and the factor- 


say") is ree 


ization of the ideal Vat K , where 


g(M) = y  (.Ss5)) fee. 
ec mod f 
(c,f)=1 


P-ADIC L-FUNCTIONS AND IWASAWA’S THEORY 307 


Proof. We identify positive integers with the ideals they 
nerate in Z. For the proof, we can suppose that M is 
bedded in r in such a way that the valuation of M defined 
by P coincides with that of c. (we then regard M as a subset 


f €_). For each positive integer c prime to f, write 7 
Pp 


for the Artin symbol (c,M/Q) ofc. Plainly Oo, maps the 
: rae 


valuation of M defined by [Pp © to the valuation of cs It 


is also easy to see that o maps G(Xp2¥)* to C(x 9¥)". As 
the ramification index of MCu over Misp-1, it 
follows from Theorem 3.6 that the order of Gx ,s¥)" at 
cc is fs(r)/(p-1), where r = - c(q-l)/f. On the other 


hand, since q = ps the decomposition group of p in M 

consists of the elements (p7 ,M/Q) (O'< 2.2m = 1),. Sinee 

1 - {x} = {- x} for any x not in Z, it follows that the 
=] 


2 n-1 
power of P © occurring in pth{M) is f ) {- p c/f} = 


1=0 
fs(r)/(p-1). The last equality is valid by virtue of 


Lemma 3.7. 
It is convenient to give a slightly modified version 
Of Proposition 3.8. Let p be a prime of M which does not 


divide w (™), and, as usual, let q = p- = Np. Define 


wip) = G(x,,9¥) (7a 


)" | according as p = 1 or 3 


Where g* is either po or (-p 
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mod 4 (the choice of which square root of q* we take is not 
important). Since {q* belongs to Qu), we have T(P) € M(u). 
We extend T by multiplicativity to the group of all fraction- 
al ideals of M which are prime to w,(M). Since Hurwitz's 
explicit formulae for the values of the partial zeta 
functions of Q at the non-positive integers show, in 
particular, that 


C.(c,0) = - {c/f} + 1/2 t 


i 


the next result is an immediate consequence of proposition 


36s 


Proposition 3.8* For each ideal 4 prime to wi), 
(0 
T(@) belongs to M, and 


w,(M)a_ (Mm) w, (M) 
a = (t(a) ) 


Thus Proposition 3.8* shows that the element w, (Mo (™) of 
I (™/Q) annihilates the ideal class group of M. To prove 
that the same is valid for the whole Stickelberger ideal 

I 3(M/Q) ; one can either argue explicitly with Jacobi sums 
(which is the more traditional way), or invoke a Kummer 
theory argument due to Leopoldt [16]. We follow the latter 


course. Let c be a positive integer prime to w,(M), and 
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put 9, = (c,M/Q@). For each fractional ideal @ of M prime to 


w (M), we define 
Go 
(3.3) A (a) = t(a)°/t(a ©), 


Cc 


A priori, d (a) belongs to some cyclotomic extension of M. 


Proposition 3.9. d (4) belongs to M, and 


(c-o_)a (M) 
ne eo =(r(a)) . 


Proof. We can plainly suppose that @ is a prime ideal p. 
Put K = M(A.(P)) > so that K c M(u,). By Proposition 3.8*, 
the w, (M)-th power of d (p) belongs to M, and thus K/M is 
a Kummer extension. Moreover, Proposition 3.8 also shows 


that 


w,(M)(ce-o )a (M) w_(M) 
po nes CX) 


Since (c - oa (M) belongs to the integral group ring 
because c is prime to w,(™), it follows that the ideal 
Be) is a w (M)-th power. Hence every prime of M 
which ramifies in K must divide d = [K:M], and so must 


certainly divide w,(M). On the other hand, K is an inter- 


Mediate field between M and M(u). But M( w/e is totally 
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ramified at the primes above p, and, as (p,w,(™)) =1, it 


follows that K = M. This completes the proof. 


\- 


Lemma 3.10. For each 0 € G(M/Q), we have r (4a =A(a), 
—— c 


Proof. Again we suppose that @ is a prime ideal Pp. Pick 5 
in the Galois group of MCU) over atu) such that the 


restriction of 05 to Mis o (this is possible because 


: fe} Oo : 
(p,f) = 1). Since Xp) =X ,(x°), we deduce easily from 
r - 


the explicit expression for our Gauss sums that G(X ps9) = 


~ 


o oO 
G(x oo¥)- Hence t(P) = t(P ), and the result follows. 


p 

(ii). Now take M/Q to be any finite abelian extension, 
and let f be its conductor so that M CQ(u,). Let j be the 
natural inclusion of the ideal group of M in the ideal group 
of Q(u,). Let c be a positive integer prime to f and 
w (M4), or equivalently prime to 2f. If 4 is an ideal of M 
prime to 2f, Lemma 3.10 plainly shows that d (i(a)) belongs 
to M, where d. is defined by (3.3). Also, by Lemma 2.1, 


the restriction of a (@(u,)) to M is equal to a, (M) . Hence 


Proposition 3.9 implies that 


(o~(e§/@) Jo, (20) 


a = (A (3(4))) 
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This completes the Proof of Theorem 3.1. 


64. p-adic L-functions 


We now show how the Stickelberger ideals for abelian 
extensions of a totally real base field F can be used to 
construct the abelian p-adic L-functions of F. This 
important idea (in the case F = Q) is due to Iwasawa [12]. 
Actually, it is misleading to say that we carry out the 
construction in this section. We only do so assuming two 
hypotheses (labelled D(p) and C(p) below) on the values of 
the partial zeta functions of F. The real difficulty lies 
in the proof of these hypotheses. So far they have only 
been proven for F = @ or F real quadratic (see [3], [5]), 
but again the work of Deligne and Ribet will almost certainly 


establish them in general. 


4.1. Values of L-functions 


Let M be a finite abelian extension of F, and x a l- 
dimensional character of G = G(M/F) with values in (= 
the algebraic closure of ¢,) Replacing M by the fixed 
field of the kemel of X if necessary, we can suppose that 


the kernel of x is trivial. For each integer n 20, we 


312 COATES 


define 


L(xs-n) = J x(0) &(0,-n) 
Oo €G 


Of course, if X was a character of G with values in € rather 
than ‘ this would simply be the value of the complex L- 
function of x at - n. Let S be the set of primes of F above 


p. We also define 
L(x sn) = ) x(C) C (C,-n) r) 
C 


where 9 is the least common multiple of (p) and the conductor 
of xX, and C runs over the ray classes modulo 9. Note that, 
by Lemma 2.1, we could replace 9 in the last definition by 
any integral ideal which is (i) divisible by the conductor 
of x, and (ii) divisible by precisely those prime ideals 
which divide p and the conductor of x. Also, it is easy 
to see that 
Lg(xs-n) = L(xs-n) (1 -x (p) (wp)"). 

Pes 

4.2. Construction of the G(T, x). 
The following general principle lies behind the 

construction in this section. Let 0 be the ring of integers 
of a finite extension of a, and A the ring of formal power 


series in an indeterminate T with coefficients in 0. Let 
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4 be the cyclotomic Hi eieene tan of F. For each n 2 0, 

- = 0 . ~ 
let c. G(F_/F), and let t. be the group ring of im with 
coefficients in 0, Fix a topological generator ts of 

T = G(F,/F). We view A as being endowed with the topology 


defined by the powers of its maximal ideal M, 


Lemma 4.1. #There is a unique topological isomorphism of 


0-algebras 


¢ + tin 0 [2,] SA 


<+ 


satisfying ®? (Y,) = 1 4. 


For the proof of this lemma, see [19]. 
To carry out the construction, we need the following 
weaker version of hypothesis Hy of §2. Recall that 


6(6, ¢; §) is given by (2.1). 


Hypothesis D(p). Let 6, ¢c, 4 be integral ideals of F, 
with bc prime to 4, and 4 divisible by all primes above p. 


Then 606, c; 4) is integral at p. 


As mentioned before, D(p) is true for F = Q or F real 


Quadratic and all primes p. Again Deligne and Ribet will 
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almost certainly prove it in general. 

Let M/F be a finite abelian extension with Galois 
group G, and X a faithful 1-dimensional character of G with 
values in cS Let q denote p or 4 according as p is odd or 


even, and put 


Let the integer e 2 O be such that 27> ap* 1s the order of 
the group of all p-power roots of unity of Mo: For each 
n20, define qa a oar Then it is plain that the n-th 
layer of M/M, is given by M =M(y ). Let G. = G(M_/F). 
Recall that the O-th Stickelberger element for M/F is 
defined by 


E sa(M)= J & (o,0)o . 


Take C # 1 to be any integral ideal of F prime to both p and 


the conductor of x. As before, we have 


(Mu) (ie - (qm/PE, = J] ole, es mo, 


where ONG C; Mm) is given by (2.2). Now it is easy to see 
that there exists an integer no 2 0 Sueh that; forall nos ths 
the same primes of F ramify in Moe namely those which divide 


either p or the conductor of x. Thus, assuming that D(p) 
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is valid for F and p, we conclude from Lemma 2.1 thet 


(4.1) lies in the integral group ring @ 1G for all 


; k a ie . re 
Plainly M, contains the (n + e)-th layer F ite Of the 

cyclotomic Bi Sea eren of F. Write . for the restriction 

= G(F Ps Let: 0 i 

map from G_ to agit ( saat ) et 0 be the ring of 

integers of the field obtained by adjoining the values of x 

to Qo" We define a ring homomorphism from vic.) to 

0 Date] by mapping © in G_ to x(o)r (0), and extending by 

linearity. The image of (4.1) under this homomorphism is 


ne) =v, (Cr (E) = TL 6 (0, 5M) xo) rn (o) 


0€G 
n 


where v_¢) = fe} (¢, 8. /F) XC). Tfm Sn. > a 


nee 25 Lemna 


2.1 shows that the restriction map from G to Gs maps on to 
ae whence one sees easily that the ne) (n 3 n,) define 
an element of lim [T.): Let £(T3x) be the correspond- 
ing formal power series in the ring ay = 0 {tr] under the 
isomorphism of Lemma 4.1. It is also clear that the 

v,(c) (n 2 0) give an element of the same projective limit. 
To see what the corresponding power series is, let 1(c) 

in e be defined by the equation 


(4.2) (c,F_/F) = ee 
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where (C,F /F) is the element of T whose restriction to F 

n 
ig: (¢, F/®) for all n 20. Then the v{¢) (mn 30) 
correspond to 


(4.3) u, (Tx) = Nc - x(c) (1 + ny 0) 


because the isomorphism of Lemma 4.1 maps Ye to 1+. Note 
that u, (Tx) is not the zero power series since C #1. We 


can therefore define G(T,x) in the quotient field of A by 
(14.4) G(T.x) = £6(Tsx)/a,(Tsx) —« 


This ratio is independent of C because nbo)v,(e7) = 
nybe dv, (¢) » for any two ideals Cc, Cc’. 

The next result gives an estimate for the denominator 
of G(T,x). This estimate is probably best possible, but, at 
present, this is only known for F abelian over Q. Recall 
that 9 is the character of G(M/F) giving its action on the 
group of g-th roots of unity. We say that x is exceptional 
ae oa is a character of Be cat set AM: ivex, 22 xe? is 
trivial on the subgroup of G(M_/F) fixing Pe if -y' a6 
exceptional, we can associate with it a p--th root of unity 
gy by GY = x0 (¥) where ts denotes the restriction of 


¢ F . 
Bg Se 
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Theorem 4.2. Assume that the hypothesis D(p) is valid for 
——— 

fF. Then (i) if X is not exceptional, G(T,x) belongs to 
A.; and (ii) if x is exceptional, (6 (1+T)-u) G(T, x) 


x 
belongs to He 


Proof. Let h(T) be the greatest common divisor of all the 
u,(T.X)- This exists because iy is a unique factorization 
domain. Let 7 be a local parameter of Ou Choosing ¢ so 
that t(C) is a unit in Z we see that 7 does not divide 
all the coefficients of uo(T>Xx) > and so the same is true 
for h(T). Thus, by the preparation theorem, we can assume 
that h(T) is either 1 or a distinguished polynomial. 
Assuming the latter to be the case, let a be any root of 
h(T) in is Since a is a root of uo (T,X) s @ simple 
computation shows that we must have x8 (¢) = (u/tasa)) ©) 
Porall c. As lol, <1, it follows easily that x must be 
exceptional, and that a = ou - 1. Noting that each zero 
of u(T,x) is simple, this sketch of the proof of Theorem 


4.2 is complete. For full details see [5]. 


4.3. The p-adic L-functions 


We use the same notation as in §4.2. Recall that, by 
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definition, the p-adic L-function Ls) of x is the 
continuous function from Z~ {1} to . satisfying L (xs) = 
L.(x58) for all rational integers s < 0 with s = 1 mod 4, 
where 6 denotes the degree of F(u,) over F. Our aim is to 
prove that such functions exist by evaluating G(u® - 15x) 

at the integers s < O (using the congruence C(p) below). We 
use the following lemma, which is an easy consequence of 


the continuity of the isomorphism in Lemma 4.1. Let 


R = lim 0 [3]. 


Lemma 4.3. Suppose 8: R>* a is a continuous homomorphism 
of 0-algebras. If € ER, let f(T) be the corresponding 
power series under the isomorphism of Lemma 4.1. Then 

g(£) = £(8(y,) - 1). 

We now introduce a congruence, which, as usual, has been 
proven for F = @ or F real quadratic (see [3], [5]). Agein 
Deligne and Ribet's work should establish it in general. 

If § is an integral ideal of F, we write M, for the ray 


6 


class field of F modulo 4. 


Hypothesis C(p). Let 6, c, 4 be integral ideals of F with 
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bc prime to 6, and 4 divisible by all primes above p. Then, 


reach integer s > 0, we have 


M5) 6.(5, ¢; 4) = (be) * 63(6 » ¢3 6) moa (w (My)Z) . 


Ss Pp 


Park. This congruence has many equivalent formulations. 
Ne only mention one here. Assume that hypothesis D(p) is 
valid for F. Then C(p) is equivalent to the (seemingly 
weaker) assertion that, for each integer n 2 0, there 
exists an integer m = m(n) such that (4.5) holds to the 


modulus pre, provided 4 is divisible by p’. 


Theorem 4.4. Assume that hypotheses D(p) and C(p) are 


valid for F. Then, for each integer s 2 0, we have 


int) POR particular, the p-adic 


1 


-s a 
G(u et ie = L(x Q 
L-function L (xs) exists and is given by Gta" = Lt 78 yx. 
‘Remark. The functional equation for the complex abelian 
L-functions of F shows that L{xss) is identically zero 
unless x is the character of a totally real abelian 


€xtension of F. 


Proof. If x is a unit in a > we can decompose it in the 
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form x = w(x) <x>, where <x> = 1 mod q and w(x) is a root 

of unity. Recall that K is the fundamental character giving 

the action of If on W. For each integer s, we can clearly 

extend the character Kk © of I to a continuous homomorphism 
ier = 35 

of y algebras from Ry i MS [.,] to o 3 We now apply 


Lemma 4.3 to this extension of kK ~. We deduce easily that 


_ 
fi (u -1,x) = lim pibe)s 


n7o 


where 


Ra ey 6j(bsc3h,)x (b) b> moda, 0.) 
n 


here 6, denotes the conductor of M, over F, and b runs over 
a set of integral ideals representing the ray classes 

modulo bn" Assuming that s 2 0, and noting that 

Nb = 6(b) <Nb> and q, divides HM ), we deduce from 


n 
congruence (4.5) that 


ep (ec) = (Ne) > ) & (hses4 Dx. Ub) meal. 0}. 
n i Hoa a Ss a ty x 


=] me 
where x =x 6 
But, by Lemma 2.1, the right hand side of this last 


congruence has the same value for all n 2 ny? and this 


value is plainly 
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(4.6) (we ~ xy *(@M(we)PLg(x, 5-8). 


In other words, fC 23x) is given by (4.6). But the 


first factor in (4.6) is just Ga Lil and so the 


proof is complete. 


§5. The main conjecture 


The main conjecture, which first arose in Iwasawa's 
[12] work when F = Q, asserts that the power series 
constructed in §4 via Stickelberger elements (i.e. the p- 
adic abelian L-functions of F) are in fact characteristic 
power series of the A-modules constructed algebraically in 
§l1. If true, this would provide a much deeper description 
of these A-modules than the algebraic theory alone can 
provide. Also, as Iwasawa has remarked, the truth of the 
Main conjecture would provide an analogue for totally real 
humber fields of Weil's well known interpretation, in 
terms of l-adic representations, of the L-functions attached 


to curves over finite fields. 


D1. The main conjecture 
Let F be a totally real number field, p an odd prime 
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number, and 8 the character giving the action of the Galois 
group of F = Fu) over F on the group of p-th roots of 
unity. Assuming hypotheses C(p) and D(p) for F, the con- 
struction of §4 gives elements G(T, 6") of the quotient field 
of A attached to each character 9? of G(F/F). In fact, 

G(T, 6") is not identically zero if and only if i is odd 
(this is plain from Theorem 4.4 and the fact that the 
functional equation of the complex L-functions implies that, 


k 


for all integers k andn>1l1, L.(6 ,1-n) is non-zero if and 


S 
only if k and n have the same parity). Also, for i odd, 


Theorem 4.4 shows that 


Ss 1 
- 1,6) =L(e 


Glu 
( Pp 


ses 


ae, is the p-adic L-function of ar. Gek.s 


where L(é 7 
denote the degree of F over F, and let H(T,e-) be either 
G(T, 6") or (1+ T- u) G(T,6) according as i is not or is 
congruent to 1 modulo 6. Then, by Theorem 4.2, (T,6") 
belongs to A. 

On the other hand, for each odd integer i, let G(T) 
be the power series defined by equation (1.4) of §1, i.e. 
i 


Gili +7. 


; - 1) is a characteristic power series of 


Hom(e, A Q/Z,)> where A is the p-primary subgroup of 


the ideal cless group of F_ = F(W). 
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i) 
we) 


Main conjecture. For each odd integer i, the ideals 


(H(T,8")) end (G.(T)) in A are equal. 


Remark. In making the conjecture, we have been assuming 
that hypotheses C(p) and D(p) hold for F. However, until 
the work of Deligne and Ribet [6] is finished, it is worth 
bearing in mind that the existence of the G(T,6*) 
(satisfying the conclusions of Theorems 4.2 and 4.4) can be 
proven under weaker hypotheses. In fact, it suffices to 
assume that C(p) and D(p) hold for some totally real number 


field K C F such that F is abelian over K (the essential 


point being that F = Fu) is then still abelian over K). 


While there is considerable evidence in favour of the 

Main conjecture, it should also be stressed that it has 
only been proven in a few special cases. We now mention 
Some numerical examples where it is known to be true. 

m) F= @, and p an odd prime number such that the class 
number of the maximal real subfield of Q(u_) is prime to 

p 

P, e.g. p < 4001 (see [12]); (ii) F = Q(Y11), p = 7; 
(iii) F = @(V1h), p=5; (iv) F= (VA), p= 3, where 


4 is either prime to 3 or of the form 3(3m + 1), and where 
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the 3-primary subgroup of the ideal class group of Q( v-3A) 


is cyclic (see [2] for the last three examples). 


>-2. Non group-theoretic evidence for the main conjecture. 


By Theorem 1.13, G (uv ~1)/(u> - u) nas a Simple pole 
at s = 13if and only if the p-adic regulator ae of F does 
not vanish. Moreover, if RB #0, the residue at this 


pole has the same p-adic valuation as 


d-1 
h R & 
PUD) ase, TF Ca np) 
P VA pes 


On the other hand, by Theorem 4.4, the p-adic zeta function 


cAMP ss) of F is given by 
o (Fs) = H(u - 1,6)/(v® - u) ; 


Thus the following theorem of Leopoldt [16] (which one hopes 
will be established for all totally real F in the future) is 


in accord with the main conjecture. 


Theorem 5.1. Assume that F is abelian over @. Then 


Cp (Fes) has a simple pole at s = 1 with residue p(F)- 


By the Weierstrass preparation theorem, each non-zero 
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element f of A can be expressed uniquely in the form 

f= pe g@ Vv, where u 2 O, g is a distinguished polynomial, 
and v is a unit in A. We call the degree ’ of g and the 
integer u the 4 and uw invariants, respectively, of f. We 
omit the proof of the following theorem, which is based on 
the analytic class number formula (see [14] for the proof 


in an important case). 


Theorem 5.2. Assume that F is an abelian extension of a 
totally real field K such that hypotheses C(p) and D(p) are 


valid for K (e.g. K = @ or K real quadratic). Then 


6 6 ‘ 
Il G.(T) and II H(T,6-) have the same A and u 
i=1 1= 
(2 ,2)=1 (1,2)= 


invariants. 


On the other hand, even when F = Q, it does not seem 
possible at present to prove unconditionally that G.(T) and 
H(T,6") have the same A anduinvariants for each odd 
integer i. However, it is an easy consequence of Theorems 


1.13 and 5.1 that this is true for i =1l. 


Theorem 5.3. If F is abelian over ®, then G(T) and H(T,@) 
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have the same A and UL invariants. 


5.3. Group-theoretic evidence for the main conjecture 

In these lectures, we only discuss group theoretic 
evidence for the main conjecture which can be proven using 
Stickelberger's theorem and its conjectural generalization. 
Nevertheless, it should be noted that Iwasawa [10] has 
given an interesting alternative approach when F = @, based 
on explicit reciprocity laws. 

As before, let F = E(u), F.= F(W), and let tes be 
the n-th layer of F./F. Put = G(F /F), and let A, be 
the p-primary subgroup of the ideal class group of re 
Assume that hypothesis D(p) is valid for F, and let C be 
an integral ideal cf F prime to p. Then, if n is so large 
that all primes of F above p are ramified in Fe D(p) 
shows that 


(5.2) (tie - (c,F /F)) a (fF /F) 


belongs to Z, (G1. Therefore, for n sufficiently large, 
we define I(F /®) to be the ideal of Zz, {1 generated by 
the elements (5.1) as ¢ ranges over ell integral ideals of 
F prime to p. If the stronger hypothesis He of 82 is valid 


for F, it is true (but not quite obvious) that I(F /F) is 


ey) 
to 
~ 
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the ideal of Zz, l¢,1 which is generated by the elements of 


the ideal a of z[¢ ] defined in &2. 


Theorem 5.4. Assume that (i) hypothesis D(p) is valid for 
F, and (ii) I(F /F) annihilates A, for all sufficiently 

x p = 1 
large n. Then, for each odd integer i, H((1+T) - 1, @*) 


Zoe 2-38 
annihilates Hom(e 099 /Z, ) 


Remark. When F = Q@, assumption (ii) of the theorem is, 
of course, a consequence of Stickelberger's theorem 
(Theorem 3.1). When F is abelian over @, it is very 
probable that one can deduce (ii) from Stickelberger's 
theorem for F/Q, but the details do not seem to have been 


worked out (cf. [18]). 


‘Proof. Let 4 = G(F/F), d = G(F /F), so that G be hes \ 
Let rh be the projection map from Gc. onto Then we have 
the ring isomorphism 

(5.2) e, z, (6,13 2, [5,] 

given by mapping e,0 to 8° (o)r, (9) for each 0 @G . Let ¢ 
be an integral ideal of F prime to p. Then our hypotheses 


assert that, assuming n sufficiently large, 
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(Ne - (¢, FO/F)) o(F /F) 


annihilates A By virtue of (5.2), we conclude that, in 


the notation of $4, 


-4 -—] 
n(¢) = s 63(o, cs F) 8 *(o) x (o) 


annihilates e. An? and thus that 


nec) = J 6 (0, cs F) 8 *(o) x (0) 


O€G 
n 


annihilates Hom(e. AD Q/Z,): Since 


Hom(e; Bes Q,/Z.,) = lim Hom(e. AD Q,/Z,) 5 


F =i : 
we deduce that, if we put T* =(1+T) -1, then, in 


the notation of 8, 


£ (a#,8") = wu, (BH, O° )G(T#, 8) 


annihilates Hom(e. A 2@,/Z,): If i # 1 mod 6, we can 
plainly choose ¢ so that u (#6) is & wit im Ay. “Er 
i =1mod 6, it is also clear that u,(T, 8) is Lt PT =u 
times a unit in A. This completes the proof. The next 


corollary was first remarked by Greenberg [8]. 
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Corollary 5.5. Assume that (i) hypotheses C(p) and D(p) are 
valid for F, and (ii) I(F /F) annihilates A, for all 
sufficiently large n. Then, for each odd integer i, every 
root of G, (T) is a root of H(T,0"), In particular, 


G.(u” - 1) # 0 for each positive integer n. 
i 


Proof. Suppose that 
°i 
Hom(e. A, ZZ, v @ A/(h. 
( + = a! Pp ) j=l /( , 


Ss. 
1 


Then, by definition, G, (T*) is a unit in A times h= gq h.. 
j=l 
Since H(T*,6") annihilates the left hand side of (5.3) % 


it follows that, for some integer a 2 0, p- H(T*, 62) 

annihilates the right hand side. Thus each h. (1 3.9°s s.) 
must divide poH(T#, 0"), It is now clear that each root of 
G(T) must also be a root of H(T,0"). The final assertion 
follows from Theorem 4.4 because Lg (8*,-n) # O when k and 


n 7 O have opposite parity. 


Theorem 5.6. Assume that (i) hypotheses C(p) and D(p) 
are valid for F, (ii) I(F /F) annihilates A, for all 
Sufficiently large n, and (iii) Hom(e; a Q,/Z, ) is 


PSeudo-isomorphic to a quotient of A for each odd integer i. 
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Then the main conjecture is true for F and p. 


Proof. It can be shown that a quotient of A has no non-triy- 
ial A-sub-module of finite cardinality. Thus, if g.(T) is a 
characteristic power series of Hom(e. Ay 0/2)» then 
hypothesis (iii) implies that \/(e.) can be identified with 
a \-submodule of Hom(e, AQ ,/Z, ) of finite index. Since 
H((1 + tT) * - i867) annihilates Hom(e, A, @,/Z,, ) by 

Theorem 5.4, it follows that g.(T) must divide 

HG Say” =r; g* ) for each odd integer i, whence G, (T) 
must divide H(T, 6") for each odd integer i. Appealing to 


Theorem 5.2, we then conclude that the main conjecture is 


true for F and p. 


Remark. Very little is known about assumption (iii) of 
Theorem 5.6. On the one hand, it has only been proven in 
a few cases (cf. 85.4). On the other hand, no counter 


example is known to it. 


S.u. Proof of the main conjecture in special cases. 


All proofs of the main conjecture in special cases 


depend on showing that hypotheses like (ii) and (iii) of 


ws) 
ws) 
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“Theorem 5.6 are valid. Of course, (ii) is essentially 
equivalent to knowing Stickelberger's theorem for the 


abelian extensions a of F. 


We now discuss a sufficient condition of the validity of 


(iii), when F = @, due to Greenberg [7]. Let J denote 


the element of G G(F_/F) defined by complex conjugation 


foe) 


(J is independent of the particular embedding we take of 


F ‘ ; + - 
Fin). Since p is odd, we have A, = A, ® A, , where 


au 1=1 
1 even 1 odd 


Note that the main conjecture is only concerned with 


describing the dual of ie in terms of p-adic L-functions. 


+ 
Theorem 5.7. Assume that F = Q, and that A= 0. Then the 


main conjecture is true for F and p. 


O implies 


+ 
Proof. By Theorem 5.6, we must show that A, 
Condition (iii) of Theorem 5.6. The way in which we use 
+ c 
A, = 0 is the following. Let E,, be the group of units of 


co 


the ring of integers of F_. Let N| be the field obtained 
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by adjoining to F the p -th (n = 1,2,...) roots of all 


elements of E,. Obviously, N. is contained in Mo. the 


maximal abelian p-extension of F which is unramified out- 
side the primes above p. As before, put X, = G(M,/F,). 
Then J € G acts on X, in the manner explained in §1, ana, 
since p # 2, we have X, = x @ X_. Define M. to be the 
fixed field of ae so that G(M./F.) =X. ‘Then At =0 
implies that 
(5.3) Mo = Ny 
Indeed, by Kummer theory (cf. Theorem 1.9), (5.3) is equiv- 
alent to ve = (Q,/Z.,) ® E., and this latter equation is 
equivalent to At = 0 by virtue of Lemma 1.10. Now assume that 
F = Q. Then, since there is only one prime of F above p, 
ep 
Iwasawa ([13], Theorem 15) has shown that G(N /F_) vA 
Moreover, since F = Q, one deduces easily from the proof of 
Theorem 15 in [13], or from the proof of Theorem 1.8 
sketched earlier, that in fact e. G(N./F..) © A for each 
odd integer i mod (p-1). In addition, it is also 
shown in [13] that G(N./F.) has no non-trivial finite 
\-submodule, so that e; G(N/F..) can be embedded in A 


as a submodule of finite index for each odd i. Now 


let L. be the maximal unramified abelian p-extension of oe 
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and let L_ be the fixed field of G(L,/F,)”. By (5.3), we 
have f. CN,» and so, for each odd integer i, e,G(L,/F,) = 
e,G(L,/F,.) is a quotient of e.G(N./F,). We conclude easily 
that e,G(L,/F.,) is pseudo-isomorphic to a quotient of A. 
The proof of Theorem 5.7 is now complete, since it is know 


([13], Theorem 11) that e,G(L./F.) w Hom(e A, .Q,/Z,, hs 


Corollary 5.8. Assume that the class number of the maximal 
real subfield of Qu) is prime to p. Then the main 


conjecture is true for Q and p. 


Indeed, it is known [10] that the hypothesis of the 
corollary implies that the class number of the maximal real 
subfield of Q(y sae is prime to p for all n > 0, whence 


; + ?& 
certainly A =0. 


Remarks. (i) In all numerical cases computed so far, the 
Class number of the maximal real subfield of Qu) has been 
prime to p. (ii). At present, we know of no example of a 
totally real number field F and an odd prime p for which it 
can be proven that AY #0 (cf. [T]). (iii). If F is any 


totally real number field, and p an odd prime, it would be 
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interesting to know whether AY = 0 implies that 
Hom(e. Aoo@/Z, ) is pseudo-isomorphic to a quotient of A 


for each odd i. 


Finally, we mention without proof another theorem, 
proven in [2], which gives sufficient conditions for the 
main conjecture to hold. Let AS be the p-primary subgroup 


of the ideal class group of F. 


Theorem 5.9. Assume that F is abelian over Q, and that 
(i) A. is cyclic over Z(G F/a)], (ii) no prime of the 
maximal real subfield of F above p splits in F , and (iii) 


p does not divide [F:Q]. Then the main conjecture is true 


for F and p. 


Examples (ii), (iii), (iv) given after the main conjecture 


are all special cases of this theorem. 


5.5. Consequences of the main conjecture 


Again let F be totally real, and p an odd prime. 
Birch and Tate when n = 1, and Lichtenbaum for all odd 


n 21, have conjectured that the exact power of p dividing 
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w_..(F) ¢C(F,-n) is equal to the order of a certain K-group 


ntl 
and a certain étale cohomology group associated with F, 
respectively. We do not go into the background of these 
conjectures. Instead, we simply give an equivalent form- 
ulation of these conjectures in terms of the Iwasawa modules 
discussed in these notes. 

Let M be a Rs which is also a module for 
G = G(F /F), and let T = lim u n be the Tate module. 


= 
Pp 
For each integer n > 0, we define M(n) to be the G -module 


M(n) =M os T 8 24-8 T (n times), 


p D Pp 


where M(n) is endowed with the diagonal action of cage 


Conjecture 5.10. For each odd positive integer n, the 
> G 
group (A. (n)) is finite, and its order is equal to the 


exact power of p dividing Wa (F) c(F,-n). 


+1 


Theorem 5.11. The main conjecture implies Conjecture 5.10. 


To see this, we combine the next lemma with Theorem 4.4 and 


the fact that, up to a unit, the power of p dividing we. (F) 


#1 


= . —T & . . 
18 elther 1 or u  - u, according as ntl is not or is 
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divisible by 6, where 6 = [F:F]. 


Lemma 5.12. Let n be an odd pos integer such that 
n=-imod 6. Then (i) (A,(n)) is finite if and only if 


G.(u e ocEp Os and (ii) if G.(u" -~1) #0, then the 


order of (A,(n)) is equal to the power of p dividing 


This lemma is an easy consequence of Lemma 9 of Appendix 1, 
and the fact ([13], Theorem 18) that Hom(e, AQ /Z, ) has 
no non-trivial finite A-submodule. 

We conclude by mentioning some evidence for conjecture 


5.10, which is valid unconditionally. 


Theorem 5.13. Assume that F is abelian over @. Let n be 
an odd positive integer with n =- 1 mod 56. Then 
G 


(A(n)) ” #0 if and only if p divides w,(F) 6(F,- n). 


ntl 
Proof. We first note that, by Theorems 1.13 and 5.1, 

G (a - 1) and H(u- 1,9) are divisible by the same power of 
Pp, and so one is a nhs if and only if the other is. Now, 


ioe) 


by Lemma 5.12, (A_(n)) is trivial if and only if 
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G(u” 


j - 1) is awnit. But G(u~ - 1) is congruent to 


G(u - 1) mod p, and similarly aly. 1,9) is congruent 
to H(u- 1,9) mod p.° The assertion of the theorem now 
follows because Theorem 4.4 shows that H(u ” - 159) “is 
Way fF C(F,-n) times a unit in Z 

There would be great interest in proving Theorem 5.13 
unconditionally for other congruence classes of n mod 4, 
even when F = Q. We give a more down to earth formulation 
of the problem. Let Ay be the p-primary subgroup of the 


ideal class group of F. 


Lemma 5.1}. Assume that no prime of the maximal real sub- 

field of F lying above p splits in F. Then, for each odd 
G 

positive integer n, (A. (n)) # 0 if and only if the 


component e_ A. of AS is non-trivial. 


Proof. Let I = G(F.7F):. It is known ([2], Theorem 2.6) 
that the hypothesis of the lemma is equivalent to the 
existence of an isomorphism A, (a Granted this, the 
lemma follows from the fact that a discrete T-module is 


trivial if and only if its group of T-invariants is trivial, 
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and the observation that (A7(n))” = fe: Ata. 

Thus, in the case F = @, we are left with the 
following classical problem on cyclotomic fields. Let n be 
an odd integer satisfying 1<n<p- 2. Is it true that p 
divides t(Q,-n) if and only if ets #0? One implication 
is well known (see [2], Theorem 2.5) and classical, but 
it has never been proven unconditionally that p divides 


‘ ; T 
c(Q,-n) implies that ae #0; 


Appendix 1. 


The aim of this appendix is to give the proof of 
Theorem 1.13. Throughout p will denote an odd prime number, 
pe the n-th layer of the cyclotomic Bi eee OSL On of Q,» and 
Ve, the units of a which are = 1 modulo the maximal ideal. 


Let N. denote the norm map from ¥ to@. PutV=V_. 
n n p O° 
Lemma 1. For each n 2 0, we have ae = yP , 


Proof. The lemma in fact remains true if we replace ie by 
any totally ramified abelian extension of Q, of degree p- 


over a9 as the following argument shows. Pick a local 


T See note added in proof. 
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parameter 7 in Pots Since Fale is totally ramified, 


« =N (1) is a local parameter in Q. Thus we have 
n wm nT Pp 


iH} 
te 


x x 
yp o= x x x 
oe {n 3 ve a, {t } mM 


> 


where {nm}, {t 3 are the cyclic groups generated by mT, 


respectively. Now, by local class field theory, the index 
(¥") : mle n ee ( ) 
of N, yi in a, LS Dp. -Binee Ny Me = pac and 
n (tm 3) = {t} by construction, we must therefore have 
n 
N (Vv) = vP . This completes the proof. 
We use the notation of §1, taking F to be an arbitrary 


totally real finite extension of @. Again S will denote the 


set of primes of F above p. For each Pp € S,U will denote 


P,l 
the units in the completion of F at P which are =1 mod Pp, 
and we put 
U: se © Yy 
: pes Be 


For each n 2 O, ts denotes the n-th layer of the cyclotomic 
a -extension F, of F, and we write C. for the idéle class 


group of F (we write C for Co). Let N be the norm map 


F /F 
n 
from at to C, and put 


re 


N C 
n20 F/P - 


We view U, as being embedded in C in the usual way, and 
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identify it with its image. Let Neg be the map from U, to 
V given by the product of the local norms at the P ES. 
Finally, if L/K is an abelian extension of local or global 
fields, and & belongs to Oh gs Fane class group of K 
according as K is local or global, we denote the Artin 


symbol of §& for L/K by (&,L/K). 


Lemma 2. Y QU. is the kernel of N 

aes 1 F/Q 

Proof. Recall that Q, denotes the cyclotomic Hs PERL ede non 

of Q@. Define the integer e 20 by QA OF = Qa: Thus, for 
2 = 

each n 2 QO, 9 F qe 


we have (€,F /F) = 1 for each n 2 O. 


Suppose first that € EY O\U,. 


Since & a ON Cc. 
Restricting this Artin symbol to © tet and recalling that 
there is only one prime of ee above p, it follows that 


N € is a norm from Pad? clearly it must then be a 
nte 


ce ev for all 


F/Q 


norm from Woes Hence, by Lemma 1, 


NP/Q 


n20, andsoN_,,6 =1. Conversely let & be an element 


F/Q 


of Uy with Nij7.6 21s bet Neg be the map from UL to We 


F/Q x 
given by the product of the local norms at the pé S, and 


put 8 =N €. By class field theory, (86, ¥ ee = 


F/Q, nte 
(NB; Ynel Ss! s both Artin symbols being viewed as elements 
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Y . 1 \ B = 1 
of G( shel es Since Ne 1, “it follows that 


for alln 20. But the restriction map from G(F_/F) to 
G(@ ,./@,) is injective, and so (&, B®) =1,. ise 


f BOs hi 
S € Np /Fon or n This completes the proof 


Lemma 3. Let L be the p-Hilbert class field of F. Let 
the integers e and k 2 0 be defined by FQ. = Q. and 


etk 


- : = yP 
LOAF, = F,. Then Neg) ¥,) Vv ; 


Proof. For each prime q of Fo above p, let Ug i'm) be the 
units =1 mod q in the completion of we at q. Then, with 
k as defined in the statement of the lemma, the norm map 
from U, (xk) = | Usd (k) to U, is surjective. This is 
because F/F EE enna. and the norm map for an 
unramified extension of local fields is surjective on the 
units (and so also surjective when restricted to the units 
= 1). It follows that 
Neg) ¥1) = N 


Bu . . . 
t,. as F contains Qte? the group on the right is 
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kte 


contained in N ( (V hes! = yP - Therefore N 


kte p/g'¥;)> being 


k 


a closed subgroup of finite index of V, is of the form 
r 


ve » where r 2e+k. We now proceed to show that we must 
have r=e +k. We do this by showing that every element 


4 i fo 
of G(F,_./F,) is 1. Let o be any element of OF F's 


and put t =r-e. Since L AVE = F 


‘? there exists 


TE (LF, /L) whose restriction to Fy is 6. As T fixes L, 
class field theory shows that there exists €€ uy such 
that (6,LF, /F) = T, whence (&, Be = 0. Now, since 
the restriction map from G(F, /F,) to GQ /@, ,) is 
injective, it suffices to show that the restriction of o 
to Q. is 1. But this restriction is (Nae? Q /Q) » and 


this 1s certainly 1 because, by hypothesis, — belongs 


N 
: F/Q 
to VP = N (V,). Thus 6 is indeed 1, and the proof is 


complete. 


We now make some index computations. For each PES, 


let Fi, be the completion of F at p, o) the ring of 


integers of F., ande, the ramification index of F, over 


P p p 


ast Choose an integer t 2 0 such that en 0 contains 


p 


log Uy ; for each P € 5S, where log denotes the p-adic 
3 


logarithm. Define 
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fis Ml! -p On log Bie I Jog U 


pes pes na 


r PES, let Yn denote the order of the group of p- 


wer roots of unity in F Recall that d= [F:@]. 


po" 


a" [2 : log Ul= pM (v, Np) 


PES 


oof. Fix PES. The kernel of the logarithm map on Un ‘ 
3 ’ 


the group of p-power roots of unity of F On the other 


p" 
p/(e-1)] + 7, end- Tet Uy denote 


me units =1 mod ~, then the restriction of the 


md, if we define r = le 


ogarithm to U defines an isomorphism from U onto Pp. 


P,r 


herefore the kernel of the map from U, ,/U 
P,1 P,r 


which is induced by the logarithm, 


Por 
onto 


Up, 1) / (108 Unor? 


an be identified with the group of p-power roots of unity 


[tog U, yt PLS QR WN, os 
21) ce 
1+te 
-t 
0 =" P 
[p p : log U, ] = (NP) Vy 


aking the product over all p ES, and recalling that 


= e 
a (Np) ee Bp, the assertion of the lemma follows. 
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Let Ey be the group of global units of F which are 
= 1 mod P for each PES. Since F is totally real and 
p #2, Dirichlet's theorem shows that E, 18 a free Z> 
module of rank d- 1. Let 6: Fo? I Fy be the canonical 
embedding. We define D to be the z., “submodule of U, which 
is generated by o(E,) and o(€4); where ©, = 147. We 
write log D for the subset of log UY which is obtained by 
applying the p-adic logarithm to each component of the 


vectors in D. 


Lemma 5. The index of log D in log Uy is finite if and 
only if the p-adic regulator ae of F is non-zero... If 
De #0, then [log U, : log D] is equal to the inverse of 


the p-adic valuation of 


dpR 


VA pes P 


Proof. For pe€EéS, let %n be the canonical embedding of F 


ft Pade se [FeO he eae 2 oP) a Z,, “basis of 


p? “p p p 1 ; dy, 
OO: If €), +++, 4, are a Z-basis of Eo we have 
“0 
a CO} 2a 4 RY 
(1) log fe.) = ) a Po, d 


k=1 
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where the ae belong to Bt Let A be the d * d matrix 
J 
(p) 


formed from the a. 


ik tego e78,. LS eb a 


p? p €S). Then 


the index of log D in 2 is either infinite or finite and 
equal to the exact power of p dividing det A, according as 
det Ais or is not 0. To compute det A, let 


o.(1 < j < ad) rum through the distinct embeddings of F in 


the algebraic closure of a, and ir CE ey q,,) through 


the distinct embeddings of Fy in the algebraic closure of 


. Let So be the d x d matrix formed from the 


PP? Ud se a) and let = be the direct sum of 


the Ey? p eS (i.e. the d x d matrix with the blocks 
So (p € S) down the diagonal, and zeros outside these 
blocks). Let © be the d x d matrix formed from the 
log ¢,(e5) (1 <¢ 3, k < ad). It follows from (1) that 


© =A =. But det © = (d log ec.) Rl), where R (1) is the 


d 
p-adic regulator of E, (see, for example, [14]). Also 
-2td 
the power of p occurring in (det Ey) is p times the 


discriminant of [ over a, Thus, using the standard 
relation between local and global discriminants, the power 
Of p dividing (det = )2 is i times the p-part of the 
discriminant A of F over ®. The first assertion of the 


lemma is now plain since log G has finite index in Q. 
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Moreover, assuming a #0, and recalling that a and 
R (2) have the same p-adic valuation because the index of E, 


in the group of all units is prime to p, it follows that 
td -1 
[2 : log D] = la log(e.) R_/VA ; 
g | e(&,) po RY/ I 


2 : ‘ x -1 
Noting that the p-adic valuation of log oe Ls.) 5 the 


assertion of the lemma now follows from Lemma }. 


Lemma 6. The index of D in U, is finite if and only if 

ae - QO. Ef RK, #0, then [U, :D] is equal to the inverse of 

the p-adic valuation of 
ap R 


AN pes 


Proof. The first assertion is plain. Assuming R. FO, “it 
follows that D has no torsion. Thus the kernel of the map 
from U/D to log U /(log D) induced by the logarithm is the 
same as the kernel of the logarithm on U,. Since this 


latter kernel has order II v the conclusion of Lemma 6 


pes P 


is clear from Lemma 5. 


The Z,, ~Ssubmodule of U, which is generated by (E) is, 


of course, simply the closure o(E, ) of o(E. ) in U, in the 
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p-adic topology. Since p # 2, it follows from Lemma 2 
that o(E,) is contained in Y AU,. Recall that L is the 


p-Hilbert class field of F. 


Lemma 7. The index of H(z) in Y QU, is finite if and only 
if R, £03, If R, #0, this index is equal to the inverse 
of the p-adic valuation of 


k 
w,(F(u_)) R_ p 
, Pp Popes 


where k is defined by F| OL = Fee 


Proof. The first assertion is plain, and so we assume that 


B, #0. It is clear from Lemma 2 that 


(2) DAY = ¢(E,) . 


In particular, this implies that the natural map from 


Y AU, /HE, ) to U,/D is injective. Therefore, by the snake 


lemma, we have 


(3) Ree Ug-e o(E ) ] = [U, py #(B /B,), 


where B = U,/(y QU,) and B, = D/HE ). Also. Tt is 


evident that 
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Moreover, by Lemma 3, we have the commutative diagram with 


exact rows 


NF /Q et+k 
0 > Y QU, — > Uv, —> Ve stay. AG 
ae "F/Q 
o- (Ez) — > D SON eee OD 


Since the vertical map on the extreme right is injective by 


(2), we conclude from the snake lemma that 


- eth» (= 1 
(4) ae(B BS) le Za, 


ae A #1. m 
Combining (3) and (4), and noting that p° 48 just the 


p-part of w (F (u)), Lemma 7 now follows from Lemma 6. 


As in 81, let M be the maximal abelian p-extension of 


F which is unramified outside S. 


Lemma 8. G(M/F,) is finite if and only if R 2 O- IF 
R, #0, the order of G(M/F_) is given by the inverse of 
the p-adic valuation of 


= 
w(F(u.)) hR OT (1- (np) )/va 
1 Pp P ves 


Proof. Let ~ be the Artin map from C onto G(M/F). By 
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class field theory, W maps U, onto G(M/L), and the kernel 
of ¥ restricted to Uy is precisely oz). In. addition, if 
—E EC, then ¥(&) fixes F, if and only if is in Y. Thus, 
Be Y OE.) = 4(B,) by Lemma 2, it follows that v induces 
an isomorphism 


Y qu, /9E,) > G(M/LF,) . 
Since 


pars | 
#(G(LF,/F,)) = #(G(L/F, L)) = n/p | 


Lemma 8 follows ‘from Lemma 7. 


Finally, we record, without proof, the following 
elementary lemma on /‘-modules (for the proof of a slightly 
easier result, see [2], p. 538). If Bis a A-module, we 
write ae B, for the kernel and cokernel, respectively, of 


multiplication by T on B. 


r 
Lemma 9. Suppose that BY 6 A/(a5), where 


r j=l 
h= Il h. #0. Then the following three assertions are 
Jel 
. ‘ : 2.5% es Lo ane 
€quivalent:- (i) B, is finite, (ii) B is finite, and 


(iii) n(o) # 0. If these three assertions hold, then 


r <i 
#(B,)/#(B) = [n(0)|, 
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We can now complete the proof of Theorem 1.13. Recall 
that M. is the maximal abelian p-extension of a >» which 
is unramified outside the primes of F, above p. Let M, be 
the analogous field for F,, i.e. M,is the maximal 
abelian p-extension of F,, which is unramified outside the 
primes of F, above p. As in §1, X, = G(M./F,), and we 


put X, = G(M,/F,,). Since the degree of F/B. is prime to 


p, one sees easily that 


(5) eX, = GMA /F) > X, 


But X_ is A-torsion by Theorem 1.8, whence ex. is A- 


torsion. Therefore, by (1.1) of §1, we have 


& Koes AyCPy) : where f(T) = IJ f. (ft). 


Also, by the definition of G (2) (see (1.4) of §1), we 


have £ (0) =G(u-1). Now, as remarked just prior to 
1 


Theorem 1.6, 


(6) (i), 2 sy? 


Combining (5), (6) and Lemmas 8 and 9, we conclude that 


G (u- 1) #0 if and only if R,, #0. Moreover, if Ro #0; 
1 


then (e. XxX yr = O because Iwasawa [13] has shown that X has 
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no finite /-submodule other than (0). Therefore, noting 
that the coefficient of (s-l) in the expansion of u° - u is 
u log u, and that 


laog ul = lu al) = Iw (FO) | 


it is now clear that Theorem 1.13 follows from (5), (6), 


end Lemmas 8 and 9. This completes the proof. 
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Class Fields for Real Quadratic Fields and L-series at 1 


x 
H.M. Stark 


§1. Introduction 

In [1] we have formulated a general conjecture on 
values of Artin L-series at s = 1 (or equivalently values 
of certain derivatives of L-series at s = 0) and proved it 
for rational characters. Here we will show how to 
investigate the conjecture numerically in the simplest 
unproved case. Let k be a real quadratic field and K be 
the ray class field of k with conductor Epes The p., means 
that K is real while KP is complex where 8B «€ G(Q/Q) (the 
Galois group of ®/@) is non-trivial on k. We will give 
examples which show that one can use the numerical values 
of the derivative of certain L-series at s = O to actually 
determine the field K (without knowing it beforehand) as 
well as find a set of 1/2 [K:k] multiplicatively 
independent units of K any one of which generates K over Q. 
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aa 
For example, let k = Q(v5), F = (=S), a@ principal 


ideal of norm 29, and K be the class field of k 
corresponding to Fp. Here [K:k] = 4 and K/k is cyclic. 
Let ~ be the ray class character (mod Fp.) such that 
wh(2).) = xk. Then numerically (the computer worked with 


about 16 places), we find 


(1) L'(0,p) = (1.656 O74 962 913 1h7...) 


+ i(.205 890 580 538 458 4h...) 


log(e,) + i log(e_) = (1.656 074 962 913 158...) 


+-3(205 890 580 538 452 1...) 
Here (always use the + or the -), 


(2)> eS 


a5 


(34275) *¥ 74275 +V (20+14v5) + (6+475)/ 7+2V5 
u 


and either generates K over Q. Naturally we conjecture 


that 


L'(0,p) = log (e,) + 1 log (e_) > 


but at the moment, all we can prove is 


CLASS FIELDS AND L-SERIES AT | 357 


(3) IL"(0,¥)| = [log (e,) + i log (e_)| 


In Section 4, we show how to take the numerical value of 
L'(O,v) in (1) and use it to find E, and € without even 
knowing the field K beforehand. We will also give a second 
example with Q(”229) which shows how our conjecture may be 
used to produce Hilbert class fields of real quadratic 


fields. 


§2. The numerical evaluation of L-series 

Since the L-series we wish to evaluate are at best 
conditionally convergent at s = 1, we will say a few words 
here on how to evaluate them extremely accurately. We are 
interested in the abelian L-series L(s,W) of conductor Fp 
defined over k = Q(Va), a> O. The T factor in the 
functional equation for L(s,v) is usually written as 
r =) r (>) but for us it is much more convenient to use 
the duplication formula of the gamma function to write the 


[-factor as [(s). With N = aN(F), the functional equation 


reads 


(4) E(s,v) = w&(1-s,?) 
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where 


As we have seen in Serre's lectures [3], L(s,v) 
therefore corresponds to a modular form on Py) (this case 
was known to Hecke before he even developed the so called 
Hecke theory). It is convenient for us to normalize things 


slightly differently. If we write 


and 
f(t,v) = } a exp (- ne Ey 
n=l " VN 
then 
(5) E(s,p) = | or f(t,v) dt 


As discovered by Hecke, corresponding to (4) is the 


transformation formula 
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(6) fs LAS S we e(t.¥) 


For any positive real u, we break the integral in (5) 
up into two pieces, the first from 0 to u and the second 
: -1 
from uto ~ In the first, we replace t by t and then 


use (6), the result is 


(5,9) = “| t © e(t,B)at +| en! ee ae 3 


=] u 
u 


e 


The value u = 1 leads directly to the functional equation 
(4); however, larger values of u will be more useful for 


us here. We see from (7) that 


L'(0,v) = &(0,¥) 


‘CO 


Ww | f(t,v)at + | f(t,v) = 
-1 


u 
u 
2 8 
- ) 2 exp( eTu Hy 
n=1 vy 


For values of u around TiN, all the integral terms 
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on the right will be very small and the terms in the first 
summation with n > u* will also be extremely small. What 
is left gives a few thousand terms which approximate 
L'(O,¥) amazingly accurately. Incidentally, one way this 
result may be expressed is that L(1,V) is Abel-summable and 
extremely rapidly so. Also, by using (8) for several 
different values of u, we get an interesting method for 
numerically integrating e/t over reasonable ranges. This 
could be useful if examples with much larger values of N 


were desired than those that I have considered. 


§3. The form of our conjecture for K/k 

Let G = G(K/k) (an Abelian group) so that 
o(K® /x®) = 8 CB. Complex conjugation is an element of 
(Ke x”) and we will denote it by e. 8 where T in G is of 
order 2. It follows easily that for a in K and o in G, 
ae and ae = Re are complex conjugate elements of rar 
we will use this fact several times. Let H = G/{l,t}. 
We let F be the subfield of K fixed by Tt and note that 
G(F/k) =H. Further, F is totally real since F is fixed 


by complex conjugation and so is real. Finally, we let 


n(K) denote the degree of K and r(K) denote the rank of 
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the unit group of K. In this case r(K) = |G] + |H| - 1. 


Lemma 1 (Artin's unit theorem for K/k). There are 
units €, in K and €, in F such that there is exactly one 


relation among the r(K) + 1 units, 
tet | o = Gi U fey | oe H}. 


This relation may be taken to be 


oO 2 
Ie te &.)° = i -¢ TI oe¢ = + } 
oeG = 


Proof. This is just Lemma 6 of [1] specialized to the 


present situation. 


Let x be any (first degree) character of G. We defined 
in [1] a matrix M(s,x) = M(s,x,K/k) whose determinant has a 
zero at s = O of the same order a as L(s,y,K/k). In our 


case, if x is not the trivial character of G, 


@=1/2(1 + x(1)) + 1/2(1 + x(t)) = 1 + :1/2(1 + x(T)). 
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We are interested in those characters ~ of G with (Tt) = - 
as these will have the desired value of a (namely a = 1). 
The ~'s account for half the characters of G; the remain- 
ing characters of G will be denoted by x. They have 

X(T) = 1 and, as a result, can be thought of as furnishing 
the characters of H. 


Let 


(9) B(o) = f $) if o=t 


oO 9 d 
(‘ 2 otherwise 


log | €° | tog | ef" | 
eS G oB 
log | es | log | E, | 


Since ¥ is non-trivial, ) wv(c) = 0 and this takes care 
oeG 
of the first term on the right on (10). Further, v(t) = -1 


and so it follows from (9) that 
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Y  v(s) Blo) = (0 0) 


oeG 


For the second column of the third matrix we note that 
Por i = 1 or 2 and any oe G, 


v(o) log | €,°* | + ylot) 10g | ©,°°F | = 


. OT op , 
since es P and Pie are complex conjugates and so have the 
same absolute value. For the lower left corner of the 


third matrix, we have for any o € G, 


v(o) log | | + w(to) log | | = 0 
; T 
Since ¢€ =e. Hence 
2 2 
Oo 
s ) w(o) log | e | ) 
M (s,¥) = a 

6) Ng 


and det M(s,W) has the desired first order zero at s = 0. 


Our conjecture in [1] for this case takes the form 
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CONJECTURE 1. We have 


(11) L' (0,¥,K/k) = e(v) Y lc) log |e °| 
oeG 1 


where c(y) is an algebraic number. 


As we only have |H| characters J, we can't hope to 
single out each Ea from the L-series values in (11) but 
we can come close. Let ¥, denote one particular character 
of the v's (this is not the trivial character of G). As x 
runs through the characters of H, Xv, runs through the jp. 
We rewrite (11) by grouping the terms o and to of G. 


This gives our conjecture (11) in the form, 


eA 
(12) LY(0,x he Sete Me) y x(o) y Xe) log 3) 
oeH € 

Here it is important to realize that although (co) is not 

defined on H, the quantities in brackets on the right side 

are well defined since they are the same for 6 and To in G. 
We are going to investigate the possibility that all 

the c(xv, ) are equal and rational. If we write this 


common value as 2r/m (m even allowed) then we are led to 
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investigate the unit 


a 
(13) E= & 
ra 


Os) on as . : : 
Of course the E with o € G are not multiplicatively 
independent since E' =1/E, However, this is the only way 


dependencies arise. 


ail 
Lemma 2. Let a=E+E . Then K = Q(E°) for any o 
in G and F= @(a”) for any o in H. Further if o runs 
through a set of coset representatives of {1,1} in G, then 


oj : : 
E runs through a set of || independent units of K. 


Proof. The last part of the lemma is a direct 
corollary of Lemma 1 since the e, are multiplicatively 
independent for all o in G. For the same reason, the |G| 
numbers ER’, with o running through G, are distinct. 
Hence all the conjugates of E over k are distinct and 


therefore K = k(E°) for any o in G. It follows that 


B B 


, , oO 
K = «(E°*) for any o in G. But KP is complex and so E 
is complex for all o in G. Therefore all the conjugates 


ee Oo 
of K over @ are distinct as well and K = Q(E ) for any o 
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; T T =] a 

in G. Finally © =9Q©% since E =E and so %®1is in F. But 
: =] 

E is a root of x +x = 4 and so Q(E) is at most a 

quadratic extension of Q(a) and therefore F = Q(a). It 


Oo 
follows that F = Q(a ) for any o in H as well. 


Thanks to the 2 in the exponent in (13), E° > O for 
all O in G and this enables us to drop the absolute value 
Signs in the log terms. Thus, assuming that each 


e( xv) = er/m, our conjecture becomes, 


CONJECTURE 2. There is an integer m > O and a unit E of K 
Z =] 
with E. = E such that for each x of H 


(Qh) £N(0,x0,) =F YL x(a) py (0) toe (B7)] 


oeH 
0 
As 0 runs through G, E runs through a complete set of 


conjugates of E over k, any one of which generates K over 


1 


b] 


Q. If F is the fixed field of {1,1}, anda =E +E 

then the numbers a”, o Ln Hy form a complete set of 

conjugates of a over k any one of which generates F over Q. 
As far as the integer m goes, by analogy with what 


happens with k complex we should expect that n|2u|c|. 


CLASS FIELDS AND L-SERIES AT | 367 


However much more should be true. Indeed, the 10 examples 
that I have computed as of now all have m = 1 but I would 


not be surprised to find m = 2 being necessary some day. 


8,4, Two numerical examples. 

For any given m, we may calculate from the numerical 
values of the L'(0,x¥,) numerical values of numbers E 
which, at least for some m, should be a complete set of 
conjugate units of K over k satisfying Conjecture 2. From 
these numbers, we calculate numerically the numbers 

Oo 


fe) T 
a=} + 
m m m 


fo} oO o,-l ; 
= Ee (E) . We then get numerical values 


of the coefficients of 


6 (x)= at te =a) 
vi oeH 
i |H|-5 
: Z (UY Oy , 


where 8 0 = 1. According to the conjecture, for some m 
the numbers ee will be integers in k; they will be 
furnished to us numerically to about sixteen places (of 


which the last 3 or are suspect due to round off errors). 
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We will use these values to produce integers soe6ey 9 far) 
in k which agree numerically with the ae and then 
investigate the zeros of the polynomial 
[| : ne 
etapa Pet el 
j=0 : 
where again Je = 1. We will let % denote a zero of g(x) 


and E be a root of x + e =a. If our conjecture is 
correct, E should generate K. 

We begin with the example in the introduction. So 
again, k = Q(v5), and K is the ray class field of k with 


11-5), The group G(K/k) is 


conductor Fp. where F = ( 
cyclic of order 4. Let ~ be the ray class character 
(mod Fp.) with ((2)) =i. We try our conjecture with 


m=1. The value of L'(0,~) in (1) leads us to 


(15) g@ (x) = x? - (7.472 135 954 999 525...) x 


* C12 5090. 1269. 943 Tho’ ST.a24 


The numbers given here and later are as furnished by the 
computer with the last three or four digits being dubious. 


If our conjecture is true in this case for m = 1 then 
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the coefficients of g(x) are integers ink; however, now 
we must recognize them. At first glance, this does not 
seem easy Since any real number may be arbitrarily well 
approximated by integers of k. Fortunately, we have still 
more information provided by our conjecture which makes this 


task simple. 


Lemma 3. If E and a satisfy conjecture 2, then 


[n° | = 1 for all o in G and Ja?* | <2 forall o in Ha 


Proof. According to the conjecture, FE’ = 1 and 


p78 ,ot8 = yor 


hence jn? |2 = (EE = 1, which proves the 


B 


first part of the lemma. Now EO and g 2" are complex 


conjugate roots of the equation 
(16) x? -a’ x+1=0. 


Further a2? is real since it generates the real field Fe 
Over Q and for the roots of (16) to be non-real it is 
necessary and sufficient that Jo < 2, which finishes 


the lemma. 
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: ae oO 
Remark. It 1s perhaps surprising that lz Pl = 1 but 
it is less surprising if we remember the specific form of E 
that led to conjecture 2. According to (13), 


of “ re°F ss TOB, Or 


-E / : ) is a quotient of complex conjugate 


numbers and so has absolute value l. 


Returning to our example, we see that our conjecture 
implies that for j = 1 and 2, le. <h. This restricts 
the possible values of Rs to a small finite list of 
integers by the following device: If 6 = (a + bvd)/2 is 
given and 9° =(a- pv) /2 has absolute value less than n, 

2 Be jie at id | -3 -3 
then b = (6 - 6')/vVd lies in the range [(6-n)d *, (®+n)d *] 
To each b, there is a unique real a giving © and the 


correct value of b makes a an integer. In this way we find 


the numbers 


ato avs = 7.472 135 954 999 580... , 
a. = 11455 = 11.090 169 943 7h9 47... 


which agree excellently with the numbers in (15). 


Let OL and a be the larger and smaller roots 
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respectively of 


g(x) = x2 - (3+2v5) x + ( a8, 


114575) 
2 
[Note that the discriminant of g(x) is T+2v5 = 
= v5 . . 
(i=) S) .] Then the numbers e, and €_ given in (2) 
-1 yi | 
are just the larger roots of x +x =a, andx+x =a 


respectively. It is easily checked that either e, or € 


does generate K. The statement (3) holds because 


In'(O,¥) |? = L'(0,v) L'(0,¥) 


= 3 L"(0,y+v) 


where +l is a rational character. We gave in [1] an 
explicit method of calculating L-series with rational 
Characters at s = O and it leads in this case to (3). 

For our second example, we take k = Q(VY229), a field 
Of classnumber three, and F to be the non-principal ideal 


Of norm 3 given by the integral basis, 


Ra bynes 3 
2 
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The field K is the ray class field of k(mod Fp) and is 
cyclic of degree 6 over k. On the other hand F is only of 
degree 3 over k and so is the Hilbert class field of k. 
Again we try Conjecture 2 with m=1. This leads to the 


cubic polynomial g(x) with coefficients given numerically 


by 


g, (x) = x° = ( 99/132 7h5 950: b22 bo...) 
© (277.796. ATS JOR S292 sna) 


- (307.327 459 504 215 5...) 


in @( 7229) 


Here we have to find integers ogee 
approximating these values with conjugates having absolute 
values bounded by 6, 12 and 8 respectively. We take 8 

1 
as a particularly nice example. If we set om = (atbV229) /2 
then b is seen to lie in the interval [(23.132...)/V229, 
(35.132...)/V229 ], an interval of length 12/V229 < 1. 
Thus it was not even guaranteed beforehand that there 
would be an integer in this interval but in this case b =< 


lies in the interval and we have only one possible value 


of 2B to examine. This value is 
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1h + 7229 = 29.132 745 950 421 55... 


We naturally take this to be os Similarly, we find the 


numbers 


87 + 67229 = 177.796 475 702 529 3... , 
156 + 107229 = 307.327 459 504 2155... , 
which we take to be ie and 8, respectively. Thus 
g(x) = x3 - (14 + ¥229) x? + (87 + 67229) x - (156 + 107229) 
Our conjecture is that g(x) = g(x). In any event, 
it is easily checked that any root of g(x) = O does in fact 


generate F, the Hilbert class field of k. Probably the 


easiest way to do this is to let u be a zero of 


&@ polynomial of discriminant 229 whose zeros thus generate 


Be if 
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ao == p(ri4vea9) 2 + (APR) ss (u742V555) 


uae 


then a is a zero of g(x). Of course g(x) has messier 
coefficients than h(x), but it must be remembered that 
g(x) should provide us with units in a bigger class field 
of k. In fact if E is a root of uae =a, then K = Q(E), 
as it should. 

These two examples make Conjecture 2 appear 
unassailable but I have already calculated several other 
examples and will do more shortly. I expect to report on 
these in fuller detail in [2]. Further, one can 
formulate a conjecture analogous to Conjecture 2 for all 
other totally real fields and there also the conjecture 
appears to contain enough information to enable one to 
calculate class fields of totally real fields without 
knowing them beforehand. This too will be reported on in 
[2] and, if my computer budget can stand it (which is not 
clear at this point), one or two numerical examples will 


be provided for cubic fields. 


1. H.M. 
Ce 
3. J.P. 
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On Conductors and Discriminants 


A.M. Odlyzko 


§1. Introduction 

Let K be a normal algebraic number field with Galois 
group G = G(K/Q), and suppose that x is a character of G 
and F(x) the conductor of x. It follows easily from the 
definition of the conductor that F(x) > 1 if x is not a 
multiple of the identity character [2, pp. 165-194]- On the 
other hand, it seems very hard to obtain good lower bounds 
for F(x), especially if x(1) is large. The usual geometry 
of numbers methods used for dealing with discriminants do 
not apply to the case of conductors, even though the two 
are related by the famous "Fuhrerdiskriminantenprodukt- 
formel." 

Recently this author [10-12] has used a new analytic 
method to obtain estimates for discriminants which are 
better than the previous geometry of numbers bounds. A 


crucial role in this method was played by the functional 
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equation of the Dedekind zeta function. Since Artin 
L-functions also possess functional equations, J.-P. Serre 
and H.M. Stark have asked whether it might not be possible 
to use a similar method to obtain bounds for conductors. 
The purpose of this note is to show that this is indeed 
possible, provided we restrict ourselves to characters for 
which Artin's conjecture holds. 


Let us define a = a(x), b = b(x) by 


| 
-—— 
>< 
-_— 
bh 
ol 

l 
>< 
oo. 


a => (x(1) + x(ap)), b= S 


BS 
2 Eo 
where Eo is the element of G(K/Q) corresponding to complex 
conjugation if K is not real, and Ey = 1if K is real. 
Also, we let 


isk yee pS (1.2) 


Lo ft Ha 
\ 


TO ode 
G(a,b,s) =- a r SB 


G (a,b,s) will denote the derivative of G(a,b,s) with 
respect to s. We now state our main result, which will be 


proved in Section 2. 


Theorem 1. Suppose that Rex(g) > O for all 
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g& G(K/Q) and that for some integer r, (s-1)*L(s, x) is 


entire. Then 


ahd | 2b -254r 


F(y) > (60.1 22.2) ; (1.3) 


BCS 158GY ABI es 


¢ 2 ~ i ; 
land if o > 1, o > 1 are real numbers satisfying 


v 5 wy Tae 5 
a7 6 


(1.5) 


and 


Qe 


SLPS 8% (1.6) 


where go = 0.28108..., then 
1 
log F(x) > y(1)log 1 + Gla,b,a) - (a - 5)G*(a,b,0) 


oe eee ee ee 
4 oO gai Oo (o - 1) 


If, in addition to being entire, (s-1)"L(s,y) also 


Satisfies the Generalized Riemann Hypothesis (GRH), then 
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we have 
ae ay, 8 
Bix) SCiea gy ae OS eae} 


av 
and (1.7) holds whenever 9 > 1, © > 1 satisfy 


We will now derive several corollaries from Theorem 1, 
the first of which will give the discriminant bounds of 
[11] and [12]. (We should note, however, that the 
argument is somewhat circular, as the proof of Theorem 1 


is essentially a corollary to the proofs of [11] and [12].) 


Corollary 1. Let k be any (i.e., not necessarily 
normal) algebraic number field, D the absolute value of 
the discriminant of k, and ry and er, the numbers of real 
and complex conjugate fields, respectively. Then 


r er 


> AY? may FP 


‘ (1.10) 


Dee) > Wee) se. : Ci. aa) 
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> + + 
log D > a er, )log 7 G(r tr, v9) 


(2,12) 


! 
ie) 
Q 
| 
Nie 
QE 

\ 
eee 4 
K 
+ 
Ky 
K 
Q 


av) 
for any 0 > 1, ©o > 1 which satisfy (1.5) and (1.6). If 


the zeta function of k satisfies the GRH, then 


5 } 


ro _ 8 
Se CibeS). ae Fee 


bist) 
and (1.12) holds for any o > i oS dl whieh satisfy (1.9). 


Proof of Corollary 1. Let K be a normal number field 
containing k, and let G(K/Q) be the Galois group of K. 
Let H be the subgroup of G(K/Q) which fixes k, and ¢ the 
identity character of H. If . is the character of 
G(K/Q) induced by 6, then i Care O for all g « G(K/Q), 


Py 
F(¢? ) = D, and since 


% 
L(s,¢ ) = L(s,¢,K/k) = t,(s), 
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% 
(s-1)L(s,¢ ) is entire. Corollary 1 now follows immedi- 


ately from Theorem 1. 


In general, if xX is a character of G(K/Q), then its 
real part does take on negative values. In those cases we 
can consider the character x + MX)» where Xo is the 
identity character of G(K/Q) and mis a positive integer 
(and, in fact, by considering ny + AX, for positive 
integers n and h, we could in effect consider x + MX for 
any positive real number m). If mis large enough, then 


Re(x+mx.) > 0, and Theorem 1 can be applied to estimate 


fe) 


F(x#mX,) = F(x). 


Corollary 2. Suppose that x is a character of G(K/Q) 
such that (5-1) 2X (5)1(55%) is entire. Then 
b 
) 


P(x) > C3070)" (2338)" 5 (1.14) 


F(x) > (3.85)%(2.27)° , (1.25) 


x(1) 


9 (s)L(s,x) satisfies also the GRH, then even 


and if f 
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F(x) > (3.93)(2.50)", (1.16) 


F(x) > (4.10)%(2.39)°, (1.17) 


Proof of Corollary 2. Since Rex(g) > -x(1) for all 
g © G(K/Q), we have Re(x+x(1)x,) 2 0. Also 
(5-1) * Yas ,x4x(1) x9) is entire by the hypothesis of the 
corollary. Hence we can apply Theorem 1. Putting o = 7.8, 
6 = 5.32..., in (1.7) gives (1.14); 0 = 6.295, 6 = Webh... 
gives (1.15); o = 9.18, o = 5.5iv.e gives: (1.16); end 


finally, o = 7.655, 6 = 4.63... gives (1.17). 


For one-dimensional characters the bounds of Corollary 
2 (especially those implied by the GRH) are not far from 
best possible, since quadratic fields yield an example of 
@ character x with x(1) =1, a=1, b=0, and F(x) =5, 
@s well as of a character x with x(1) =1, a=0, b=l1, 
and F(x) = 3. (The corresponding L(s,x) are entire, 
Since the x are one-dimensional. ) However, if x(1) is 
large, one can obtain significantly better estimates (but 
under different assumptions) as will be shown below. At 


the end of Section 2 we will also show how one can obtain a 
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Similar but slightly better estimate than the one of 
Corollary 2. We should also mention that for many char- 
acters X, Re(x+mx,) 2 O for m much smaller than x(1), 
which leads to much better results. 

Since for any character x, the character yx is non- 
negative, Theorem 1 gives a lower bound for F(xx). This 
bound, in turn, can be used to obtain a lower bound for 
F(x), as is shown by the following lemma, which will be 
proved in Section 2. 


Lemma 1. F(xx) divides B(x) 26 xQ)-2) | 


Lemma 1 implies that 


and so any lower bound for F(xx) gives a lower bound for 
F(x). Suppose, for example, that x is an irreducible 
character such that L(s,xx) is analytic for s x 1, Brevi 
(s-1) L(s,xx) is entire, and so Theorem 1 (applied with x 


replaced by yx) and Lemma 1 yield the asymptotic bound 
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x(g,)? May = xed? 


Bey (7.75)? (uy XY eee 


as x(1) +, 
a if the GRH holds for L(s,xx), ‘then even 


x(g,)? x(1)2 - x(,)* 


XY (6a) XO) 


F(x) > (13.72) + 0(1) 


as y(1) +e . 


f course, one can also obtain non-asymptotic bounds for 
this way, and some of them are given in Table h. 
Before concluding this section, we should say a few 
rds about applying the estimate (1.7). In order to 


tain the best results for given a, b, and r, one should 


2 


\ 
fine Oo as a function of o to be the smallest number 


‘a 
s 


tisfying (1.5) and (1.6) (or (1.9), if the GRH is being 


ssumed) and then search for the best value of o. Some 


3s 


dication of the appropriate value can be obtained from 


ir tables, which are described in Section 3. We should 


U 


SO mention that it is possible to obtain significantly 
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better results if, say, -(L“/L)(s) is large for some gs > i 
The argument here is analogous to that of [11] and Rew 

We conclude this section with a new application of 
bounds for discriminants. Let ¢ be a primitive m-th root of 
unity, and let Ko = Q(t + a be the maximal real subfield 
of the cyclotomic field Q(t). If h,(m) denotes the class 
number of K, then hy (m) is the second factor of the class 
number of Q(t). It often equals 1 [3], but it is greater 
than 1 in some cases [1]. One still unsolved problem 
concerns te \s Bauer [3] has shown that hy (64) = 1. 
thus disproving a conjecture of Weber [15; vol. 2, pp. 808]. 
We will now give a new proof of this result. Let D be the 


discriminant of Ke,» and let hy = hy (64). Then an easy 


O 
calculation shows that 


Next let H be the Hilbert class field of K Then H is @ 


64° 
totally real number field of degree hy [K,),:] 16 hy and 


discriminant 


h 19+ _ ( 


DO=2 16h, 


30.643...) 
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, Table 1 shows that this is impossible if 16.h, > 96. 


5, and so by [4] one must have h, = 1. 


ice h 0 


< 
5 - 
Our unconditional bounds are too weak to apply to 
for k > 7. However, if we assume the GRH then a 
Se oar argument will yield hy (128) = 1 (setting o = 1.62, 
23 +(0- 3)/V3 in (1.12) leads to the conclusion that 
8) < 23, which together with [4] proves the result), 
5 that h(256) < 14,600,000 (here we use (1.13)). We 
ould also mention that John Masley has used these 


thods together with his own results to prove hy (m) =1 


sr some additional values of m. 


Proofs 

At the beginning of this section we consider a 
lightly more general situation than before. We let k be 
number field and K a normal extension of k with Galois 
sroup G(K/k). If x is a character of G(K/k), then the 
rtin L-function L(s,x) is defined by 


foe} 


log L(s,x) = ) ) * mers (NP) ™° for Re(s) > 1, 
P m=l1 


(21) 


tere P runs through all the prime ideals of k, N denotes 
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the norm from k to Q, and 


m 1 
x, (P Lae e 


EEN 5 

ael 

where I is the inertia group of any one of the prime ideal 
factors of Pin K, e= es and T is one of the Frobenius 
automorphisms corresponding to P. One obvious result we 


will use later is that 
iy te bps (2.2) 


Let us also recall that for real x there exist positive 


integers a = a(x) and b = b(x) such that if 


x(1) s/2 
E(s,x) = gr) (sy aa LtESv2s 
1 [k:Q] 


(2.3) 
where d is the absolute value of the discriminant of k, 


then &(s,x) satisfies the functional equation 


E(1-s,x) = W(x) E(s,x) 5 (2.4) 


where W(x) is a certain constant (of absolute value 1, but 
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will not need that fact). The facts we do need to know 


sat a(X) and b(X) is that a(x) = a(x), b(x) = b(x), ana 


at if k = Q, then they are defined by (1.1). 

Next we will derive a relation between F(X) and the 
eroes of L(s,Xx) which generalizes the identities relating 
e discriminant to the zeroes of the corresponding zeta 

“ynction [10; Lemma 1], [14; Lemma 1]. Most of the 
teps in the proof below are standard and are only briefly 
wtlined. The crucial result, the identity (2.8) dates 
ack at least to Landau [5, vol. 1; pp. 313-317], 

7], and can be proved in several different ways. 

Lemma 2. Suppose that (een) L(s,x) is entire for 
ne non-negative integer r, and suppose that r is the 


est integer with this property. Then 


log N(F(x)) = x(1) [k:Q] log 7 - x(1) log a + G(a,b,s) 


528 aoe s-l1 Ss 


ag Lit re: 
Sle -E (0,0 +) pan Be Be 


(2.5) 


dentically in the complex variable s, where p = B +i Y 


uns through the nontrivial zeros of L(s,x) (i.e., those 
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zeroes Pp for which 0 < 8 <1), and G(a,b,s) is defined by 
CL.2)% 

r 
) 


Proof. Since (s-1)” L(s,x) is entire, so is 


(s-1)” L(s,x), and so if we set 

f(s) = [s(s-1)]*” E(s,x) E(s.x), (2.6) 
then f(s) is an entire function and satisfies 

f(1-s) = W(x) W(x) f(s). (2.7) 


Furthermore, f(s) is real for real s, so that if z is a 
zero of f(s), then so are z, 1-z, and 1-z. Also, since 
the zeros of f(s) are precisely the nontrivial zeroes of 
L(s,x) L(s,x), they all lie in the critical strip. 

Using the fact that f(s) is entire one can easily 
show that it is in fact of order one, so that by the 


Hadamard factorization theorem 


Heke ftBs ‘ ja ~ 8) 4 ie 28/0 + as 


s 
: p 
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some constants A and B, where 9 runs through the 


trivial zeros of L(s,x)- Hence 


£ ee) foetee ates 
s7- -_- a 
p : sp p 


— 
n 

—w 
Nl 


py (2.7); 
. i Yes 
f(s) =-f (1-8) , 

h implies 

+) ee =-B-) a 
p s-p s-o e) p 1-s-p 


+ “ + Ee pee : 
L-s-p p fe) 


ince 1-p is a nontrivial zero of L(s,x) whenever p is, 


© discover that 


B=) sth . (2.8) 
p e) ) 


Sich together with (2.3), (2.6), and the fact that 
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F(x) = F(x) completes the proof of the lemma. 


Although we have proved Lemma 2 for characters of 
general extensions K/k, we will actually use it only for 
k = Q. The reason for this generality is that Eq. (2.5) 


is useful in obtaining results about zeros of L-functions. 


Proof of Theorem 1. Let us now consider (2.5) for 


k = Q ands real. We then obtain 


doe F(R) =} yx(L) leet & Clashes) = & Re ae (s,5) 


(2.9) 


where a and b are defined by (1.1). The most important 
property of (2.9) as far as further work is concerned is 


that for s > 1 and any nontrivial zero p = B + iy 


=o s-B 


> O : 
| s-p |? 


and so the sum over the zeros in (2.9) is positive. Our 


aim will be to show that it is in fact quite large. 
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‘The basic idea of our proof is to use derivatives of 


-1 
4) to obtain information about the sum of Re(s-e) . 


av) 
ferentiating (3.9) once and setting s = 9 yields 


Re 5 = - G’(a,b,9) 

p (0-9) (2.10) 
+2Re (2) (04x) -—-=S 

L ne 2 

(0-1) Oo 

r goal will be to show that 
1 —_ 
Tio es ate Sey, hy) Bee (11) 
o-—p — z mg 3 
0 p (o-e) 


AV] 
r as wide a range of 0 and Oo as possible. Since Re x > 0, 


; have 


= pe=— (sex) 20 > 


a a 


Re (2) (64x) 20 , 


Md so (2.11) implies (1.7). Thus the critical point is 


proof of (2.11). Let us first assume that L(s, x) 
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satisfies the GRH, so that all the nontrivial zeroes P are 


1 : 
of the form Pp => + iY. Hence to prove (2.11) we have to 


show that 
l avy La 
Oe y> = Cosi) 
) Leo ZS = } > + “(25755 
pCa ey pe ((o = 5)" + y2)2 


However, a simple cross-multiplication shows that 


1 yo we 
(o-3)2 + y2 ~ ((o-2)2 + y2)2 


holds for all real y if (1.9) is satisfied, and this 
proves (2.12) (and hence also (1.7)) subject to (1.9) ana 
the GRH. To prove (2.11) without the assumption of the 
GRH, we note that if p is a nontrivial zero, then it is 


1-p. Hence (2.11) is equivalent to 


ie eer oaeg > (0-3) Fite pe hike iz 
re) o-p o-l1+p 0 (o-p )2 (o-1+p )? 


which will certainly hold if 


re ape ae eee Bo} 
o-p  o-1+p (o-p)* — (a-1+p)? 
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as for all 9. This, however, can also easily be shown 


‘nold, provided (1.5) and (1.6) are satisfied. Details 
> available in [11; Lemma 1]- This process gives 

4.7) subject only to (1.5) and (1.6). 

To obtain (1.3), (1.4), and (1.8) we apply the 


roofs of [12], which show that 


ode ae "SS he: ae (2.13) 


r appropriate choices of asi a > O, and . eee 
here the only constraints on the o's were that they should 
ie in the critical strip (on the critical line in the GRH 


ase) and that if z is one of them, then so is 1 - Zz. 


by differentiating (2.9) we find that for u>1, k> 2, 


k-1)! y Re —+~— Z ; Ie) (a,b,u) 


ORAL. ee 


md so any result of the form (2.13) leads to an improved 


Stimate for F(x). In particular, if we carry out the 


OMputations for the choices in [12], we obtain (1.3), 
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(1.4), and (1.8). This finishes the proof of Theorem l. 


Proof of Lemma 1. In view of the definition of the 
conductors [2; p. 188] it suffices to show that for 


every subgroup H of G(K/Q) 
lH] x(1)* - xx(H) < 2 (x(1)-1) (|H] x(2) - x(#)), 


where for any function f on G(K/Q), f(H) = ) f(h). 


heH 
We suppose that 


¥. >. A (1.18) 
e ts 4 


where 5 is the identity character of H, and the os are 


the nontrivial irreducible characters of H. Then 


x(a) = ele], xxCD ae j rf lH] 


1>1 


and we have to prove that 


Mes Bes ee ee = De eae 
2S, 
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(x(2) - x) (x(1) - r-2) 2 - by ee (1.19) 
But by (1.18), 
xX(1) =r + by r.¢.(1) , 
and so we have to prove that 
by ro, (1) a r.$.(1) - 2 ) Se b r2. 


But the left side above is negative only when te - $ (1) = 1 
for exactly one value of j, all other oe being equal to 
zero, in which case both sides equal - 1. In all other 
cases the left side is non-negative, while the right side 
is non-positive and so this inequality holds always, which 


proves the lemma. 


It is possible to obtain results similar to those of 
Corollary 2 by proceeding slightly differently than in the 


Proof of Theorem 1. For example, if we don't assume 
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au 
Re Xo- 0, then we have. Toro > 2s oS 2 


rn = (63x) > x1) £2 () 
C 


Combining this with (2.9)-(2.11) (which hold irrespective 
of what values x takes, subject only to (1.5) and (1.6) 
(or (1.9) in the GRH case)) leads to slightly better 
estimates than those of Corollary 2, but this time under 


the assumption that L(s,x) rather than L(s,x+x(1) x.) 


0 


satisfies Artin's conjecture. 


§3. Description of tables 


Table 1 evaluates the bounds of Corollary 1 for 
totally real and totally complex fields of some relatively 
low degrees, with only the best bound being shown. A 
numerical value for 0 means that the corresponding bound 
was obtained by evaluating (1.7) with that value of o and 
with 0 chosen to satisfy (1.5) with equality in the case 
of the unconditional bound and to satisfy (1.9) with 


equality in the case of the GRH bound. The notation 
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"Ineq. (1.11)", on the other hand, means that the 
corresponding bound follows from (1.11). We should note 
that because of the form our bounds take a bound for pi/n 


for a totally complex field of degree n = No is a bound for 


pi! for all fields of degrees n 7 N5> and a bound for a 
totally real field of degree n = Ny is a bound for all 
totally real fields of degrees n 2-15: The bounds in 


Table 1, as well as in the other tables, have all been 
rounded down. 
In Table 2, the second column presents the minimal 


Le that any totally real field of degree n can 


value of D 
have [8; p. 81], [13]. ‘The remaining columns show the 
bounds of Corollary 1 for these values of n and are 
constructed in the same way as Table l. 

Table 3 similarly compares our bounds for 
discriminants of totally complex fields with some known 
low values. In this case, however, the values of pi/n 
in the second column are not known to be optimal except 


for n= {[8; p. 81]. ‘The values of pe 


for 
n= 8, 14, 20, and 28 come from the Hilbert class fields 
of Q(v-d) with d = 39, 71, 119, and 215, respectively. 


The n = 48 value comes from the field associated with the 
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kernel of a representation of degree 2 and conductor 283 
constructed by Tate. The remaining values (for n > 22h) 
are derived from the Hilbert class fields of the 
cyclotomic fields alc). os = emtlp: for-p ="29, 37, 43. 
53, 79, and 83, respectively. The Hilbert class field of 
Q(s,,) contains a subfield of degree (p-1) ee where 
h (p) is the first factor of the class number of alc) and 
these are the fields used in the table. (For a table of 
E ipl, see [9].) These last examples are especially 
interesting, since the only previous examples of fields of 
high degree and low discriminant were derived from infinite 
Hilbert class field towers [10], and the values of or 
there were much higher. 

The bounds of Table 4 for the conductor F = F(x) of 
a character x assume that L(s,xx) is analytic for s #1 and 


that x is irreducible. Theorem 1 is used to estimate 


F(xx), and then Lemma 1 is used to bound F(x). 
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Effective Versions of the Chebotarev Density Theorem 


J.C. Lagarias and A.M. Odlyzko 


§1. Introduction 


Let K be an algebraic number field (finite extension 


of the rationals Q) and L a normal extension of K with 


Galois group G = G(L/K). Let d, and d, denote the absolute 


values of the discriminants of L and K, respectively, and 
let n, = [LQ]; n= [K:Q]. Throughout this paper P will 
denote a prime ideal of K and P a prime ideal of L. If P 
is a prime ideal of K which is unramified in L, then we 
use the Artin symbol fe to denote the conjugacy class 
of Frobenius automorphisms corresponding to prime ideals 


P|P, For each conjugacy class C of G, we define 


sate ; L/K 
T (x,L/K) = |{P; P wnramified in L, eal ae, Na/ah < x} 
The Chebotarev density theorem [15] asserts that 
T (x,L/K) © tel Li(x) as. OO og (3.72: ) 


. Ic| 


where Li(x) is the familiar logarithmic integral 


409 
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x 


F at x 
= ceed AL > © 
Li (x) [ log t log x a ; 


The Chebotarev density theorem generalizes many of the 
classical results on the distribution of primes and prime 
ideals. For example, if we consider the trivial extension 
L = K of K (K does not have to be normal over Q), then 
there is only one conjugacy class, and (1.1) shows that the 
number of prime ideals of K with norm < x is asymptotic to 
Li(x), which is exactly the prime ideal theorem. If we 
let K = Q and L = eter ay. then the conjugacy classes of 
G correspond to the residue classes modulo q, and (1.1) 
gives us the prime number theorem for arithmetic 
progressions. 

One of the most important of the many applications of 
the Chebotarev density theorem deals with the group of an 
equation. Suppose that f(x) is a monic polynomial whose 
coefficients are algebraic integers in K and which is 
irreducible over K. Suppose further that L is the 
splitting field of f(x) over K. If we regard G = G(L/K) as 
a permutation group acting on the roots of f(x), then for 
almost all prime ideals P of K the cycle structure of a 


depends on the factorization of f(x) modulo P, and vice 
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versa. Thus if Gis known, then the Chebotarev density 
theorem tells us how often various factorizations occur as 
P runs through all the prime ideals of K. On the other 
hand, if we do not know G, then factoring f(x) modulo the 
prime ideals of K will yield the complete cycle structures 
of G, since by (1.1) for every conjugacy class C there 
are infinitely many primes P with iva =C., This can 
be very helpful in the determination of G [16; vol. 1, 
pp. 189-192], especially since by considering enough 
primes we can even determine the relative densities of 
elements of G which have a given cycle structure. 
(Unfortunately, sometimes this is not enough to determine 
G completely, since it is possible to construct two 
nonisomorphic groups which have transitive permutation 
representations in which the number of elements with a 
given cycle structure is the same for both groups.) In 
these situations it is important to be able to compute a 
bound below which every conjugacy class will occur as the 
Artin symbol of a prime ideal of K. 

The usual proofs of the Chebotarev theorem contain 
either no error estimates at all, or else estimates which 


contain constants depending in some undetermined way on the 
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fields K and L. In particular, such estimates do not allow 
us to specify effectively a value Xo = x5 (L/K) such that 


T (ats LK) > 0 ae x 2 xX (1.2) 


The purpose of this paper is to prove two versions of the 
Chebotarev theorem, each of which has an error term which 
is an explicit and effectively computable function of 

X, Dp» ds and Icl/la]. One version assumes the truth of 
the Generalized Riemann Hypothesis (GRH) and the other holds 
unconditionally. 


We first state the conditional result. 


Theorem 1.1. There exists an effectively computable 
positive absolute constant c, such that if the GRH holds 


for the Dedekind zeta function of L, then for every x > 2, 


1 n 
(x, w/e) - Fb nic] ge C4 Progta,x 4) + 108 a, }. 


(1.3) 


This theorem yields immediately a value of Xo such that 
-l1 


(1.2) holds. [We utilize here the estimate n log d, >lte 


for some ¢ > O, valid for n> he It follows from 


Minkowski's discriminant bound, and it can also be 
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derived from (5.11) (see [11]).] 


Corollary 1.2 ‘There exists an effectively computable 
positive absolute constant c, such that if the GRH holds 
for the Dedekind zeta function of L # Q, then for every 


conjugacy class C of G there exists an unramified prime 


jdeal P in K such that Ea = C and 
2 4 
Ware < c, (log d, ) (log log a.) , (1.4) 


(I? L = Q,. P = (2) yields a solution. ) 


At the end of this paper we will indicate how the above 
estimate can be improved so as to eliminate the log log qd. 
term. 


We next state the unconditional result. 


Theorem 1.3. Lt ny > 1 then ct(s) has at most one zero in 


the region defined by s = o + it with 


1 - (4 log dy eee i, Jt] -< 44 tee oe (1.5) 


7A 


(If n. = 1, L = Q and there is no zero in |+ | 2 1h, 
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If such a zero exists, it must be real and Simple, and we 
denote it by Boe 


Further, there exist absolute effectively computable 


constants c. and C, such that if 


3 
x 2 exp (10n, (log a)? ys (1.6) 
then 8 
T(x) - jel Li(x)| < iel Li(x ay 
|c| Ic | 
+ c,x exp (~c,nj* (log zie) ‘ (ist) 


where the Bo term is present only when By exists. 


Because of the presence of the By factor, Theorem 1.3 
does not fully meet our criterion of effectiveness, which 
is that the error term should depend only on x, ny» d,s 
and |cl|/|c|. However, this defect can be remedied by 
utilizing any effective bound for Bo In most cases the 
best known such bound is that of Stark [13; p.148], which 


we quote below. 


Theorem 1.4 Let the notation be as in Theorem 1.3, and 
let m, = 4 if 1 is normal over Q, m= 16 if there is a 


sequence of fields Q=k.c k, CS Srerd ck, = L with each 


O 
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eld normal over the preceding one, and n = ‘in, 
herwise. Then there exists an effectively computable 


ysolute constant c. such that 


= 1/n, -1 
B, < max E - (m, log a.) ate (c,d, ) « ss) 


Even if By does not exist, Theorem 1.3 does not give 
a good unconditional bound for the smallest norm of a prime 
‘deal whose Artin symbol is a given conjugacy class. A 
easonable conjecture might be that there should be an 
ffectively computable absolute constant c such that for 


every normal extension L/K and every conjugacy class C of 


G(L/K), there should be an unramified P with bea oy 
c 
Nyjg? < (log a, ) . (1.9) 


When L is a cyclotomic extension of K = Q, (1.9) is 
equivalent to Linnik's theorem [1; p. 39]. However, if 
K = Q and L = Q(vd) is a quadratic extension of Q, the 
determination of the least prime p with [4 ] # {1} 

c Orresponds to the problem of determining the least 


Quadratic nonresidue (mod d), and for this problem no 
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unconditional bound better than 


oy 
PS ed. , (1.10) 


is known, where Ce and ey are positive constants. Thus 
without some major new ideas it would probably be very 
difficult to prove an unconditional result as good as (1.9). 
However, by using slightly different techniques (which are 
designed to detect prime ideals rather than estimate their 


total number) one can prove the following result [7]. 


Theorem There exist effectively computable positive 
absolute constants at and b, such that for every conjugacy 


class C of G there exists an unramified prime ideal P of K 


such that [24] = C and 


dD 


2 
Mah . aie 


The approach used in this paper has a long history. 


The argument given here may be viewed as a direct descendent 
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f de la Vallee Poussin's proof of the prime number theorem. 
ie follow closely the pattern of Davenport's treatment [2] 
a. prime number theorem for arithmetic progressions. 
{he main innovation here is the careful treatment of the 


dependencies of various constants on n 


y, and 4, (cf. 

fe, 4, 5, 8, 10)). 

Aside from some slight acquaintance with algebraic and 
analytic number theory, this paper also assumes knowledge 

PF the basic properties of Hecke and Artin L-functions [6]. 
‘The deepest of these results is the abelian reciprocity law, 
which tells us that an abelian Artin L-series is a Hecke 
I-series, and so is analytic for s #l. 

Throughout this paper Go (Coe o40 will denote 
effectively computable positive absolute constants. (In 
‘particular, they are independent of K and L.) The 
Vinogradov notation 

P<S? ¢g 

Will be used to denote the existence of an effectively 
Computable positive absolute constant A (not necessarily 


‘he same in each occurrence) such that 


|f| < Ag, 


+n the range indicated. 
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82. Outline of the main argument 

The main argument is primarily concerned with the 
derivation of an asymptotic formula with an explicit error 
term for a weighted prime-power-counting function 
ae 2) = Vlas L/K) associated to T(x, EYK); It is 
defined by 


V(x, L/K) = ) log(N 
Beyer Sx 


P wnramified 
m 
P 
The details of this argument are complicated, but the main 
steps are simple in conception: 


(i) a(x) differs from a truncated inverse 


Mellin transform 


Oo +iT 
1 fO Ss 
I,(x,T) ery F(s) =— ds, 
Oo, it 


by a remainder term R, (x,T). 

(ii) FCs) can in fact be written as a linear 
combination of logarithmic derivatives of 
Hecke (abelian) L-functions. As a con- 


(a) 


sequence, all the singularities of Fy 
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which are simple poles only, occur at the 
zeroes and pole of c(s). 

(iii) I ,(x,T) differs from a certain contour 
integral 


ai x 
By(x,T) gs 7 F (s) re ds , 


by a remainder term R,(x,T). This step is 
traditionally labelled "shifting the line of 
integration to the left." 

Certain results on the density of 
zeroes of c(s) in the critical strip 
O < Re s < 1 are necessary to estimate 
R,(x,T). 

(iv) The contour integral B(x.) is evaluated by 
Cauchy's residue theorem. The integrand has 
poles at the zeroes and the pole of cs), 
and the result is a main term tel x 
coming from the pole of cs) Ag. = 1, 
together with a certain sum S(x,T) over the 
zeroes of c_(s) within the contour Boe 

The end result of these steps is a 


truncated "explicit formula" for ¥_(x) with 


420 


(vii) 


LAGARIAS AND ODLYZKO 


an unconditional error term, which is stated 
as Theorem 7.1. 
The sum over the zeroes S(x,T) is estimated. 
It'’is at this point that unproved hypotheses 
about the zeroes can be helpful. An uncon- 
ditional upper bound for |S(x,T)| is obtained 
using the existence of a zero-free region of 
c Cs) near the vertical line oO = 1. A much 
better estimate for Is(x,T) | is made assuming 
the Generalized Riemann Hypothesis for c Cs). 
The asymptotic formula ¥o(x) v a x with an 
explicit remainder term is derived by making 
an appropriate choice of T as a function of 
x, to minimize the accumulated error terms. 
(This choice depends on whether the GRH is 
assumed or not, of course.) 
The asymptotic formula T(x) % ts Li(x) with 
an explicit remainder term is derived by 
partial summation from that for V(x) - 

The remaining sections of this paper 


carry out the details (although we will not 


follow this outline exactly). 
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§3. Artin L-functions and Mellin transforms 

In this section we establish the relation between 
V(x) and a certain truncated inverse Mellin transform. 
Throughout this and subsequent sections we will use the 
abbreviations T(x)» V(x) and N for T Cx, JK). 


V(x L/K), and N,, , respectively. We will also use ¢ 


K/Q 


to denote irreducible characters of G = G(L/K). 


For each irreducible character ¢ of G we define 


6 (P*) =< b Ore), (3.1) 
ael 


where I is the inertia group of P, one of the prime ideal 
factors of P, e= ee and T is one of the Frobenius 


automorphisms corresponding to P. If L(s,¢, L/K) is the 


Artin L-series associated to ¢, then for Re(s) > 1 we have 


~ _ (s,¢, L/K) = } ) 4, (P!)log(NP) (NP) ™®, 
P m=1 


(3.2) 
where the outer sum is over all the prime ideals of K. We 
Should also note that the definitions (3.1) and (3.2) apply 
equally well to reducible characters. 

To single out those Pe with ball = C, we will use 


the characters ¢. (Unfortunately this works only to the 
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extent that some extraneous prime powers Pp corresponding to 
P that ramify in L are also included.) 


Suppose that ge C. 
We define a function fi G+ by 


. (3.3) 
$ 


Then the orthogonality relations for characters imply that 


4S| 


if Tre ty 
f(t) = "| (354 
arth. = 3.4) 
©) af Ge 
Hence if 
p(s) = - el Y Be) = (s,6, L/K) (3.5) 
: Ic] ¢ ‘ 


then (3.2) through (3.5) show that for Re(s) > 1 we have the 


Dirichlet series expansion 


co 


Fo(s) = }  f  0(P™)10g(NP) (NP) ; (3.6) 
P m=1 


where for P wramified in L we have 


O otherwise, 


and | o(P™) | < 1 if P ramifies in L. 
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Equation (3.6) shows that except for the ramified 
prime factors, V(x) is a partial sum of the coefficients 
of Fu(s). To obtain Vax) from FCs) we will use the 
following well-known truncated version of the inverse Mellin 


transform [14; p. 54], [2; pp. 109-110]. 
Lemma 3.1. ify > OO. -C.>.0, and &> O0,. then 


1 o+1T 8s - 4 a 
a | oe dss 2) 2 minis 2 “oe el) ff 3 Sh. 


mt ‘ 
ems o-1T 
o+1T Ss 
Ly 1 ae} , 
Omi | ms ds - * $ oT Le <= Ps 
S=1'T 
and 
ro+iT os 1 
1 Oss =i = : 
Dri | Yas | sy min(l, T |logy| ) if O0<y<l. 
"Jeu = 


Let Gy x15 “S25. -and. define 
f s 
1 
L(x;t) === F_(s) = ds ° (357) 


Since the Dirichlet series in (3.6) is absolutely convergent 
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for Re(s) >1, we can integrate term by term (with the 


help of Lemma 3.1) to obtain 


(xt) - Fy fP™) 


log NP} s ) {log NP + oat. } 
| Rom * P ym 
NP sx Np =x 
+ Ro (xT) s (3.8) 
where 
e, = 
R.(ety = } (—) min(1, ae log +] ) log NP 
Pym NP™ Np™ 
NP #x (3.9) 


and where the sum on the right side of (3.8) is present 

only when there are P and m with NP = x. Now the sum on 
the left side of (3.8) equals Volx) » except for the ramified 
prime terms. However, NP > 2 for each prime ideal p, all 
the ramified prime ideals P divide the discriminant of L 


over K, and so 


y  e(P™)1og wP - vol) | 4 3 log WP 
Pym Pm 
WPocx P re 
NP <x 
< ) log IP} Lg 2 doe x ) log NP 
m P 
P ramified Pex P ramified 


€ 2 log x log qd: 
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(We should remark that this estimate would be the same even 
if C were a union of conjugacy classes.) Also, there are 


at most ny distinct pairs P,m such that nP" = Ki ~esnd:-So 


) log NP < ny, log b ae 

Pom 

NP =x 
Thus (3.8) yields 

V(x) = IQ66T) +R GD), (3.10) 
where 

-1 
< 
R,(x,T) £ 2 log x log 4, + n,%ot + n,log x + Ro(x,T). 
(321) 


The remainder of this section is devoted to establishing an 


estimate for Ro(xT). 


So far we allowed 5 to be any number > 1. We now 


define 
-1 


ae = 1 + (log x) . bS2e4 


While this is only one of many possible choices, it is 
Oo 


quite convenient, not least because of the relation x ~ = ex. 


We now write Ro(x.T) = S, + S, + Ss where S, consists 


‘ 5) 
of those terms of (3.9) for which NP” <2 x or NP" > nx 


5, of those for which |x-nP™ | <1, and S, of the remaining 
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3 
ones. If NPY = x or NP” 22 x, then 


ioe le ee 2 
OG. sei Ss Bot 5 
NP" 
min (ls 2 lee) xe Dp for T Si, 
NP™ 
and so 
ee 
S €& xt ) (NP) log NP 
: Pym 


= xt /-— (54) | ; C323) 


Lemma 3.2. SOD. gS Ly 


ee K & 
Proof We have 
55 é 
See, ae. -2(5) 2 yiee , 
OK Pp (NP)° =2 50 ipa 


where in the second sum p runs through the rational primes. 
Now for each prime ideal P, NP = ps for some positive 


integer k. Thus 
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log NP , Blog p _ k dog p , log p 
Gps a ge OPE i YE 


Also, there are at most n, distinct P lying over a given 


K 


rational prime p, so that 


ae C 

(epee Hera tele cavers 
K Popo as Q 
Since 


1 


aa : 
~ 8 (6) & (0-1) 
26 


for o > 1, Lemma 3.2 and (3.13) show that for T 21, 


rea! 
s & on, xT “log x. (3.14) 


The second sum S_ consists of those terms pe for which 
2 


O< [NP - x| <1. There are at most én, of such P™ ana 


since 
min(l1, T 10g 1 oe: Ae 

NP 

we obtain 
Oo 
* O 
+ —_—_— 
S, < én, log(x 1) Crary 
« n,1og x. (3.15) 


The final sum S. consists of those terms pm for which 


iL. < |p Sxnalrs +x. Here we use the estimate 
uy 
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ee | . en 
|x=n | 
; 1 , 
valid for n oo xX, to obtain 
=<] 7 =I 
ST “leg % ) log = 5; a 
3 n 
Pym 
hee |n—x | Sone NPt=n 
=" il 
K n,xT “log x ) = 
l<ek<-x 
\ 
<K nxT "(log x)2 , (3.16) 
Putting (3.14)-(3.16) together we obtain 
Ro (xT) « n,,10¢ x + n xT (log x) , (3527) 


valid for sil xs 2, T> 2. If we now combine (3.17) with 


7 


(3.11), we obtain finally the estimate 
B AX, 2) &« log x log a. + n,, 10g x + n xT "(log x)2, 

(3.18) 
vVelid Tor-ali x ss) T's. 1) whieh was the: goal of this 
section. We should mention here that the log x log qd. 
term in (3.18) (which came from the ramified primes) would 


have been the same even if C were to be the union of any 


number of conjugacy classes. Let us also note that if 
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L#Q, then n, $n, € log d,s and so the second term on 


the right side of (3.18) can be absorbed in the first one. 


§4. Reduction to the case of Hecke L-functions 

Our definition (3.5) of Fos) was in terms of Artin 
L-functions corresponding to the (usually nonlinear) 
characters of G(L/K). In this section we show that Fis) 
can be written in terms of Hecke (abelian) L-functions. 
This will enable us to obtain much better results on the 


location and density of the singularities of F.(s). The 


C 
reduction we will use is due to Deuring [3] (later 
rediscovered by MacCluer [9]). We learned of it from [10], 
and should like to thank J. -P. Serre for bringing Moreno's 
paper to our attention and for supplying the following 
formulation of Deuring's idea. 


In defining F.(s) by (3.5), we have already selected 


C 
an element g € C. Let H = <g> be the cyclic group 

generated by g, E the fixed field of H, and let x denote 
the irreducible characters of H. Since H is cyclic, the 


characters Xx are one-dimensional. We will retain this 


notation for the rest of this paper. 
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Lemma 4.1. We have 


F(s) = - a 1 Xa) © (sx, L/E). (4.1) 
G X 


Proof Let Tt: H + @ be the class function defined by 


[H| if sg, 


th) = 
0 atk 2 h: $ 


Then the orthogonality relations for characters of H imply 


that 


re) bey 
x 


x 
Let t denote the class function on G induced by T, which 


by direct calculation equals 


Ic(e) | ye 0, 
* 
ely) = 
0 y #C, 
where Cle) is the centralizer of gin G. Now 
# 
Ic,(e) | Ic| = |G| so that t = fe [see (3.4)]. This implies 
ES x Pa 
iy xelx = 2 Ole)e ; 
X p 


so that for Re(s) > 1 we have 
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F(s) = - tel » Xe) Be (s3x . L/K). (4.2) 


% 
But L(s,X , L/K) = L(s,X, L/E), and so (4.1) holds for 
Re(s) > 1, and therefore (by analytic continuation) for 


all s. 


§5. Density of zeroes of Hecke L-functions 


We have now shown that for x 2 2 andT 21, say, 
Phe) ey Eee R(x.) , 


where R (x,T) satisfies (3.18) and 


O tit 
I(x.) a tel 5 X(g) — 2 a= (83%, L/E)ds , 


OTL 4 
la] x o it 


(5.1) 
where ae (log x) and yx runs through the (one- 
dimensional) irreducible characters of H = <g>. Our next 
goal will be to evaluate each of the integrals in (5.1). 
[This turns out to be more convenient than integrating 
F.(s).] To accomplish this we will need some upper 


bounds on the number of singularities of L“/L. 


Since L and E are going to be fixed from now on, we 
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will use L(s,x) to denote L(s,x, L/E). Also, we let F(x) 


denote the conductor of x and set 


ACK) = at, 79( FOO) (5.2) 


ee a eae x the principal character, 


O otherwise. 


(5.3) 
We recall that for each x there exist non-negative integers 


a= a(x), b = b(x) such that 


a(x) + d(x) =a, (5.11) 
and such that if we define 
_ s#l D fF_s 78 
wie le = TET ye n(2)| (55) 
and 
(85x) = [s(s-2)]°™a(/Py (s)L(5,x) (5.6) 


then &(s,x) satisfies the functional equation 
E(1-s,x) = W(x)&(s.x) (5.7) 


where W(x) is a certain constant of absolute value 1. 
Furthermore, &(s,x) is an entire function of order 1 and 


does not vanish at s = 0, and hence by the Hadamard 
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product theorem we have 


B,(x)+B(x)s 


E(s,x) =e n (a - §) gore (5.8) 


for some constants B(x) and B(x), where p runs through 
all the zeroes of &(s,x), which are precisely those zeroes 
0 = 6 + iy of L(s,x) for which O < 8 <1 [the so-called 
"nontrivial zeroes" of L(s,x)]. [We recall that L(s,x) 
and hence &(s,x) have no zeroes 9 with Re(p) 21.] # £From 
now on P will denote nontrivial zeroes of L(s,x). 

Since we are interested in the integrals in (5.1), 
which involve L°/L, we differentiate (5.6) and (5.8) 
logarithmically to obtain the important identity 


vs 


T (ew = B00 + 1 5 +5) - 2 tes al 
dia oc ty 
HGS ere) ack tl (5.9) 


x 


valid identically in the complex variable s. A 

difficulty in the use of this formula is caused by the 
presence of the constant B(x), which depends in an as-yet- 
undetermined way on x. However, since (5-1) © 265.5) is 


entire, the functional equation (5.7) easily implies the 
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following result, which is proved in [11]. 


Lemma 5.1. With notation as above, 


Re B(x) =- ] Re= , (5.10) 
re) 


and 
1 L* - 1 e 
eh) He Tesh 2 a = og i) 
DBE ps. Bxp 


SSB anh) ata = - 2 (s) (5.11) 


holds identically in the complex variable s, where e runs 


through the nontrivial zeroes of L(s, x). 


This lemma will enable us to obtain estimates both of 
B(x) and of the density of zeroes of L(s,x). We should 
mention, however, that an analog of the above lemma could 
be proved for general Artin L-functions, but it would 
contain sums over the possible poles of such L-functions, 
and these pole terms would prevent us from obtaining an 
estimate as good as the one below. The purpose of the 
preceding section's reduction to the case of abelian 
L-function was to avoid these difficulties. 


We first derive some easy auxiliary results. 
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Lemma 5.2. If o = Re(s) >1, then 


[Eten] < & 


Proof A comparison of the Dirichlet series shows that 
ae 
LE (s,y] <-2 0, 
E 


and the result follows from Lemma 3.2. 
Lemma 5.3. Ifo = Re(s) > - 1/2 and |s| 2 1/8, then 


y- 
Y, (5)! &K n,log(|s| +2), 


Proof This lemma follows from the definition of vs) 


and the fact that 
Tee 
a (2) % log(|z| + 2) 
for z satisfying | z| SEG. Re. go =e PIs po251)] 


(cf. Lemma 6.1). 


We now come to the main result of this section. We 
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let n(t) denote the number of zeroes p = 8 + iy of L(s, x) 
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with O <4 <2, lye] S 2; 


Lemma 5.4- For all t we have 


n (t) “log A(x) + nlog(|t| +2). (5.12) 


Proof We evaluate (5.11) at s = 2 + it. Lemmas 5.2 ana 


5.3 imply that 


log(|t| + 2). (5.13) 


0 S—p S—p 


J Re(—+ + —+) & log A(x) + ny 


ac Gs ; 
But Re(s-p) > O and Re(s-p) > O since 2 = Re(s) > Re(p), 


So 
y Re( 2 +—) > 2-8 
0 s—p s-p p (2-B)* + (t-y)? 
|y-t|<2 
i 4 
2 | . Se mili 
|y-t| <1 


Since 1 < 2- 8 < 2, which proves the lemma. 


The bound (5.12) (which is essentially best possible) 
will be crucial in many of our subsequent arguments. In the 


case of general Artin L-functions, we could obtain an 
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estimate similar to (5.13), but it would be for the 
difference of a sum over the zeroes and a similar sum over 
the poles and the real part of the poles' contribution 
would be negative. 

We now utilize Lemma 5.4 to obtain two additional 
auxiliary results. We first show that B(y) depends mostly 


on the very small zeroes of L(s, x). 


Lemma 5.5. For any e€ with O < ¢« < 1 we have 
1 
Bx) + 2 = Ge (log a(x) + n,) 
ie) 
lo|<e 


Proof Set s = 2 in (5.9) and use lemmas 5.2 and 5.3 to 


estimate the L(s,x ) peg terms, respectively. We obtain 


1 i 
B(x) + ; (5 + 4) & log A(x) + a, 
Now 
[+3 | a 2 2 
ee la(2-<5) | [ol 
and so Lemma 5.4 implies 
o on (j) 
eg e, ade eee. 
! | ae | Sh. ; < log A(x) + n., 
| mS «3 
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Also, |o-p | 21, 80 


Bs 7 << log A(x) tn, , 
|e} <1 . 
and hence 
1 
B(X) + ) o. <« ) + + log A(x) + np » 
ep = e| 
lo |<e es|o|<1 


which together with Lemma 5.4 completes the proof. 


en 


Lemma 5.6. Ifs =0 + it with -1/2 <0 < 3, |s| 21/8, 


then 
L* 8X) _ |< 
5 (sx) + : ae K log A(x) 


|y-t | <2 
+ n,log( | t| +2). 


Proof We evaluate (5.9) at o + it and 3 + it and subtract 


the resulting relations [in order to eliminate B( x)] to 


obtain 
ne sities 0 eee so 
: (s,x) Tt 3tHit, x) ry ms Se sa) (s) 
p Yy 
+X (34it) - 800) (Se a 


Yy s-l et+it 3+it 
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We now use Lemmas 5.2 and 5.3 to estimate the L(3+it, x) 


and the gamma factors, respectively. We discover that 


oe S(x) _ = 
L (s,x) + s-l : s-0 
| y-t | <1 
ste 
a n,log( |t| +2) + : s-p  3+it-p| 
| y-t |>1 
1 
+ ) 3+it=p| ere 


|y-t| <1 
Since |3+it-p| > 1 for all p and there are ny (t) terms in 
the last sum, it is “ log A(x) + n,log( |+| +2). For 


the first sum on the right side of (5.14) we have 


) ft ee! Re 3 ) 370 
0 es ed a 9 | s-p | | 3+it-0 | 
|y-t|>21 |y-t|>2 


: oS. mo(ttj) + ny (t-J) 
as Jape SEE 2 


J= j 


<K log A(x) + n,,log( | t| + 2), 


and this proves the lemma. 
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§6. The contour integral 


The next step in the proof is to evaluate T(x) by 


evaluating 


Ott 


ae ea ee = (aye (6.1) 


‘ ook Pree 


for each character x of H = <g>. So far the only condition 
on T was T 2 1. We now impose the additional requirement 

that T should not coincide with the ordinate of a zero of 
any of the L(s,x). We also introduce a new parameter, U, 
which will satisfy U = j + 1/2 for some non-negative 
integer j (eventually we will let U >) and define 


ee 


Ss 

¥ > aay 

I, (x,T,U) aor [_ “TT (s.x)ds . (6.2) 
se 


where 5. y is the positively oriented rectangle with 
> 


vertices ato. = 17, 8... #27, <U+ ait, and -U = if, 


O Q 


Now I (x,7,U) can easily be evaluated exactly in terms of 
the singularities of the integrand as we will show in the 
next section. In this section we will show that 


R (x5T,U) = I (x,7,U) - I (x,T) (6.3) 


is small. 


The remainder R (x,T5U) may be divided into the 
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vertical integral 


re ae a 
V(x, 7,0) =a [ aan z AtUtit, xX) dt (6.4) 


and the two horizontal integrals 


-l1/h o-iT _. 
a x L : 
Hy(0.7,U) © 555 l. gare AP eT 
yor L’ 
- O+iT oe (o+iT, x) } do, (6.5) 
oO ‘ 
f O oA=12 » 
* I x L . 
H\(x,T) = Bi | eee ao COATT i) 


O+1T 
x 


- — ft (otit, x)} ao. (6.6) 


iv and Hy will be estimated by using Lemma 6.2 to bound 


L’/L. First, however, we prove an auxiliary result about 


the digamma function. 


Lemma 6.1. If |z +k] 21/8 for all non-negative integers k, 


then 
— bap) teat lel! 23 


Proof If Re z21, this is well-known [17, p.251]. If 


Re s <1, then the recurrence relation 
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DE nag. 03 ie i 


iterated m times shows that 


= (2) = = (24m) - , => 


for any positive integer m. Choose m = [|z| + 2]. Then 


Re(zt+m) > 1, so that 
ec « 
i (z+m) “ log(|z| + 2), 


while |z+k| 2 1/8 for all non-negative integers k implies 


m-1 m-1 


1 1 
= aK oo rs < loal lz! +2), 


which proves the lemma. 


Lemma 6.2. If s =o + it with o <- 1/4, and |s+m| 2 1/) 


o 


for all non-negative integers m, then 


a (s,x) K< log A(x) + n,log( |s| + 2). 


Proof The functional equation (5.7) and the definitions 


(5.5) and (5.6) imply that 


8g i - ¥y Le 
i (s,x) as i (l-s, x) = log A(x) rs (1-s) =e (Ss) 
Vy Yy 
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Since Re(1-s) 2 5/4, we can use Lemma 5.2 to bound 
(L°/L) (1-s, X). The lemma then follows by an application 
of Lemma 6.1 to estimate the Y, terms. 

Estimates for V(x,T,U) and Hy (x,T,U) are now very 
easy to obtain. By the above lemma we have the crude 
estimates (U = j + 1/2 so that |-Utit+m| 2 1/4 for all 


integers m) 


SUG ies 
v_(x,T,U) « 7 | = (-Ut+it, x)]at 
-T 


X L 
& a T{log Ax) + n,log(T+U)}, (6.8) 
and 
-1/4 96 
HY (x,T,U) < [ — (log A(x) + n,log(|o|, + 2) + n, log T)do 
ails 
K = {log A(x) + n,log T} : (6.9) 


\ 


Better estimates can easily be obtained, but would not be 
too significant, since other error terms will be much 
larger. 


* 
It remains to estimate H(x,T). Lemma 5.6 shows that 


L” : i; 
ro lo#i bs) ) See < log A(x) + n,log T 


‘|y-T|<1 
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F -l 
tf S1Ljh SO re CO. Se Doge) “ce SS, 2 eo) end & 


O 
similar estimate holds for L“/L at 9 - iT. ‘Therefore, 
o4 mec 
Hiat)-o | doe 1 che 
? Ti o-j o-iT- 
Xx OTL fh at =~ 
| y+T| <1 
O+iT 
1 
O+iT ) o+1T-9 os 
| y-T| <1 
O 
0 6 
«& | {log A(x) + n,1og T} do 
-1/4 
< —*— { A + . ‘ 
Tice x 118 (x) + n,log pt (6.10) 


To complete our estimate we show that the first integral 


in (6.10) is not too large. 


Lemma 6.3. Let p =8 + iy haveO <8 <1, y#t. If 
el Do epee “end a o, £3, then 
ol 


O+it O 


a 
Dy Gasiey < || ed =8) 


Proof Suppose first that.y > t. Let B be the rectangle 


: : : : 1 j 
with vertices at o, +i(t - 1), Gy it, - Ets 


1 5 . . 
Sante i(t-1), oriented counterclockwise. By Cauchy's 
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theorem, 
i s 


x = 
he teat) ds = O 


since the integrand has no singularities inside the contour. 
However, on the three sides of the rectangle other than the 
segment from -1/4 + it to es, + it, the integrand is 
majorized by 


Oo 
x 


(lt] - 1)(o,-8) 


1 


which proves the result for Y > t. A similar proof for 


y < t uses the rectangle with vertices at ees i(t+1), 
By + it, - 1/4 + it, - 1/4 + i(t+1). 
The above lemma shows that 
oe, gain oO 
=F 

a. | ¥% y a at | 
— do“ (o-=)) a (2) 
eT or O+ 

1 ~1/h rMk 0 1T=p 0) x 
| y+T] <2 


ger ESSE, Cee hie n,log T) 


(6.11) 
for x 2 2, T 22, and the same estimate holds for the 
integral involving zeroes 9 with | y-T| ee [Note that if 


we assume the GRH for L(s,x), then we can delete the log x 
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term in (6.11). Also, even without the GRH we could 
replace log x by log log x by improving Lemma 6.3.] 


Therefore we finally obtain 


Hi (x,1) « % 10K X (log A(x) + n log T). (6.12) 


E 
If we now combine (6.8), (6.9), and (6.12), we 


obtain the main result of this section, namely that 
x 
I (x,T) - I (x,T,U) = - V(x5T,U) - H(x,T,U) - Hy (x,7) 


K x AES {log A(x) + n,1og T} 


Tx . 


{log A(x) + n,log(T+U)}. 
(6.13) 


§7. The explicit formula 


In this section we combine the results of preceding 
sections in order to obtain an explicit formula for V(x) 
in terms of the zeroes Pp. 

We first evaluate the integral I (x,T,U) which was 
defined by (6.2). We recall that x 2 2, U=j+1/2 for 
some non-negative integer j, and T 2 2 does not equal the 
ordinate of any zero of any of the L(s,x). By Cauchy's 


theorem I, (x,T,U) equals the sum of the residues of the 
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Now if X = xX,, the 


integrand at poles inside Bou ; 


principal character, then L’/L has a first order pole of 
residue -1 at s = 1, and hence (this term being absent if 
x F x) we obtain a contribution of 

- 5(Xx)x 
from the possible pole at s=1. Further, L*/L has a 
first order pole with residue +1 at each nontrivial zero pe 
of L(s,X) (the P's are counted according to their 


multiplicity), and so such P's contribute 


p 

) x 

0 p 
In addition, L°/L has first order poles at the so-called 
trivial zeroes, which are real and nonpositive. In fact, 
(6.7) shows that L°/L has first order poles at s = - (2m-1), 
m=1,2,..., where the residue is b(X), and first order 
poles at s = -2m, m= 0,1,2,..., where the residue is 


a(x). Hence the residues at points s with Re(s) <0 


contribute 
U+tl1 
I (2m-1) il em 

- v(x) } ea a(X) d aa r 
m=1 m=1 


The only remaining residue is that at s = 0, where we have 


448 LAGARIAS AND ODLYZKO 


the complication that both x /s and L/L may have first 


order poles. The Laurent series expansions show that there 


exist functions hj(s) and h,(s) which are analytic ats 


[h,(s) depends on x], such that 
2 


+ log x + sh (s) s 


LE” (5x) = B= 8) 4 o(y) + on (5), 
where 
1 "E 
r(x) = B(x) ~p log A(x) +—Z log 7 + 6Cy) 
- POO Pedy) 2 Py (7.4) 


Hence the residue at s = 0 is 


r(x) + (a(x) - 6(x))log x. 


If we now collect all these residue terms, we find that 


[SI 
x? 2 en 
I (x,T,U) = -é(y)x + )} =e b(x) ) i 
fe) m=1 
ly|<z 
U 
oa -om 
- aly) ) a + r(y) + (aly) - 6(y))log x. 
m=1 


Cie 


e) 
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We now let U*>®. Then (7.2) and (6.13) give us the 


explicit formula 


Q 
T(x,T) + 6(x)x - ) = - r(x) - (a(x) - 6(x))log x 
ly|<z 
na =] i = 
- —5 log(1-x ©) + Z(b(x) ~ a(x) )log(1+x ©) 
< es {log A(x) + n,log TH, (7.3) 


valid for all x 2 2 and all T 2 2 which do not coincide with 
the ordinate of a zero. If we now let T*>*, (7.3) would 


give us an explicit formula for the inverse Mellin 


transform 
oO +12 
O S) - 
ase x Lv (s x) ds 
Ti ; : 
eTm1 ee antes s L 
with no error term. However, for our purposes a cruder 


version of (7.3) will be more useful. 


Theorem 7.1. it x: Band TS. 2, then 
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\ 


Wishes SOL seal 
. Ic | 


bx 16e-x Leg. 7 
ee [eh AOR et og a + alog x + 


} 


Ic| 
eit P 
+ log x log a. + ny xT (toe) F4 (7.4) 
where 
e) 
C x 1 
Bis F) g.16h ) x(g) ) Sa ) 2 es Cts5) 
Iel x Pp 
ly|<z lo|<2 
[The inner sums in (7.5) are over the nontrivial zeroes Pp 
of L(s,x).] 
Proof Lemma 5.5 and (5.4) show that 
1 
r(x) - ) ry <“ log A(x) + te 3 
fe) 
lo |<2 
and so 
. my dL. 
I. (x,T) + 6(x)x - } =~ j = 
xX p p 
) p : 
ly|<r lo|<2 
< log A(x) + n, log x + eee {log A(x) + n,,log TH. 
Hence by (5.1) and (6.1) we have for x > 2, T22 £([T not 
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coinciding with the ordinate of any zero P of any L(S,x) ] 


an me 
p 0 
p 

ly|<v lp |<2 


n(x log x log T 
+ 
< Jl ) (Roe AS log A(X) + n,log x PORE A SEE RE 


lai x 
n.x log x log T 
een (HACE log a, + nplog x + ——_——_} 
G 
since 


) log A(x) = log a, 
x 


by the conductor-discriminant formula, and n,* [L:E] =n). 
Since V(x) = I ,(x,T) + R(x,T), where R (x,) satisifes 
(3.18), we obtain the bound of the theorem, provided T 
does not equal the ordinate y of some zerop =f + iy. If, 
however, T= y for some Pp, then we evaluate (7.4) with 
T replaced by T + € for a very small €, and let € > 0. 
The possible discontinuity in the function on the left side 
comes from zeroes P with T= Y, and since there are 

<«K ) n, (7) of them, their contribution can be absorbed 


in the error term by increasing the constant implied by the 


< notation. 


452 LAGARIAS AND ODLYZKO 


The above theorem, which is the main result of this 


paper, serves to exhibit Vb) as consisting of the main 
{el 
|e 
remainder. In the rest of this paper we will be concerned 


term x, of S(x,T), and of a relatively small 

with estimating S(x,T). If we assume the GRH, then a good 
bound for S(x,T) can be easily given with what we already 
know. In order to obtain an unconditional result, however, 
we need to show that the zeroes ep do not approach close to 


the line Re(s) = 1; 


§8. Zero-free regions 


In this section we use the classical method to prove a 


zero-free region for cfs). Since 


t(s) = 1 Ls,x) (8.1) 
X 


and the L(s,x) are all analytic for s #1, any zero-free 
region for c(s) immediately implies one for each of the 
Glsix). This approach does have the serious disadvantage 
that one can often obtain larger zero-free regions by 
working directly with the L(s,x) (cf. [2; Ch. 14]); in 
fact, one can essentially replace log a, by max(log A(x)) 


and ny by ne in the estimates below. The problem with that 
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result is that in general n_ can be almost as large as n 


E L 


and max(log A(x)) almost as large as d, - Finally, we 

should mention that for a fixed L a better zero-free region 
can be obtained by more sophisticated methods [12], but the 
published versions are not explicit as to the dependence on 


the field L. 


Lemma 8.1. There is an absolute, effectively computable 
positive constant ©, such that c(s) has no zeroes 


ep =86 + iY in the region 


ly] 2 (14k log a)" 
=i 


B21- ¢ (log d, + n, Log( |y| + 2)) 


Proof We have 


, 


cr, 00 abe 
+S (s) = } a(m)m (8.2) 
L m=1 
for 0 = Re(s) > 1, where a(m) 2 0 for all m. Hence 
C : ee 
Re(- 3 = Cay = (otit) - a (o+2it)) 
L L L 


= ) alain. C3 + 4 cos(t log m) + cos(2t log m)) 2 0 
m=1 
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by the classical identity 


3 +h cos 6 + cos 20 = 2(1 + cos 0)% 20 
If we now consider the trivial normal extension L of L, then 
c(s) is the Artin L-function associated to the principal 
\ 


character, and if Y,(s) denotes the associated gamma 


factor then (5.11) shows that 


(8.3) 
where the Summation is over the nontrivial zeroes p of 
cL(s)- We note here that if Re s > 1, then oS ree > 0 
for each zero p. If p = 8 + iy is some particular zero with 


-1 
ly| > (1+4 log d.) , then we find that for o > 1, 


1 
< — + + 
Sed Clog qd CoM,» 


a 


C 
L , at 1 ai 
= <7 = + ee : 
he Cr, Roses BR SE ne aaa O+21Y 
"5 
+ Re — (o+2iy) 
ty 


< c, log a, + Cn, log! |y| +2), 
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C 
: iL 
os — < + a 
Re r (ot+iy) < c, los qd. + en, log( ly | 2) aoe . 


where in the last inequality we have included the contri- 
bution of the zerop = 8 + iy. #£‘These inequalities and 


(8.2) show that for all o > 1, 


4 3 
o-B o-1 


+ ¢ |, tlog aa n, Log(|y| HOLE yg 


-1 =] 
If we now set o =1+ (100c,, ) {log a, + n, log( |y| a ee 


say, then we obtain the result of the lemma. 


In addition to Lemma 8.1 we also need information about 
zeroes of c(s) very near the real axis. Such information 


can be obtained by methods similar to those used above. 


Lemma 8.2. If n, > 1 then cs) has at most one zero 
Pp = 8 + 1yY in the region 


ly| < (4 log sir : 
(8.4) 


B21- (4 log a). 


This zero, if it exists, has to be real and simple. 


Proof Identity (8.3) shows that for 1 <o < 2, 
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1 
< aa rs log a, (8.5) 


Since ¢°/t ¢ O and it is easily verified that 


a(L) 
2 


¥ n - 
sth a ae als Iv (9 
+2 (0) = (S- E tog 0) + MEE (S 


for 1. os 1+ (log Si *. TP eSB iy iis. in the 


region described by (8.4) and y #0, then (8.5) gives 


o-B aE 1 
| 2 St Sto 
(o-B)* + y? i eae 


which is false at o = 1 + (log a) <1 + (log 3) a We 
Similarly obtain a contradiction if there is more than one 
real zero in our region. 

If the possible zero described by the above lemma 
exists, we denote it by By and call it the exceptional 
(Siegel) zero. We also note that if nwt (so that L = Q, 


log d, = 0), then CG, has no nontrivial zeroes 9 with 


bye Schl. ae By exists, then (8.1) shows that there exists 
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@ unique X. such that L(8 


6 02%) = 0. This xX, must then be 


O 
a real character, as L( 8) 5X5) L(B,sX9) = 0, 
§9. Final estimates 
We conclude this paper by applying the explicit formula 
of Theorem 7.1 to estimate aes) and T(x). We start with 
the GRH estimate for Valx)s which is the easiest to obtain. 


Theorem 9.1 If ¢.(s) satisfies the GRH, then 


L 
n 


V(x) - = x oF x log x log d, x Hp log x log qd, (9.1) 
G G 


BOI Sul. 3e 


Proof If ce (s) satisfies the GRH, then so do all of the 
L(s,Xx). Therefore, for each X there are no nontrivial 


zeroes p with |p| < 1/2, and so by Lemma 5.4. 


p 1 
) as + 1 S) zat ) ate 
p [pled 0 lo | 
ly|<r ly |< 
y e A rank 
jt 


1 
< x* {log A(X) + n_log Thlog 7, 


E 
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which together with (7.5) implies 


1 
C 2 
S(x,T) K jel x flog qd, +n_ log T} log T (9.2) 
Ic| ‘ 
1 
for -ske® 32% We now choose T = x* + 1, say, and then 


(9.2) and (7.4) imply (9.1) for x 2 2. 


Theorem 9.2. There is an effectively computable positive 


absolute constant Ch such that if 
x2 exp(4n, (log a,.)*) (9.3) 
then 
Vo (x) = tel Ca tel X(e)S ERE ig (9.4) 
Ke |G| Po 
where 


a4 1 
IR(x)| < x exp(- ean, (log re ae 


and where the second term on the right side of (9.4) occurs 
only if c(s) has an exceptional zero Boe and X, is the 
(real) character of H = Gal(L/E) = <g> for which 


bles Xo ,» L/E) has By as a zero. 


Proof Ifp =68 + iy # By is a nontrivial zero of one of 


the L(s,x) with |y| < T, then the unconditional bound of 
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Lemma 8.1 shows that 


log x ) 


Pa = me < x exp(- Cis, = 
log dt au 


for x22, 1722. Further, Lemma 5.4 shows that 


if “D 
) Is <K log T log(4,T 4 
) 
|o|23 


ly| <r 


~< =I 


Also, 
Py 1 3 1 3 2 
t .% as + S13 ao a ae Ei x*(log a.)*s 
X p#1-8 X p#1-B 
) 0 
lo|<3 lo|<3 
by Lemma 5.4 and the fact that for p #1 - Bo? 
lo| = (4 log any (If log 4, = 0, L=Q, and the 


estimate holds trivially). Finally, 


NIH 


O 
a Se LOS SS Oe oe 


for some 06, OS GS1<=6. Collecting all these 
O 


estimates gives us 
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B 
O 
Slee = tel Xe) = 
|c| 0 
n C.  LOe x 
<“K PO log T log(4,T By ayaa = ——_) 
IG | log dt ” 
Cl-.22 2 
+t (20g @) (9.5) 
|| 
We now choose 
sie 3 
T= exp(n, (log x)* - log d, ) : (9.6) 


The estimate of the theorem then follows from (9.5) and 
(7.4). 

The deduction of Theorems 1.1 and 1.3 from the 
preceding theorems is now straightforward. We first define 


the function 


Since there are at most ny ideals P” (P prime) of a given 


norm in K, 
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on Log (Ny 1g 


m22 


P) E nx (9.7) 


by an elementary Chebyshev-type estimate. This shows that 
the estimates of Theorems 9.1 and 9.2 hold when V(x) is 
replaced by 6 (x). Theorems 1.1 and 1.3 now follow from 
these estimates for 8 (x) by simple partial summation 
arguments. 

We conclude this paper by indicating one way in which 


the GRH estimate of Corollary 1.2 can be slightly improved. 


Instead of integrating 


1 x 

ae ae Ee 

OTL o£ ol) s 
we can integrate 

s-1_s-1 : 
: F 
Be age o(*)s 
where y > x > 1, along the contour Bay of Section 6. We 
b) 


then first. lets. -,. end then T.> ©) The integral from 


ean 1° to Sp + 1° gives us the term we are interested in, 
Oe 
log NP 
) nP r(NP; y,x), (9.8) 
E 
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where 
a ek 2 
log x Ea S ey 
x2 
y* 
r(m; y,x) = log cs xy <mcy’%, 
) otherwise, 


together with the contribution of the ramified primes and 
prime powers. By Cauchy's theorem the value of the integral 


also equals the contribution of the poles of the integrand, 


which is 
2 p-1 p-1 2 
Joh (roe %) -tl ye) I Pa! a 8) 
[c| lel x 0 


where © now runs through both the trivial and the nontrivial 
x 
py? 


then for c,, sufficiently large (and on the assumption of 


zeroes of L(s,x). If we now choose x = log d. > a a 


the GRH) the main term in (9.9) will dominate both the sum 
x 

over the zeroes and of the ramified prime and prime power 

factors, so that (9.8) will have to be nonzero. Hence 

there will be a prime P wien | APE = Cand 

2 


NP < < log*a.. 
y ae og dq. 


i. 
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Odlyzko bounds and class number problems 


John Masley 


In this expository article we indicate how the bounds 
of Odlyzko ([10-12]) and Galois actions combine to give 
information about ideal class groups. In particular, 
small class number problems can be solved. 

In 81 we recall some results of Odlyzko and show how 
they yield a bound on the class numbers of some fields. In 
§2 we list some algebraic theorems which are useful in ob- 
taining information on the order and structure of ideal class 
groups. In 83 we give a sketch of the proof that only 29 
_ proper extensions of the rational field Q are full cyclotomic 
fields with (wide) class number one. The 29 fields are all 
full cyclotomic fields of degree < 21 plus the fields of 
degree 24 corresponding to gee ieee and g,%h roots of 
unity. 

By a number field K we shall always mean a finite 


extension of Q. The ideal class group of K is fractional 
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ideals of K modulo all principal ideals and will be denoted 
Pee The cardinality of Pe is the class number of K and will 
be denoted by hye 

We shall use e to denote the field Q(exp 27i/m) and c” 


to denote its maximal real subfield Q(cos 21/m). We 


abbreviate h to ho and h 


teh. Ghd do ame nae 
ry ct n° en a = om ere 


% m m 
he is an integer called the relative class number for es 
Since c.. = Con for m odd we shall always assume for simpli- 


city that m # 2 mod h. 


§1. The analytic theory 


In a series of recent articles, Andrew Odlyzko has 
shown how to derive lower bounds for the absolute value of 
the discriminant of a number field K which depend only on 
|K:Q| and the number of real embeddings of K (ice. r,(K)). 


His results may be stated as follows: 

Theorem (Odlyzko) Let K be an algebraic number field with 

discriminant ds degree n, and ry real embeddings. Put 

a=r_/n and let G(s) =- ite, To (=) + 
1 2 T 2 


(1) "va, | > (60.2) 9(22,2)" %e “a 
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70 
(2) PvE 3s (S04) (oe oe 
(3) log|"¥a, | > log m + G(o)- (o - >) G7(6y = = -£ 


1 2 2 
SUAS)! ae 
; ene a2 


~ 


where 0, O are any real numbers with o > 1, 


Oo 2 Max(1 + .281080, ‘; 


5 +¥ 120% - 5 
6 
no : ee 

In the sequel we shall call | d. | the root-—discriminant 
of K and denote it rd, The root-discriminants of .. and 
cee e . 
c will be denoted by rd. and rd respectively. 

The connection between root-discriminants and class 


numbers depends on the following: 


Lemma Let E/F be an extension of number fields unramified 
at all finite primes. Then rd, = rd In particular, 
the Hilbert class field of a number field has the same 


root-discriminant as the number field. 


Proof We have la, = jae since the relative 


discriminant ideal for E/F is the ring of integers in F. 
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The result follows upon taking 


E:Q|-th roots. 


Let @a.¢ @, O <8 S41. Call a number field of type a 
re r,(K)|K:@|" =a. Let A be the set of positive multiples 
of the order of the image of a in Q@/Z. Call an increasing 
function f A>{xe R| x>0} a class number bound function 
of type a if for all x € A we have f(x) at sisi rd, where the 
inf is taken over all number fields of type a and degree x. 


Then we obtain the 


Theorem (Class number bound). Let K be a number field of 
type a and let te be a class number bound function of type a. 


= 
Then f(x) oe implies h, < x|K:Q| . 


K 
Proof. If K is of type a, then its Hilbert class field 
Hy. is also of type a since every real infinite prime of K 


splits into h, real infinite primes of Hy and this accounts 


K 


for all the real infinite primes of Hee By the Lemma 


Hi Sed sok (a) > 24,1 athe > £ (8, :@]) 2 fo(n,[K:@]). 


Since fe 1s increasing we're done. 


Odlyzko's Theorem allows one to construct a class number 
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bound function of type a. There is a table at the end of 
[12] which gives some values of a class number bound function 
of type O (for totally complex fields) and of type 1 (for 


totally real fields). 


Example: Let ti be the class number bound function for 
totally real fields constructed from Odlyzko's tables [12] 
(extended to large positive integers via inequalities (1) and 


oo + 5 
(2) )5 Then f (2h) 16 Badd: © 4S rai, ‘ Since 


+ a — : 
Je, = 10, h £2. In a simlar fashion, one finds 


rar 
; + + 
for all m with Ca € 12 that he Ses In fact, for these 


3 + : 
values of m, one finds hs = 1 except possibly for m = 32, 


yn, 23, 52, 56, and 72. 


§2. The algebraic theory 


In this section we list some theorems which give useful 
information about ideal class groups. Here p will always 


denote a prime number. 


Rank Theorem Let E/F be a cyclic extension of degree n and 


Suppose p is a prime which divides neither n nor ar for all 


E' with a F. Then the p-rank of Po is either O or 
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at least f = the order of p mod n. In particular, p hy 
implies ot h 


* 
The proof of this theorem will appear in a forthcoming 
paper of the author. A similar theorem is proved in 
Frohlich [2] and Iwasawa [5]. The key fact is that if oS 
has non-trivial p-primary component, Gal(E/F) acts non- 
trivially on this component. Iwasawa's result is sufficient 


for the following: 


+ 
Example. By the methods of 81 we see that buy. EOS 


+ 
C5 7Q 


: ae + 
F But 1f any p < 29 divides Neg then a a number 
Son + i ; 
congruent to 1 mod 29, must divide eg which violates the 


+ 
bound. Hence he = 1. 
bs) 
Pushing-down Theorem. Let E/F be a p-extension and suppose 
that only one prime divisor of F is ramified in E and that 
this prime is totally ramified. Then p hy implies pl, 


This theorem appears in [3], [4], and [14]. 


+ + 
< = 
Example. We see that Hiog = 4) and hy 1 from. 31, 
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+ + , : 
Since 159i 220! = 5 and only the unique prime above 5 


+ : 
ramifies, SAB an Also, the Rank Theorem applied to 


+ + + bs + a 
C3 o9/lo9 Shows that VB 56302 = Dae hig Ste. “We dceow 
x 
Dio = 55 so C00 has class number 55. 


(p,p) Theorem. Let E/F be an abelian extension of type 


pi) If q #p is a prime divisor of h then q divides 


E? 
the class number of one of the p + 1 proper intermediate 


fields between E and F. 


A proof of this theorem using the action of Gal(E/F) on 

Py is given in [2] and [8]. 
+ ’ ‘ + 
Example. C. ,/@( 721) is a (3,3)-extension and by §1 Hea St, Se 
; : + + 

The Pushing-down Theorem applied to ©1855 shows that 

+ ’ + ; 
34h. and if 2 Pies then K, one of the four cubic ex- 

. 5 + 
tensions of @( 21) contained in ee would have even class 
number. The Rank Theorem would then imply that 4 | h, and 


¥ 


+ 
consequently 4 | ne. Hence He = 1 and hey oe = "Ts 


83. The class number one problem for 


In this section we sketch a solution of the class 
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number one problem for cyclotomic fields. Our result is: 


Theorem. Let m? 2 be an integer not congruent to 2 mod h. 
Then cs = @(exp 27Ti/m) has class number one only for m = 
Sty ds 150595 lg ke 19,25 1652799 ,20;21 2h 2527 526532. 33) 35, 


36 ,40,44.45,48,60, and 8h. 


‘ a d : + * 
Proof. Since h =h h we are looking formwithh =h =1, 
<a m m m m m 


% 
The following facts about h,, are known ((6] ana [9]): 


*, * 
i) Ifm|n then h |h. 
moon 
% 
ii) If four primes divide m then un. 
x x 
iii) For primes p, h,, > 1 forp> 19 andh , > 16 
Pp 
for pe 7 32. 
x 
Since he is easily calculated (see [13]) we check that the 
29 values of m cited in the Theorem are the only ones with 
x 
relative class number ho =1. Since all of them have 
= ' 
al $ 12, by the example at the end of $1 we need verify 
+ + : 
only that Neo # 2 and that hay # 2. The Pushing-down 


< af . 
Theorem applies to C,,/8 and the Rank Theorem applies to 


¢;,, /¢( 11) SO we are done. 


Notes: (1) Previous proofs of this theorem relied on 
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computations in [1]. Using Odlyzko's bounds we no longer 
need these computations for the proof. 

(2) Other small class number problems can be solved. 
For example, the remaining m with lc" :@| < 12 are the 
solutions to the class number two and class number three 


problems (cf. [7], [8]). 
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A Relation Between c.(s) and c(s-1) for any 


Algebraic Number Field K 


Audrey Terras 


80. Introduction 

No, there is no misprint in the title. We meant s-l 
and not 1l-s. For c.(s) and c,(s-1) both appear in the 
constant term of the Fourier expansion of a certain non- 
analytic Eisenstein series for the number field K. A 
Similar Fourier expansion is the starting point for 
Deligne's method of obtaining congruences between values of 
L-functions [7]. The difference is that our Eisenstein 
series are nonanalytic in the sense of Maass [4, Chapter 
hy}. So we do not have to assume that the number field is 
totally real (cf. [8, Chapter III, especially p. 233]). 
Another consequence of the fact that the Eisenstein series 
which we use are not complex analytic functions is that we 
find K-Bessel functions in our Fourier coefficients (cf. 


[4, Chapter 4, especially p. 212] or [3, §2.2]). A result 
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is that congruences seem out of the question. 


§1. Summary of Results 
The usual iitany of notation must be recited. The 


degree of K over Q ism. Let x & xd) ah es Ee Sige e 8 


(i). Ao 


denote the real embeddings K > RR and x p»yx = x 


(j = Py tle ves TF ) denote the complex embeddings 


K > €. Then m= m + er. i We need to set ae = 1 


ie hee aeiak r) and eg aC jue r +1, w+, 7, 


different will be denoted by a. the absolute value of the 


+ Bhs The 


discriminant by ds the regulator by Re» the number of 

roots of unity by We the class number by hye 
As in Martinet's lectures [5] we need to define the 

usual combination of the Dedekind zeta function and the 


appropriate I-factors: 


¥ 


a4, 
A(s) = aer(2) 'r(s) “e,(s), 


reg 5 : 
where A = 2 1 dq. We shall also need the generalized 


divisor function of any integral ideal 4 of K, defined by: 
0 (a) = ) nb’, 
bla 


Here the sum is over integral ideals b dividing a. 
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Finally a rather complicated looking function must be 


built up out of K-Bessel functions: 


Z l 
2 - 2444) 
2 -1 
K(z) =2{ ea ae 
s 2 
O 
TT : : 
for larg z | < a First define 
M(z) =K(z) +22 2X (z) 
Ss Ss dz s 
Then for u in the field K, set 
Putr 
1 
T(s, u). = M n (2Te hag Ny I KZ (2Te jald) 
iat 9 gol. oa 
2 2 


At last we can state the main result: 


Theorem. (2-s) A (s-1) + sh 


K 
r+r er eh! 
LZ Z 
= -2 dy ) [ul * o (ud )T(s-1,u):. 
A i-s K 
Ofued, 


An easy consequence is: 


Corollary. h,R, = ew, (2m) “at, (2) 


1 


0) 


1 
2 2 

+ w,2 “a, ) _ il o_(ud,) ES. “ale 
Ofued,, 


. : | Ml : 
For example, if K is a totally real field, K (2) gf ee e 
ee 
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implies that: 


The Brauer-Siegel Theorem ([10]) then tells us that something 
complicated is happening with the sum over the inverse 
1/ 
; ‘ 2 
different as h Re. should look like q. rather than di: 
Results similar to the theorem are to be found in work 


of Ramanujan and Grosswald rae It should not be too hard 


to extend the results to Hecke L-functions. 


§2. Fourier Expansions of Nonanalytic Eisenstein Series 


for GL, over K. 

The proof of the theorem stated in the preceeding 
section comes from the Fourier expansions we are about to 
discuss. The details are in [13]. Let us first consider 
the nonanalytic Eisenstein series in the ancient case K = Q. 
Then the function under consideration is the Epstein zeta 
function Z(P, s) of a positive definite symmetric 2 x 2 
matrix P and a complex variable s. If Res >1, the 


definition is: 
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1 ae 
uP, #) => ) Fla ; 


iT] 
to 
— 
B 
ine) 
+ 
Mh 
le} 
: 
‘H 
+ 
to 
Nw 
1] 
ine) 
=) 
Fy 


Here fr = (nm)P(") 


Pi2 Po 

We shall use P, = ee to denote the symmetric space of 
2 xX 2 positive definite symmetric matrices. This space is 
easily identified with GL, (RR )/0(2), where the action of 
Te GL,(R ) on Pe i? is given by P + +P[T] = ‘opr, with 
tp = transpose of T. Then Z(P, s) is an automorphic form 
on Fe in the sense of Borel [1, p.200], where 3 properties 
are listed. Complex analyticity is replaced by the 
property of being an eigenfunction of all invariant 
differential operators on the symmetric space PQ And the 
invariance property is: 


Z(P[A], s) =Z(P, 5s) , 


for A€é GL, (2) = {A|A 2 x 2 integer entries, det A= +1}. 
The last property describes behavior at ~. 
Writing what is essentially the Iwasawa decomposition 


for GL, (R ) as 
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© i. <Q 
FS ; for Per. 
2 
Z 


q 2 
one easily sees that the invariance property implies that 
Z(P, s) is a periodic function of q. Thus it makes sense to 


consider the Fourier expansion: 


lig-s + “ 
pot (s)Z(P, s) = 6(2s)P(s) + (>) t * Ts - 4) t(2s - 1) 
2 
1 Ss 
s t\¥ 2 ee t 
+ kn as! 2 cos(2mg)o,_,(n)n Ky jog /2™ Te 


This result is very old (cf. [9, p.44]). It implies (cf. 
[12]) the functional equation and analytic continuation of 
Z(P, s), the Kronecker limit formula, the existence of an 


s, in the open interval (0, 1) with Z(P, s,) = O provided 


O e) 


that = is sufficiently large. Moreover the extension of 
this eae: expansion to Epstein zeta functions with 
characters is central to Stark's solution of the class 
number one problem for imaginary quadratic fields [9]. 

Now that we have seen the Fourier expansion of the 
nonanalytic Eisenstein series for GL, over Q@, what is the 
corresponding result over the number field K? First 


define a to be the space of vectors P = (Pas ee ) 


whose qe r, components are positive definite 2 x 2 
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symmetric matrices and whose last r. components are 
positive definite 2 * 2 Hermitian matrices. We are looking 
only at the infinite part of an adelic object (cf. [1, 


pp. 113 ff.]) following Hecke. If O, is the ring of 


integers of K, then GL, (0) denotes the group of 2 x 2 


matrices A with entries in On and determinant in Ur = units 


of On The action of A € GL (0,) on.F -€ ge is given by 


P eyP{A}, with 


(P{A}). = ‘A P.A Cp ks aay Eh ore hh 
J J 1 


2 


Here ald) denotes the matrix obtained from A by conjugating 
all entries. There exists a reduction theory for in 
modulo GL, (0,,) generalizing Minkowski's for K=Q (cf. 
Borel [1, pp. 20 ff.] and Weyl [14]). 

The Epstein zeta function alias the Eisenstein series 


over K is defined for an integral ideal @ of K by: 


-e.s 
} d 


z(P,s)= ) I pid) ¢,(3) 
o#gea* /U, Jet 


if Re s > 1. Here the sum is over a complete set of 
representatives for the equivalence relation on pairs 


&= (ge), 8,) of elements of @ given by (g > 0% (ee, ee.) 
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ror £ “in Urs the units of K. Tamagawa [11] and 
Ramanathan [6] both obtain the analytic continuation and 
functional equation of such functions by Hecke's method for 
the Dedekind zeta function. The Fourier expansion which 
we derive in [13] looks like the result quoted above in the 
case K = Q, except that products of the special functions 
arise. Some trickery then yields the theorem stated in §1l. 
For example, you must add up 2"(P, s) over representatives 
a of ideal classes of K in order to get the Dedekind zeta 


function in the constant term of the Fourier expansion. 
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Some Global Norm Density Results obtained from an 


Extended Cebotarév Density Theorem 


R. Odonz 


Introduction 

The intention here is to report on some recent work 
applying a modification of the well-known density theorem of 
Cebotarév ({1], p.133) to various counting problems in 
algebraic number fields; in [2], I obtained an asymptotic 
expansion for the number of integers in a large interval 
which are K/Q - norms of elements of K (an arbitrary 
algebraic number field), and, in [3] (resp. [4]), I obtained 
the corresponding expansion for K/Q - norms of integers of K 
(respectively, integers in a fixed full module of K). I 
propose to explain in outline how analogous results may be 


obtained for the following 


Problem 1. Let (Me). 5 be a finite collection of full 


modules, with M. S 0., the ring of integers of some 
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algebraic number field K.. Determine the number of rational 
integers in [1, x] which are in () [M. Rg 
ieI oe /Q 


We remark that we may characterise (\ nN [M. ] as 
ier 4%, /@ 
the set of rational integers simultaneously Pie eats 


represented by each of the Diophantine forms 


Pe(%p yo tees HL 


x. ), On choosing Z-bases bs3 for the M. 
1 


and putting 


Shes eS x. ae Ne _/a (). 455 533) p) (1) 


where n= [K :Q@]. 


The solution is given by 


Theorem 1. There exists a constant C = c((M, )) such that 


card {[1, x]QN i N [M, ] = Cx (log as 


where F = F((M, )) > 0, and E is the Dirichlet density of 
the set of rational primes which admit in each K. at least 


one prime ideal factor of residual degree unity. 


(It is easy, by considering the Galois hull over @, of the 


composite field II K., to see that E always exists and is 
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positive). 
The constant implied by the O-symbol will generally 


depend on the choice of the M.. 


§1. The reduction of Problem 1 
We decompose the proof of Theorem 1 into several stages; 
the object is ultimately to imitate the famous proof of 


Landau [5] that 


23/2 
y1 = c.x/Ylog x + O(x.(log x) / he (3) 
Lénsx 
n=a* +b? 


However, we shall have to work quite hard to reduce the 
problem to the right form. 
The first snag is that, in general, () N [M.] has 
: K.f6° 
LET 1 
no particular multiplicative structure. This is not too 
disastrous; we can employ a trick (due in essence to 
H. Weber [6], and Fueter [7], in the case where the M. are 
orders) which, roughly speaking, "approximates M. by an 
ideal Fr. 0.". In fact, we define the conductor F of M. 
to be the largest ideal of 0. which is contained in M. An 


elementary piece of analysis (see [4]) now reduces the 


problem in Theorem 1 to that of solving 
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Problem 2. How many integers m are there in [1, x] which 


are simultaneously expressible as m = Ny ja %)» where 
1 


a. <0. is prime to F. and is in one of a prescribed 


collection of congruence classes (mod™F, ) 2 


By introducing on the class of all subsets of the 
Cartesian product xX.T. of the maximal ideal class groups 
(mod"F, ) a semigroup structure 0, whereby (X,A;)o(X,B. ) = 


SAB. With ALB. S facile d. Chis he © Bid, Bad ‘by some 
kb; A Be, ok 2 i a: a as 


unpleasant combinatorial arguments (cf. [3]), we can 
express the counting function in Problem 2 as a multiple 
contour integral involving a rational function in variables 


re ..,Z, (arising from a combinatorial generating function), 


eas N 
Ee ees| 
and some Euler products Il (1 - a2 ys. Neves 2 Lys. for 
peP 


various sets P of primes. The behaviour of these Euler 
products near s = 1 is governed by the corresponding sums 


= cA v 
) p ar and this is where the extended Cebotarev theorem 
peP 
1s wanted. Specifically, we need 


y 
Theorem 2. (Extended Cebotarév theorem). Let (K,) a 


set ne 
finite collection of algebraic number fields, with F a 


conductor in K,. Let P be the set of rational primes which 
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have, in each K., a specified number of prime ideal 
factors of specified residual degrees in specified classes 
(mod F. ). Then P is either finite (possibly empty), or 


has positive rational Dirichlet density. 


We shall prove this result in detail as it is of some 
independent interest. Let (He). oy be the collection of 
class fields over the K. corresponding to, say, the maximal 
ideal class groups (mod”F,). Let H be their compositum 
I H 3 H may not be normal over @, so let H be the Galois 
hull of H over Q; then H 2K = Il K., so that H> K, the 
Galois hull of K over Q. To prove our Cebotarév theorem we 
consider two rational primes p # q, both wramified in H, 
and assume that they determine the same Frobenius class in 
Gal(H/Q). It will then suffice to show that p and q 
decompose in the same way in each Ks and that they have the 
Same number of factors of given residual degree and class 
(moa"F.). 

Since p,q determine the same conjugacy class in 


Gal(H/Q) we can label their respective divisors in H as 


Pi. qn say, ensuring that the Frobenius symbols 


3 ; Vou 6) 
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Taking the natural projection of Gal(H/Q) onto any of 


the Gal(K, /Q), we deduce that 


K./Q K./Q 
—— = ——! , WVri. (6) 
res tnt 


It follows that p and q decompose into the same number 
of factors of given residual degree in Kes whatever our 
choice of ie I. (see [1], p.123-126). We also have 


H/K, H/K, 
q be) 


1% B 6 


V cee ae (7) 


Since these Frobenius symbols both equal the smallest power 
of the symbol in (5) which lies in Gal(H/K, ). Now H,/K, is 
normal (indeed, abelian!) so, from (7), we can project 


down onto Gal(H./K,), obtaining 


H./K, a A, /K, 


bees = — 5 Vr, As (8) 
Po He Ht ae 


But the Frobenius symbols in (8) are actually the Artin 


symbols 


SAY EY ik. 4 


K. | K. 
Pe? i / 2.9) Ek 
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Thus, by Artin's reciprocity theorem, Bt K. and GO K. 


lie in the same class (moa”F. ), and we are done. 


Of course, by relating the appropriate Artin L-functions 
to various abelian L-functions (using induced representations) 


bo) 


we get a quantitative version of our theoren: 
} p® = a(P) log + f(s) (10) 
peP s-l 
with f regular and explicitly boundable in some common zero- 
free region of the L-functions. We need this observation 
to solve Problem 2. 

The resolution of Problem 2 is now in sight. The 
multiple contour integral mentioned above turns out to have 
a pole-factor which separates variable-by-variable, so we 
are spared the need to invoke the general form of 
Grothendieck's residue theorem; the remaining integral 
involves s (the variable in the Dirichlet series) breaks up 


as a sum of terms of the type 


Bere Ay eB roe en} 


rC+i%e s 
| X 
C-i®% 5? 


for various fractional exponents 4, and the final stages in 


solving Problem 2 are much the same as in [3]. 
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82. An interesting special case and an unsolved problem 


Suppose we are given various binary integral quadratic 
forms fe, of discriminants D. = d,Q*, where ds is a field 
discriminant and we assume that the forms are neither zero- 
forms nor negative-definite. The procedure used in [4] (ana 
in many works by earlier authors) shows that Theorem 1 can 
be applied to count the integers in [1, x] which are 
simultaneously integrally represented by all the f.. In 
precise terms, if there exist integers m prime to all the 
eD. for which the genus characters of m and the f. all 
coincide, then there is a positive constant c (depending on 
the f,) such that 


eS aes 


cara[l,x] ae) f,[Z? ] = ex(log x + O(x(log x ye Ti) 


al 


(We remark that, in some circumstances, the constant 


C((M. ) ) may be O in Theorem 1). 


1 REL 


It is possible to obtain this result by another route, 
involving the extended Cebotarév result and some ingenious 
elementary ideas of P. Bernays (Gottingen Inaugural- 
dissertation, 1912). Indeed, this approach gives us the 
interesting extra result that "almost all" (in the sense of 


relative natural density) the integers prime to ellD , which 


have the right genus characters for the fr. are represented 
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integrally by all the forms in the same genera as the fs» 
for all i€1. 

It would be of some interest to know for which fields 
K, and which modules M. we could expect a similar phenomenon 
to occur (with the appropriate definition of genus). This 
is clearly not an easy problem, even when only one field is 
involved. For instance, let us take an apparently simple 
case, where we have one field K and one module M = 0, the 
ring of integers of K. We consider the integers me [1,x] 
for which m = N@ for some ideal A& 0 in a specified narrow 
ideal class of K. Two ideals his s with the same norm 


: ‘ 1 
cannot be in completely arbitrary classes, since Naa, =1 


and aa, therefore belongs to the subgroup H of classes 
which contain fractional ideals of norm unity, l.e. 

aH = aH. We might ask to compare S = ) 1, taken over 
norms of ideals of class C (and with norm < x), and the 
corresponding sum ar taken over the subset of these norms 
which arise from the full coset CH of classes. For which 
K are these asymptotically the same? To date, I cannot 


glve a satisfactory answer to this question; the answer is 


however affirmative for the following special cases: 


(1) K normal over Q. (This explains the result for 
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integers simultaneously represented by quadratic forms, 
described above). The proof in this case seems to be due 
to the transitivity of the action of Gal(K/Q) on the prime 
ideals over a given rational prime. 

(2) K any field with [K:Q] =m and [K:@] = mq, where q 
is a prime and q \m. Thus, in particular, K any cubic 
field, and also any quartic field with Gal(K/@) ¥ A. 

(I am indebted to T. Callaghan (Toronto) for remarks in the 
course of the conference which have enabled me to isolate 
this second category of fields). 


I would expect there to exist a quartic field giving a 


negative answer to the above question, but I have not found 


one. 
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A Survey of Class Groups of Integral Group Rings 
x 
Stephen V. Ullom 


Introduction 
° e mn *% 

In this article we give a survey of the class group 
of locally free modules over integral group rings. 
Principally Jacobinski and Swan (see references) are 
responsible for the general outline. The recent develop- 
ments deal with refinements and effective techniques of 
computation, which make the general theory more useful for 
applications. In topology C.T.C. Wall [W 1] defined an 
obstruction (in the projective class group of the funda- 


mental group) to finding a finite complex in the homotopy 


type of a given space. Locally free modules are one of the 


Work on this survey partially supported by an NSF grant. 


i The list of references contains all articles known to 
the author which deal specifically with class groups of 
integral group rings. 

Reiner's lectures [R 4] on this topic contain back- 
ground material on orders also. 
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main objects of study in Galois module problems [F6] of 


algebraic number theory. 


81. Definitions and formal properties of the locally free 
class group 


Let G be a finite group and R the ring of all 
algebraic integers in a finite extension K of the rationals 
Q. We consider modules over the group ring RG or more 
generally A-modules, A = R-order in a finite-dimensional 
semisimple K-algebra A. Let M be an R-lattice (finitely 
generated torsion free R-module) spanning a K-vector 
space V. The expression prime p of R shall mean either a 
maximal ideal p of R or an archimedean prime of K, and the 
subscript p denotes completion at p, e.g. ae We view 
a ue and set Ms = Ms for archimedean p. Let X" be the 


sum of n copies of a module X. 


(1.1) Definition Let M be an R-lattice and left A-module. 
wNG % 
Mis locally free of rank n if i Me for each prime p of 


R. We then write rk M=n. 
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(1.2) Example Let N be a finite normal extension of K, 


G = Gal(N/K), and A = RG. A classical result of E. Noether 


asserts the ring of integers 0, of N is a locally free 


N 
A-module if and only if N/K is tamely ramified. 


Locally free implies projective. To see this recall M 
is A-projective if and only if Ext (ML) = 0 for all 
A-modules L, and the functor Ext commutes with localization 
in this setting (M assumed finitely generated hence finitely 
presented). Conversely, if A = RG, Swan [Sw 1] showed 


essentially that projective implies locally free. 


(1.3) Definition K (A) = Grothendieck group of category 


of finitely generated locally free A-modules = F/FOs where 
F = free abelian group on isomorphism classes {M} of 


locally free modules, Fo = subgroup generated by 


expressions {M @ N} - {M} - {N}. 


Let (M) be the image of Min K.(A); (M) = (N) if and 


O 
‘ k v k : 
only if M@ A =N@A~ some k. Thus K (A) is the group of 


Stable isomorphism classes of locally free A-modules. 
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(1.4) Definition The locally free class group 
Cl A = ker(rk : K (A) > Z). Note any element of Cl Ahas the 


fen tw) aay 


A homomorphism A + TI of R-orders induces mapping 


CL. & CLP by [8 Two important examples follow. 


AC 
L. If H is a subgroup of G, then Cl RH > Cl RG by 
sduetd on: 
2. Let A' DA be a maximal R-order in A. Swan [Sw 4] proved 
Cl A+ Cl A' is onto. Denote by D(A) the kernel of this 
mapping. We shall see that D(A) is independent of the choice 
of maximal order and in fact hasan invariant description. 
Since Cl A' = product of (narrow) ideal class groups of 
the center of A' (see e.g. [Sw 3]), we may in one sense 
concentrate on D(A). In applications, interesting invariants 
often lie in D(A). For example, if N/Q is a normal tamely 


ramified extension with Galois group G, Frohlich [F6] has 


proved Martinet's conjecture: 


(0.) - (ZG) e D(ZG). 


Also D(ZG) contains the subgroup T(ZG) described in §3. 
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Let RG) be the character ring formed of K-characters 


or G. 


(1.5) Theorem (i) A homomorphism of R-orders A > I induces 
a map D(A) > D(r). 

(ii) Let H be a subgroup of G, then the restriction 
map sends D(RG) > D(RH). Moreover, D(RG) is a Frobenius 
module for the Frobenius functor R,(G) (see e.g. [Sw E, 


K 
chap. 2] for terminology). 


References Part (i) is due to Reiner [R 3] and part (ii) 
to Matchett [Mat]. Swan ([Sw 1], [Sw 4]) proved C1(RG) is 
a Frobenius module over R,(G). 

We now give Endo-Miyata's [EM 2] characterization of 
D(A), which shows D(A) independent of maximal order and 


gives an alternative proof of (1.5). 


(1.6) Theorem Let M be a locally free A-module of rank n. 
The element (M) - (A”) € Cl A belongs to D(A) if and only if 
there exists a finitely generated A-module X such that 


M@X= @ x. (X is not necessarily locally free.) 
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The proof depends on the lemma. 


(1.7) Lemma Let M be a locally free A-module of rank n, 


A' 3 A a maximal R-order, then 


av 


M@®A'™ = [A! e, Ml @ Nas” A-modules. 


Proof Let S = (finite) set of prime ideals p of R such that 
Ay # Me By Roiter's lemma ([Sw E, (3.1)] or [R 2, (27.1)]) 


there exists an exact sequence of A-modules 
n 
O > ae hE SO 


with T, = 0 for pe S. Note that A' @, T ~T, so the 


sequence below is exact 
O>A'@, M> Aw +T+0. . 
Again by Roiter [Sw E, Lemma 6.9] 


"2 [A'@, M)@A Q.E.D. 
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Returning to the proof of (1.6), we see that if 


We 


(M) - (A") e€ D(A), then ark ® [A' 8, M] = a'™ E tor some k, 


so from the lemma 


Meare 2 ge a™ . 


We have proved one direction of the theorem with X = pees, 


The other direction is almost obvious. 


Remarks Continuing with the philosophy that one should look 
at subgroups and quotient groups of Cl(RG), Frohlich ([F 5], 
[F 6]) has defined certain quotients of D(ZG) called the 
E-groups, which are useful in the normal integral basis 
problem. Also Endo-Miyata [EM 1,2,3] have considered other 


subgroups of D(ZG) which are Frobenius modules. 


§2. Methods of computation 


To begin with Cl A is a finite abelian group. Indeed 
Swan has proved [Sw 1] that if M is a locally free A-module, 
then M = = (free A-module) ® (locally free left ideal of A). 
It follows every element of Cl A can be written in the form 


(M) - (A) for some locally free left ideal M of A. Hence by 
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the Jordan-Zassenhaus theorem [CR §79] Cl A is finite. 

Next we describe the class group explicitly as a 
quotient of an idele group. (Compare Jacobinski's original 
classification ([J 1], [J 2]) of lattices in a given genus.) 
For a ring S, u(S) denotes the group of invertible elements 
of S. Define the ideles J(A)C Mula.) product over all 


primes p of R, by 


J(A) = {(ao_) © Mu(A_) : a. € ul(A_) for all but fini 
(A) ( i) ( 3) p u( 3) or u 1nitely 


many p} . 


Let U(A) = Taf A). The idele group J(A) is topologized so 
that U(A) is an open subgroup with its subgroup topology the 
same as the product topology. Let J(A)' be the closure of 
the commutator subgroup of J(A) and embed A diagonally in J(A) 


For a = (o,,) e J(A) define 


ha = hia A); 

A (r,0, A 4); 
Pp 

Aa is a locally free A-module in A. Conversely, let M be a 

locally free rank 1 A-module in A with M., = fee 5 


o, € uA). Set a = (o,). Then a e J(A) and M= Aa. 
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(2.1) Proposition There is a 1-1 correspondence between 
isomorphism classes of locally free rank 1 left A-modules in 


A and double cosets U(A)\J(A)/u(A) given by 


{Na} <+ U(A)a u(A), ae J(A). 


(2.2) Theorem (Frohlich [F 4]). The mapping 


(Aa) - (A) + a mod J(A)' U(A) u(A) defines an isomorphism 


(2.3) Cl A + J(A)/J(A)' U(A) u(A), 


which is natural in homomorphisms of R-orders. 


Frohlich's approach gives an explicit condition which 
is both necessary and sufficient for an order to have the 
cancellation property for locally free modules. In 
particular, \ has the cancellation property provided none 
of the simple components of A is a totally definite quaternion 
algebra (i.e. A satisfies the "Eichler condition"). The 
main technical point of the proof is that if B is a simple 
Q-algebra, B not a totally definite quaternion algebra, then 


J(B)' has strong approximation. 


506 ULLOM 


Often one applies the reduced norm to the right hand 


side of (2.3). Further notation is needed. Let 


A= TA. ' A. Simple K-algebra with center L. 
L= tL; = center of A 


O=rx0. , O. = ring of integers of L. : 


The reduced norm n. maps A; = L. and we also have reduced 
norms n: A>L andn: J(A) + J(L) defined componentwise 
and locally (resp.). Let IH be the skewfield of real 


quaternions and set 


J(L.), = {(8,) € J(L,) : Bp > O if P is a real archimedean 


prime of L, such that A, is a matrix ring over }. 


FY 
Let J(L), =f J(L.), and for any subset S C J(L) define 
4 S82 a) J(L),. Using results on the image of reduced norm 


(locally and globally) and ker(n : J(A) + J(L)) = J(A)' 


Frohlich [F 4] proves the following. 


(2.4) Theorem The reduced norm gives an isomorphism 
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Ie 


J(A)/J(A)' U(A) uA) = J(L){/n(U(A)) u(L), 


We 


J(L)/n(U(A)) u(L). 
Further n1(U(A)) is an open subgroup of J(L). 


(2.5) Corollary D(A) = U(0), u(L)/n(U(A)) u(L), (since 
n(U (maximal order)) = U(O),). 

C.T.C. Wall and S. Wilson have given similar idele 
descriptions of Cl A (actually for more general rings) by 
techniques of algebraic K-theory. We indicate briefly one 
of the ideas Wall uses in the course of his classification of 
Hermitian forms over adele rings and global rings. Let 


Z = profinite completion of Z, 


A > A 
bo 
A > A 
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Wall ([W 2, Cor. 2.2], [W 3, Cor. 3.2]) proves (2.6) below. 
Wilson ([{Wi 3], [R 4]) has proved (2.6) independently by the 


localization sequence of algebraic K-theory. 


~ 
(2.6) Theorem The class group Cl A = X/Y, where X = 
restricted direct product of the groups K,(A)) with respect 


to the subgroups 
é A) &3 
im K, ( ” image (K (A) + K (A) 


And Y = im K (A) + Si MK, (A). Here p ranges over all finite 


rational primes. 


An adaptation of Milnor's [M] Mayer-Vietoris sequence 
to orders is a useful technique for computing class groups of 
specific orders. Given R-orders A, Mis A, in semisimple 
K-algebras and a finite (as a set) R-algebra A. Assume A 


is the fiber product 


| 


SS 6 
Co 
ine) 
=) —et > 
Co 
— 
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i.e. A is identified with the subring 


{(2,,4,) © A @ AL: oa, = br,} 


Let u(A,) = im(u(A,) > u(A)), i = 1,2. 


(2.7) Theorem [RU 2, F 4]. Assume o, OF o, is surjective. 
(i) If A satisfies the Eichler condition, the following 


sequences are exact 
*% x as 
1*u (A,) u (A,) + u(A) + Cl A+ c1(A,) @ C1(A,) +1 
* * Ps 
Lu (A,) u (A,) + u(A) + D(A) + D(A,) ® D(A,) > 1. 


(ii) Whether or not A satisfies the Eichler condition, 
the above two sequences are exact with u(A) replaced by 


xs x - 
GL, (A) and u (A, ) replaced by im(GL, (A, ) * GLa CA)), 4-= 1,2, 


The idea behind the proof of (ii) is that M,(A), the ring 
of 2 by 2 matrices over A, obviously satisfies the Eichler 


condition. Also C1(A) = c1(M,(A)), D(A) © D(M,(A)). 
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§3. Numerical results 
In §3, 84 we specialize to A = 7G. Let Cc, be the 


cyclic group of order m and |S| the cardinality of a set S. 


(3.1) Theorem Suppose G is a p-group. 
(i) ({F 1], [RU 1]). D(ZG) is a p-group. 
(ii) [U2]. The exponent of D(ZG) divides |G|/p if p # an 


divides |G|/h if p = 2. 


(3.2) Theorem As G ranges over a sequence of abelian groups 


such that |G| + ~ (|G| not prime), then |D(zG)| > ». 


References Frohlich [F 2] determines the exact order of 
D(ZG) (defined in §4) for an arbitrary abelian p-group G, 
p #2. On the other hand article [RU 2] gives lower bounds 
of |D(zG) | for any abelian group. 

For an odd prime 2 define the metacyclic group 


Fis 2(2* 4a), ¥ > 1 and '@ any. divisor of &— <1, by the 


extension 
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where C_ acts faithfully onC.. 
q gt 
(3.3) Theorem [GRU]. Suppose 2 as above has order %q. Then 


D(Z2) = D(ZC,) ® Ci qa' = q/(q,2). 


Work of Keating [K 2] with further contributions by 
Cassou-Nogues [CN 2] and independently Matchett [Mat] yiela 


the following. 


(3.4) Theorem Suppose 2 as above has order gq. There is 


a split exact sequence 


1> Dy (22) + D(Z2) > D(ZC,) i 


(x) 


Further Dy (z2) = co ® Y, where Y is an &-group and Y = 1 


if ®isa regular’ prime. 


The article by Cassou-Nogues [CN 2] has results on more 


general metacyclic groups. 


x 
A prime 2 is said to be regular if 2 does not divide the 


£ Q 
class number of the field Q( v1). 
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Define the Artin exponent A(G) to be the characteristic 
of the quotient of the character ring Ry (G) by the ideal 
generated by generalized characters coming by induction from 
cyclic subgroups of G. Lam's work [ta] provides an 
effective method of computing A(G). It is known that A(G) 
divides |c| ana A(G) = 1 if and only if Gis cyclic. Except 
for the three exceptional families of 2-groups described 
below, one has A(G) = lel/p, when G is a noncyclic p-group, 


p any prime [La]. ‘These families are 


ntl 
dihedral A =e <Git yo ==] 
n+2 ; > 
2 
= my 
COTS: 6. re n bd e) 
2" 2 4 
(35.5) quaternion H fgg POSES Sis, OL ey 
at =f 
te Of -s-0: > 5 ne-l 
pnt 5 
semidihedral SD ein? pl 0s SI 2 =T =1, 
n 
¢ ateg oo 3 eee 


We have A(A) = A(H) = 2, A(SD) = kh. 


(3.6) Theorem (i) [FKW]. We have D(ZA) = 1, |D(zH)| 


i} 
ne) 
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(ii) [ze]. The semidihedral group SD > Hg and In(zsp) | = 2. 


Let G be any of the three groups of (3.5). The proof of 
(3.6) begins with an application of the Mayer-Vietoris 
sequence of (2.7) to the fiber product 


OM a 
ZG ——32G/(o" -1) = 24. 


bof 


n n 
ga/(e" 41) »26/(2;0° = 1) 


+1 


Remarks Martinet [Mar] proved there are exactly two non- 
isomorphic locally free rank 1 ZH,-modules. Wall [W4], as 
an illustrative example, calculates the class group of the 
elementary abelian 2-group and the nonabelian groups of order 
8. 
Pp 4 -1 -1 
Let H = <O,T: 0 =T' =1, T OT =O > be the 


lp” 
quaternion group of order ip™ , p odd prime. 


(3.7) Theorem ([F 3], [Wi 3]). The 2-component of 


D(ZH xh is an elementary abelian group of order 2”, 


Up 
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We conclude this section with a description of the sub- 
group T(ZG) of D(ZG) introduced by Swan [Sw 2]. Its elements 
are used in the classification of fixed point free actions of 
groups on spheres (e.g. [LT], [TwW]). Let n = |Gl, 
me = 2 = sum of elements of G, 2 € ZG. Form the fiber 


product 


ZG m_——} 7G/(Z) 


| | 


LZ —— > Z/nZ . 


Then the sequence 


rf) 
u(Z/uZ) * D(ZG) + D(zG/(Z)) > 1 


is exact and 9(r mod nZ) = ([r,2]) - (ZG), integer r prime 
ton. Here [r,2] = the locally free ideal rZG + 2-ZG. Define 
T(ZG) = im 9, Then T(ZG)< D(ZG); in fact 


[r,2] @z = 76 @Z (see [Sw 2]) , 


so X = Z with trivial G-action in the notation of (1.6). 


We state several results of Ullom [U 3]. The exponent 
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of T(ZG) divides A(G) and it is likely that the exact exponent 


of T(ZG) is either A(G) or A(G)/2. 


1. Quotient. If G maps onto G, then T(ZG) maps onto 
T(ZG). 
o. Restriction. Let H be a subgroup of G. The restriction 


map of class groups maps T(ZG) onto T(ZH) by 


({r,Z,]) - (ZG) + ([r,5.,]) - (2H). 


7) 
For the groups G of (3.3) (with q prime) and (3.5), 
T(ZG) = D(ZG). There are general lower bounds for T(ZG) in 


terms of A(G). 


(3.8) Theorem [U 3]. An odd prime p divides |T(zG)| if 
and only if p divides A(G). If 4 divides A(G), then |T(zG)| 
is even, except possibly when a 2-Sylow subgroup of G is 


dihedral. 


(3.9) Proposition (i) Let G= s, oF A, (symmetric or 
alternating group on n letters). An odd prime p divides 
|t(zG)| if and only if p < n/2. 


(ii) An odd prime p divides |c1(zs_) | if and only if 
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p< n/2. |c1(zs__) | iseven if and. only if n > 5. 


References For the symmetric and alternating group see 


[em 3], [R 3], [RU 4], ana [uv 3]. 


$4. Cyclic p-groups 

Probably the deepest results on class groups deal with 
cyclic p-groups. Of course one purpose of the induction 
theorems 1s to reduce to this basic case. Both Kervaire- 
Murthy [KM] and Galovich [G] apply the theory of cyclotomic 
fields to class group problems. The former make systematic 
use of Iwasawa's theory in contrast to the latter's direct 
approach with cyclotomic units (mostly for p a regular 
prime). However, Galovich has pointed out that the proof 
of his claimed direct sum decomposition of D(ZG) is in error. 

Let ss = Q(w), w= primitive po age root of 1, and 


Ro = Z{w J. Note that the class group of the maximal order 


of QC ais (Cc cyclic of order m) is isomorphic to the 
Pp 


n 
product Il C1(R, ) of ideal class groups. The fiber 
1=0 


product 
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— 
Bez ZC 
Pp Pp 
(4.1) | 
Rote, US 
n n 
os 


yields the exact Mayer-Vietoris sequence 


ds 
(4.2) u(Zc ee x u(R) + (FC A Sp(Ze Aix + D(ZC n) +1. 


Pp p Pp Pp 


Define the standard involution c on ZC, C generated by o, 


to be e(Za,o”) = 2 a0"; a, € Z. Let Y be any <c>-module 


written multiplicatively and define 
+ - 
Yo Stave: Y Sars ah Oe ae ae ete? 


Since c acts on the fiber product (4.1), it follows easily 
that (4.2) is an exact sequence of <c>-modules. From now 
on assume p odd, so D(ZC) = D(zc)* ® D(ZC) . (With more 
work [KM] handle the case p = 2.) Let y = cokernel 

of Ja Ve, is a p-group because the unit 

(1 - w)/(1 - w) =r mod(l - w JR (eon) Say. Two 


results on units are fundamental. 
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(4.3) Lemma (i) u(R,) = <w> w'(R,). 


(ii) u(ze)=c,- uw (ZC aN 
Pp p Pp 


Part (i) is due to Kummer [KM]; for (ii) see [CR] ana 
[KM]. On the other hand u (FC we is roughly one half of 


ulF¢ n)* It follows that is large. The structure of it 


Pp 
as an abelian group is determined in [KM]. An important 


+ 
upper bound for ¥ follows. 


(4.4) Theorem [KM]. Assume that p is an odd prime such 


+ + , 
that (p,h)) = 1, where h) = class number of the maximal 


real subfield of F.. Let CL(R _ 


0 ). be the subgroup of skew- 


a) 


symmetric elements of the p-primary subgroup of c1(R_,)- 


There is a canonical injection 


ae 


+ 
character group of V_~*Cl1(R 
n n-1" Pp 


’ + + 
Corollary If p is regular, then V = 1 and D(ZC }* eZ 


n+1 


for all n > O. 


; + 
Conjecture [KM]. Assume (p,h,) =1. Let S. be the number 
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of Bernoulli numbers BorBysss a8 with numerators 


divisible by p. Then 


- copies of C aa. 

Pp 
For n = 1 the conjecture has been proved by Galovich [G] 
and Kervaire-Murthy [KM]. 

In [U 4] Ullom investigates the 4-decomposition of the 
p-primary subgroup of C1(ZG) and D(ZG), Ga cyclic p-group. 
The "odd" eigenspaces under this decomposition contain as 
subgroups the corresponding eigenspaces of certain ray class 
groups of cyclotomic fields. Then one can apply results of 
Iwasawa [I] to show, for example, that D(ZC me is not a 


Pp 


) if p is an irregular prime with 


direct summand of oMZS na 


+ 
(ph) ety nh 
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J. Martinet 


Theorem 5.1. of [M1] shows that quaternion extensions 
play a crucial role in the study of conductors and root 
numbers of symplectic characters. Only a few results, 
mainly due to Frohlich, are known. 

The aim of this section is to describe one of them, 
which concerns normal extensions N of Q with Galois group G 
isomorphic to the quaternion group H, of order 8. Such an 
extension will be called briefly a quaternion field, and we 
shall restrict ourselves to the case of a tamely ramified 
extension (i.e. 2 is not ramified in N/Q). 

Write Hy = <0,T> with relations Oe eh Ree Oe 2 
tot! = é; and imbed Hi in the field of quaternions by 
Ot +i and tryj. Then the reduced trace defines a 
character X, with values x(1) = 2, x(o%) = -2 and 

2 


¥(a)) =O fore Fut. 07% This character is the unique 


irreducible character of degree 2 of Ho: We write Wy or W 
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for the Artin root number W(x). 


Since N/Q® is tamely ramified, the ring 0, of integers 


N 
of N is a projective module over Z[G]. Now, the projective 
class group of Z [H,] is of order 2 (see below). We define 
an invariant Uy (or simply U) of N by putting Uy = +1 or -1 


according to whether On has a trivial image in this group or 


not. 


Theorem 1 (Frohlich) - Wy = Uy 
We shall define in a quite natural way a local invariant 
Box (or U.) for every place v of @, with U_ = 1 almost 


bd) 


everywhere andU=IU. Let W (or W_) be the local root 
i Vv N,v Vv 
number W(x). Theorem 1. will be a consequence of the 


following local result we are going to prove. 


Theorem 2 —- Wey = Se for every place v of Q. 
For the details omitted in the proofs, the reader is 


referred to [M] and [F]. 


§1. Z [G]-modules 


Let M be a projective Z [G]-module. Assume M is of 
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rank 1 (i.e. Q 87, M is free with one generator over @[G]), 
and define M' = {x e M | x = ox} and M = {x en |x + o2x = 
Oo}. Then, M' (resp. M') can be given a structure of pro- 
jective module over Z' = Z% [G]/(1 - 0%) (resp. Z" = 
z{[G]/(1 + 0*)). Let g=G/{l,o*}. Then g is isomorphic to 
Klein's four group, and Z' is isomorphic to Z[g], whereas 
z" is isomorphic to the ring Z [1,i,j,k] of integral quat- 
ernions. For both the rings Z' and Z", every projective 
module is free. Let now ® (resp. ¥) be a basis for M' over 
Z' (resp. for M" over Z"). It is easily verified that ¢% 
and ~ are well defined up to the sign and the conjugacy by an 


element of G. The following proposition is easy. 


Proposition 3 The bases ® and ~ can be chosen in such a 
way that one of the following congruences holds: 

a.) @ = p mod 2M 

b) 6 = op + TW + oT mod OM. 

Moreover, for a given module M, only one of the con- 
gruences a) or b) is possible, and Mis free if and only 


if a) holds. 


Proposition 3 implies that there are exactly 2 
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isomorphism classes of rank 1 projective Z [G]-modules. But 
it can be proved for the particular group He that given a 
free module F and a projective module P over Z [He], then 
P@F is free if and only if Pis (cf. [M], §2). Hence, 
the projective class group of Z[G] is of order 2, and we 


identify this group with {-l, +1}. 


§2. Quaternion fields 


A quaternion field contains three quadratic subfields 


d and a 


Es Ko. k. with respective discriminants dis d,s 3? 


1 
biquadratic subfield K with discriminant d, d, d.. the 
compositium of the kis. We define a positive integer D by 
D* = a, 4, d,. Write N = K(VM) for some Me K (one can take 
M = ~* with the notation of §1 applied to the G-module 0.) 
Let m be a square free integer such that ®( vin) is none of 
the kis. By elementary considerations of group theory, 
one proves that N( Vm) contains besides N a unique quaternion 
field, say Ni and that any quaternion field containing K 
is of the form Ni for some mn. Clearly, Nn = K(VMm) . 
Moreover, Ni is a tamely ramified extension of @ if and only 


if m = 1 mod 4. 


Now let p be an odd prime number. Since the extensions 
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N/k; are cyclic, if pis ramified in K/Q, then every prime 
above p in K is ramified in N/K. Hence, for every prime 
factor p of m, either p is ramified in K/®@ and has ramifi- 
cation index equal to 4 for both the fields N and Nw or p 
is not ramified in K and is ramified in one and only one of 
the fields N, Nw With ramification index 2. Hence, 
every quaternion field is of the form Na for some m, where 
N is a "pure" quaternion field in the sense of [F], namely: 
every prime number ramified in N/Q is ramified in K/Q. 

We shall need in the sequel to know under what condit- 
ions a biquadratic field K = a(va,, ¥a,) can be imbedded in 


a quaternion field (cf. [F]). 


Proposition 4 A necessary and sufficient condition for K 
to be a subfield of a quaternion field is that the following 
condition holds for every place p of Q: 
(=. a) (<j. d,) (a, .4,) = PL 
Pp Pp Pp 

Note that there is no condition for an unramified p. 
If p is the place at infinity, the above relation simply 
means that K must be totally real. If p splits in some 


quadratic subfield of K and is ramified in the others, it 
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Simply means that p must be congruent to 1 mod h. 


The following proposition can be deduced from proposition 


Proposition 5 Let m be a square free integer. In order that 
k = @( Ym) should be a quadratic subfield of a quaternion 
field, it is necessary and sufficient that m be positive and 


not congruent to -1 mod 8. 


83. The invariant Uy 
Recall that Uy = 4] if 07 is a free Z [G]-module and 


Sioa otherwise. Put €(N) = +1 if N is totally real and 
&(N) = -1 if N is totally imaginary. Choose ® and yj as in 
§1 for the G-module Ov Then, 


v = % mod 2 po = y* mod 4 ? Try j9(¢ ) = Try jg(Y ) mod h, 


whereas 


= 2 — ah! 2 
6 = ov + TW + ToW mod 2 Try je? ) = Try jg! ) mod 4. 


= 2 
=+] = © 
Hence, U. 1 Tria! ) 


2 
fr Try 9! ) mod h. 


itd +d,+d, 
Proposition 6 a) Try jg) = =i se mod }. 
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b) Tr, (v7) = €(N) JI p mod 4, 
K/Q p ramified 


in N/Q@ 


Proof a) We may choose for ® any normal basis of K/Q. 


2 3 : 5 F 
=—;,,—__ aives immediately a). 


Taking 1+Va,+Vd,+Va, 

b) We first remark that ¥* is totally positive if N 
is real and totally negative otherwise. Hence Try jg(¥°) and 
¢(N) have the same sign. To find the ideal of Z generated 
by Try jgi¥) » we compute the discriminant D(N/®) of N/® in 
two ways. On the one hand, write for the bilinear form 
T = Try jg (>) the direct sum decomposition T = T' @ T", 
where T' = Tr 


K/Q 
N" = {xen |x + 02x =O}. This gives the formula D(N/Q@) = 


(xy) on N' = K and T" = Try jq(W) on 


D(K/Q) (‘Try i_(¥°))*. On the other hand, we can use ramifi- 


cation groups to compute D(N/Q@). This gives the formula 


D(N/Q®) = Il p* II p*, and b) is proved. 
p ramified p ramified 
in N/Q in K/Q 


* 
We identify now (Z/42) with {-1. +1}, and write 


a or oa for the image Tr 


N K/Q 


Try jg(¥) in {-1, +1}. Hence, Uy = 4, 


(62) and e or 8 for the image of 


Ba 


There is quite a natural decomposition of 8 as a product 
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£ 2 = : 
of local terms By re Bs namely: 


> 


P= EN) 

i =1if p is unramified 

- = image of p mod } = (-1) (P71) /2 if p is ramified; 
Then, P = 1 almost everywhere, and 8 = Il B 


Vv 

It is less obvious to find what to choose for the a's. 
Vv 

l+d,+d,td, " 

=e SG 


mod 4, where D* is the discriminant of K/Q. We now define 


We use a remark of Frohlich (cf. [F], 87): 


the a's; 
Vv 
Co Sate if v is not ramified in K/Q (in particular, 
a= +1) 
red ees : ee : 
M, = oN for a finite prime p ramified in K/Q. 


Then, = = +1 almost everywhere, anda = Il ae More- 
over, e depends only on the field K. 


We know define local terms for U_ by =U. =a 8. 
N N,v Vv Vv 


Then, eM = +1 almost everywhere and U = Il UL 
Vv 


§4. Some com tations of the invariant Uy 


Se - 
Let p be a prime number. Write p' = (1) (Pr2) 2, and 


assume that Q(’p') is not one of the fields Ks Given a 
quaternion field N, we compare the local invariants of N and 


N' = Nov The proof of the following proposition is obvious 
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from the definition of the a's and Bis. 


Proposition 7 


, e (p-1) /2 
Ea) Bat eo So Ga ae 
(ii) Boy 3 (-1) (PL) /2 8 if p is unramified 
N'>P N, 
in K/Q 
(1 355.) Bog = Br, otherwise 
(iv) CY age py L6P all i, 
Corollary 8 
Ue = Uy if p is unramified in K/Q 
Ur = epee U, otherwise. 


Corollary 9 Let A be the discriminant of a quaternion field 
containing a biquadratic field K such that at least one prime 


number p = 3 mod 4 is ramified in K. Then, exactly half of 


the quaternion fields with discriminant A have invariant 


Corollary 10 Let K be a biquadratic field such that every 


prime number ramified in K/Q is congruent to 1 mod 4. Then 
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the quaternion fields N containing K, if any, have the 
same invariant Uy: 


Remark lLet us call this invariant Ure Using Dirichlet's 
theorem on primes in arithmetic progressions together with 
propositions 4 and 5, it is easy to show that there exist 


infinitely many fields K with Ux = +l and infinitely many 


fields K with Uy = -l. 


85. Proof of theorem 2. 


We must verify for every place v of Q the equality 


Ny - WN 

(2) ys &, If Nis real, thena =8 =W =+t1. If Nis 
Vv v Vv 

imaginary, then i= #14 B.. =-l, hence, UL. =-l. Now, 


the only possible choice for a real Frobenius substitution 
is 0 = 0“. Hence, 


a 2 é 
2 Vv 


n(x,v) = 


We now consider the case of a finite prime p. Let ee 
be the local Galois group. If p splits in at least one 
quadratic subfield of N, then ey 1s cyclic of order l, 2 
or 4. If p does not split in K, then p is ramified in 


K/Q. Hence, p is odd, an = G and the inertia group e is 
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cyclic of order 4. Let X be the restriction of x to ae 


ii G is cyclic. Then X = + 6, where @ is a 
hia), 4 a A p 


character of Ms of order equal to that of o We thus have 
W. = W(x.) = ¢(-1). 
Pp % Pp 


hi I, sii}, “then ‘ is unramified. Hence, 


If 7 is of order 2, then the restriction of an to the 
group of p-adic units is the quadratic character x (5). 


Hence, W,, = poy = (-1)'P-1)/2 = u., since a, = 1 and 


i Us ca es G3 then the restriction of $¢ to the group of 


p-adic units is a biquadratic character. Hence, p=l 


mod 4 and W = ¢ (-1) = (-1) (PD) 74 But @ =1 and 
p p p 


= 2 j = es alt fake (p-1) /4 
— eek Since p = 1 mod hy, i) (-1) and 
W =U. 
Pp Pp 


(iii) Ge = G. Let - be a quadratic subfield of the com- 
pletion N. of N, let H = Gal(N /k_), and let > bea 
Pp P Pp Pp 
character of H of order }. 
x 
Then, Xp = 3 the character of G induced by 53 Let 
e. be the character of G lifted from the non trivial 
% 
character of G/H. Then, 1 =i + c.: 


x 
Hence, HOUR, oe a WA Uo Wd, - 1), and therefore 
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wW(x_) = w(¢ ) we). Take for K, the field 


a f-ay FH), Since Q( (-1)'P1)/2 0) 7g is ramified 
only at p, We ) Wile) = +1. Hence, w(€,) = +1 for 
p = 1 mod 4 and wie.) = +1 for p = 3 mod 4, a result know 
to Gauss! We thus have we)? = (-1) (P71) /2 =8 . Now, 


19 


an easy computation shows that the transfer Ver, is not 


x x 
trivial. This implies that the restriction of Me to 2, is 


P 2 : 
equal to go Since a = = #(2) theorem 2 1S a con- 


sequence of the following lemma. 


Lemma 11 (Frohlich, Queyrut) - Let K be a finite extension 
of a p-adic field. Let € be a character of Kk of order 2 
corresponding to a quadratic extension E of K. Let > be a 
character of z whose restriction to K" is€. Assume that 
both > and € are ramified and tamely ramified. Then 


W(o) = (2) We). 


Proof Let Vo Ve be the valuations of K, E respectively. 


Since > andé are ramified and tamely ramified, 


v(6(E)) = v(4(¢)) = 2. 


With the notation of [M1] II, 82, we have the formulae 


x 
Footnote: see Exercise 7. 
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w(¢) = —+—— 1($) ana we) = —L—__ 1) 
“iv( §(¢)) N(6(€) ) 
with : 
to = | ov) anacte)= 7 2) 3), 
xeU,/U;, xeU,/U, 
where c generates D3 /0 6(¢) and d generates De 6(€). 
Pp ® 
Now, v,(0_,.) =1. Hence, v_(D Jzl+v_(0 = 
E’ E/K E £/Q,, E K/Q,, 


K 
choose c =de€K. Since E/K is totally ramified, the 


+ D = . 
1+2 vA /a,)” and v,(¢) ev,,.(d) We can therefore 


* * 
inclusion K C E induces an isomorphism U,/Uz > U,/U;: We 
can therefore choose the x's in Uy to compute 1($¢). For 


such a choice for c and x, ¥,(4) = v (2%), Hence, 
(4) = (2) J oF) vy (B) = G2) Te). 
xeU,,/Uy 
Since the conductors (¢) and §(€) have the same absolute 
norm, W(¢) = $(2) w(é), 


Q.E.D. 
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Un contre-exemple a une conjecture de J. Martinet 


Jean Cougnard 


Soit N/® une extension galoisienne de groupe de Galois 


G ; on note 0. la cloture intégrale de Z dans N, D wn ordre 


N 


maximal de @[G]. On considére le D-module DO J. Martinet 


N > 
a conjecturé que DO, est D-stablement libre. A Frohlich a 
montré que cette conjecture était vérifiée quel que soit G 
pourvu que l'extension N/Q soit modérément ramifiee ([6], 
[6a]). On sait qu'elle est également vraie lorsque G est um 


p-groupe, indépendamment de la ramification [4]. Le but de 


cet exposé est de donner un contre-exemple 4 la conjecture. 


§.I. Groupes non abéliens d'ordre pq 


Soient G un groupe et x un caractére de G ; la fonction 
X se prolonge par linéarité en une fonction sur Q[G] que 
l'on note encore x. Lorsque le caractére est absolument 
irréductible, il existe un et wun seul facteur simple de 


Q[G] sur lequel la fonction x n'est pas identiquement nulle; 
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ce facteur simple est appelé facteur simple associé & Xx 
eg ie 

On suppose désormais que G est wn groupe non abélien 
d'ordre pq (p et q premiers avec q # 2); il est engendré 
par deux éléments 0 et T vérifiant les relations: 


FX | A 7 
OP sttsi, tor =o of r#i(p), r* = 1p), 


ce qui implique p = 1(q). On note H (resp. g) le sous- 
groupe de G engendré par 0 (resp. Tt). Le sous-groupe H est 
distingué et l'on note T l'image de T dans G/H. 

Le groupe G possédant trois classes de conjugaison de 
sous-groupes cycliques, l'algébre Q[G] est produit de trois 
facteurs simples ([10] cor. 1 au th. 29). Le premier 
facteur est isomorphe 4 Q et est associé au caractére 
identité, le second est isomorphe 4 Q(w) ot w est une 
racine primitive q-éme de 1'unité et est associé aux 
caractéres de degré 1 non triviaux de G. On peut démontrer 
que le troisiéme facteur est une algébre de matrices a 
coefficients dans le sous-corps du p-éme corps cyclotomique 
dont le degré sur Q est = ([3]); ce facteur est associé 
aux caractéres de la forme Ind ot € est un caractére de 
degré 1 de H, non trivial. 


Un ordre maximal de Q[G] contenant Z[G] est done de la 
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forme D= Z% < Zw] x D' ot D' est un ordre maximal du 
troisiéme facteur simple. Rappelons la proposition 


suivante: 


Proposition I.1. Soient e. (i = 1, 2, 3) les idempotents 
du centre tels que e5 Q[G] soit le i-éme facteur simple et 
soit M un D-module sans torsion. Le D-module M est 

stablement libre si, et seulement si, pour chaque i, e; M 


est e,D-stablement libre. 


§.,II. Extensions et résolvantes de Lagrange 


Soit N/Q une extension galoisienne, non abélienne, de 
degré pq. On note k (resp. K) le sous-corps de N 
invariant par le sous-groupe H (resp. g). Soit x wm 
caractére de G de degré 1; wn tel caractére est trivial sur 


H et définit un caractére x' du groupe de Galois de k/Q. 


Definition II.1. On définit des résolvantes de Lagrange 
par: 


a) pour 8 € N et x caractére de degré 1 de G: 


<6,x> = ) g(8) x(g 
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b) pour 6 € k et x caractere de degré 1 de G: 


GQ 3 i 
(Osx) = } t(e) x"(7 7). 
1=1 


Proposition II.1. On a la relation <6,,> = (Tie yc 8) »x)- 


Démonstration On applique les définitions en remarquant 
que x restreint & H est le caractére trivial. 

Rappelons maintenant les propriétés élémentaires des 
résolvantes de Lagrange. L'élément <6,x> appartient A 
N(w). Comme les extensions N/Q et Q(w)/® sont 
linéairement disjointes sur Q, ona 
Gal(N(w)/Q) = Gal(N(w)/N) =< Gal(N(w)/Q(w)). Pourl<i<q 
on note s, le N-automorphisme de N(w) tel que s.(w) = yt et 


on identifie les éléments de Gal(N(w)/Q(w)) avec leur 


restriction 4 N. On peut alors énoncer: 


Proposition II.2. a) Quels que soient 6 € N, x 


caractére de degré 1 de Get geG, 
g(<6,x>) = <gO,x> = x(g) <8,x> . 


b) Quels que soient 6 € N, x caractére de degré 1 


de Get 1 £15 q s, (<8, x?) = <0,x">. 
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On en déduit immédiatement: 


Corollaire 1. a) Quels que soient 9 € N et x 
caractére de degré 1 de G, 
<6,x>7 € Q(w). 
b) Quels que soient 8 e€ N, x et x' caractéres de 


degré 1 de G tels que 


<8. y><8.y!'> 
<O,xx'> #0, XX Qu) 


<0, xx'> 
en particulier si 
ES 
<6 > 
<0,x> #0 B(x) =—24=> € Qu). 
<0 ,xX> 


c) Quels que soient 6 et 6' e€ N, yx caractére de 
2 447 <6! ? 
degré 1 de G tels que <0,x> # 0, 1'61ément <6, 
] 


appartient 4 Q(w). 


On peut démontrer aisément que si ® forme avec ses 
conjugués une base normale de N/Q, alors quel que soit 
le caractére x de degré 1 de G, <0,x> #0. 

On se fixe un élément a vérifiant la condition 


ci-dessus, et un caractére x de degré 1 de G, non trivial. 
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Définition II.2. On définit l'application f (resp. f') de 
<@.y> 


N (resp. k) dans Q(w) par f(6) =z x> 
foie 


f'(6) = BLS ee 


(Ti 6 02X) 


(resp. 


On peut énoncer: 


Proposition II.3. L'application f (resp. f') est une 
surjection de N (resp. k) sur Q(w). Etant donné x € Q(w), 


a a 1 
1'élément 6 = ak (w) / oe Ty a 6 02X)) est tel que f'(8) = x. 


Démonstration. L'extension N/k étant séparable, la trace 


oh est surjective, il suffit donc, d'aprés la proposition 


N/k 
II.1., de vérifier la surjectivité de f'. La deuxiéme 
partie de la proposition, que l'on vérifie par un calcul 
élémentaire, prouve cette surjectivité. 

On munit Q(w) d'une structure de Q[G]-module en posant 
pour tout y de Q[G] et tout ao de Q(w) 

y*a = x(y)a . 

La partie a) de la proposition II.2. et la proposition 
II.3. montrent que f est un homomorphisme surjectif du 
@[G]-module N sur le Q[G]-module Q(w). Or Q(w) est 
isomorphe 4 e, Q[G] et Q[G] est semi-simple. On en dé- 


duit que pour tout ordre D' de Q[G] et tout D'-module M 
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inclus dans N, f(M) est e," isomorphe a e,M. On constate 
par ailleurs que si D est un ordre maximal contenant Z [G], 
on a e,? = eZ [Gc] =~ Z[w]. Il s'ensuit que 
£(D 0,,) +240 0.) = é,0e, 0..* Z [w] £(0,) = £(0,). 

Pour donner un contre-exemple 4 la conjecture, il 
suffit de trouver une extension N/Q@ non abélienne de degré 


pq telle que £(0,) = f'(T ) ne soit pas Z [w]-libre. 


N/k On 


Remarquons tout de suite: 


Proposition II.4. I1 existe un entier m tel que 
(O.) = P” ot P désigne le produit des idéaux premiers 


de 0, (cléture intégrale de Z dans k) au-dessus de p. 


Demonstration. Il suffit de localiser aux places 
différentes de p et d'utiliser la surjectivite de la trace 
du localisé de O, dans le localise de 0, (& cause de la 
ramification modérée). 


La valeur de m sera déterminée ultérieurement. 


§.III. Décomposition des résolvantes de Lagrange 


L'idéal principal de Q(w) engendré par <8 5x?" se 


décompose de fagon unique sous la forme: 


546 COUGNARD 
q a i 
a(x) = (<@ ,x>*) = R(x) NM A. (x) 
fe) : z 
1=1 
ou R(x) est un idéal fractionnaire et les A.(x) des 
idéaux entiers,: premiers entre eux deux 4 deux, sans 


facteur carré. 


Notation. Pour tout entier n premier 4q, [n] désigne 


l'entier vérifiant 0 < [n] < q et n = [n] (q). 


Lemme III.1. Quels que soient i, j tels que 1<¢i1, j <q, 
on a: 
An. (xt) =A, é 
[i 31 ) 50) 

Démonstration. On utilise le corollaire 1, b) 4 la 
proposition II.2. qui nous donne a(x") * a(x)* Bx)" On 
décompose les deux membres sous la forme indiquée ci-dessus. 
La décomposition étant unique il suffit de comparer les 


deux membres pour obtenir le lemme. 


Lemme III.2. Quels que soient les entiers i,j vérifiant 
S.€025 1 = hy. One: 


s (A(x) = A:02). 
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Démonstration. On utilise la proposition II.2.b et on 


procéde comme dans le lemme l. 


Notation. Pour tout entier i premier 4 q, on note i 


x _o* 


l'entier vérifiant les conditions 1 <i <q, ii = 1(q). 
q-1 .* 
Lemme III.3. On peut écrire a(x) = R(x)? IT 5 (A,(x))° ; 


j=l 


Demonstration. Cela résulte immédiatement des lemmes 


TIit.si. et T1.2. 


Remarque: A l'aide de la décomposition du lemme III.3., de 
la théorie de Kummer et des considérations évidentes sur 

les indices de ramification, on constate qu'un idéal 
premier (£) ¥ q de Z est ramifié dans k/Q si et seulement 
si il existe un idéal premier L de Z[w] au-dessus de (2) 


divisant A(x). 


Définition III.1. En suivant la terminologie de [1], on 
appelle idéal essentiel de Q(w) un idéal fractionnaire 
principal I tel que, quel que soit j, 1<j<q, 


s (1) = 7d Mi ot M, est principal. 
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On remarque que les idéaux essentiels forment un sous- 


groupe du groupe des idéaux fractionnaires. 


Lemme III.4. Tout idéal fractionnaire de Q(w) de la forme 
q-1 Ae 

I s.(B)9 » ou B est un idéal quelconque, est un idéal 
isl J 

essentiel. 


Lemme III.5. Soit I un idéal, fractionnaire de Q(w), tel 


que tt soit essentiel, alors I est principal. 


On trouvera une démonstration des lemmes III... et 


TII.5. dans [1]. 


Proposition III.1. L'image £'(0,) est un idéal fractionnaire 


principal de Q(w). 


Démonstration. Les lemmes III.3., III. 4. et III.5. 
montrent que R(x) est un idéal principal. Par ailleurs, si 


6 € 0,» 


(6,x) est un entier, donc (Ty 14899) f£'(6) est un 
entier d'ow l'on déduit que 1'idéal 


q-1 Pad 
(£°(6) R(x))? I 5 (A, (x))° est entier. Ceci montre que 
j=l 
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f'(9) € R(x) Inversement, la deuxiéme partie de la 
proposition II.3. montre que e*(o.) my “RCM On a 
done la double inclusion q R(x) ¢€ £'(0,) eR(x). De plus 
£'(0,) est stable par la multiplication par wt = x(t) et 
par la multiplication par les éléments de Z. [1 s'ensuit 
que £'(0, ) est un idéal fractionnaire. On termine la 
démonstration en remarquant que (q) est une puissance d'un 
idéal premier principal de Z [w]. 

Supposons désormais que N/Q soit totalement ramifiée 
en p, que k/Q soit non ramifiée en q et que l'entier m 
vérifie 0 <m <q. On peut alors appliquer un théoréme de 
S. Ullom (théoréme 1 de [11]). On a alors, en notant PS 
l'idéal premier dans Q(w) au-dessus de (p) et divisant 
ANAK) 23 

£1(P™) = 2t(0,) Pum) 
ou u(m) est 1'élément de Z [Gal(Q(“)/Q)] défini par 
g-1 


u(m) = i ¢.(m) Ss. 


1 


avec c.(m) =l+ orn! [x] désignant le plus grand 


entier inférieur ou égal 4 x. 
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Remarque 1. Si p = 47, q = 23, l'idéal KS n'est pas 
principal. En effet, s'il 1l'était, sa norme dans Q(V-23) 
sous corps quadratique de Q(w) serait un idéal principal. 


, ‘ Ler =25 LEV S23 
! N ———— + db ee = 7 

L'équation 0(¥=23) /® (a i z ) = 47 aurait des 

solutions entiéres. On vérifie rapidement que ce n'est pas 


le cas. 


Remarque 2. Si pour p = 47, q = 23, on peut avoir m= 2; 
on a c;(m) = 0 sauf pour j = 100 ¢ .(m) =1, et alors 

u(m) = id et £(0,) = £'(0, ) Po qui n'est pas un idéal 
principal d'aprés la proposition III.1. et la remarque l. 


On aura alors le contre-exemple recherché d'aprés la 


discussion de la fin du paragraphe II. 


§.IV. Construction de 1'extension 

Tout d'abord déterminons l'entier m en fonction de la 
ramification de N/Q en p. Puisque N/Q est totalement 
ramifiée en p. N/k est sauvagement ramifiée. Le degré 
N/k est premier; on en déduit que les sauts de 
ramification en notation supérieure et inférieure 
coincident. La suite des groupes de ramification de P dans 


N/k est donc 
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fe) t 
= = = wer = = a = { } ; 
H Hy H H Hy He 1 


On a un premier renseignement sur la valeur de t 
(cf. [8]) : puisque l'indice de ramification absolu de P 
est q, onal<té Pail Comme nous allons nous 
intéresser au cas q = 23, on peut supposer p # 3, donc 
cove. = q. Un raisonnement analogue 4 celui de ([8] prop. 


III.4.) montre que l'onal <t <q. 
Proposition IV.1. L'entier m est égal 4 t. 


Démonstration. On applique le lemme 4 du chapitre V de [9] 
et l'on am= eae = [ttl - als Les inégalités 
2<tt+i1<q <p entrainent le résultat. 

Remarquons que la condition m < q du théoréme I de [11] 
est d'ores et déja vérifiée. 

La relation p = 1 (mod q) montre que le p-iéme corps 
cyclotomique contient un et un seul sous corps de degré q 
sur Q. C'est ce corps que nous choisirons comme corps k. 
La condition k/Q non ramifiée en q du théoréme I de [11] 
est alors automatiquement vérifiée. 


Supposons construite une extension non abélienne N de 


@, de degré pq contenant le corps k défini ci-dessus. 
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Soit S une racine primitive p-éme de l'unité. On a alors 


le diagramme ci-dessous. 


Les extensions K/Q et Q(7)/Q sont linéairement 
disjointes sur Q. Le groupe de Galois de N(C)/Q est 
produit semi-direct de Gal(N(%)/K) (qui s'identifie de 
fagon canonique 4 Gal(Q(c)/Q) par le sous-groupe distingué 
Gal(N(t)/Q(7)) (qui est isomorphe 4 Gal(N/k)). On peut 
trouver un K-automorphisme y ; de N(t) vérifiant u (6) = cd 
(1 < j < p) dont la restriction & N soit T et qui soit un 
générateur de Gal(N(t)/K). Le groupe de Galois de N(Zt)/Q 


est engendré par deux éléments o et us vérifiant: 


- -1l 
oP = uP : =] Pion. =o 
J Dia 


(l'entier r vérifiant les mémes conditions qu'au 


N 
N 
WwW 
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paragraphe I). 


Notation. L'entier j étant fixé modulo p, il existe un et 
un seul entier n, défini modulo q, tel que 
me ie salpo t/a) oa, On définit r parl<r<p, rr = 1(p), 
et. i) per Deg es, a + arlpl. 

L'extension N(t)/Q(7c) est cyclique d'ordre p, 


sauvagement ramifiée, elle ne posséde qu'un saut de 


ramification noté t'. 


Proposition IV.2. Les entiers t et t' sont liés par la 


relation t = t! —— 


Démonstration. Soit G' = Gal(N(t)/k); 1a suite des 
groupes de ramification de p dans N(t)/k en numérotation 


inférieure peut s'écrire: 


u 
¢d(u) = | =e (cf. [9] ch. V) et qui vaut 
0 [Gt:G"] 
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pour 0 <u <t' ¢(u) = eal 3 
cote (u) = a (t'(1-p)+pu). 


La relation entre numérotations supérieures et inférieures 


(u) 


Gi = Gq! montre que le dernier saut de ramification 


supérieure pour p dans N(t)/k vaut t' Sa Les 
propriétés de la numérotation supérieure ([9] ch. V) 

Mats t'g E 
montrent que le saut supérieur dans N/k est | = t ce qui 
démontre la proposition. 

Le calcul de t se raméne donc 4 celui de t', lequel 
peut étre effectué par la méthode de Kummer. A cet effet, 
rappelons les résultats de [2]. Soient & wm caractére de 
degré 1 de H, et os un élément de K engendrant avec ses 
conjugués une base normale de N/k. Considérons la 

Poe x -x 
résolvante de Lagrange [e, 6] = ) o (8,) Bea ys 

x=0 
L' élément [6 6] appartient a N(t). On constate aisément 
que [6,.6]* € Q(t) et que sin # 1(q) 1'é1ément 
[6 ,6]° engendre Q(t) et vérifie la relation 

“1 % 
u(L6,,6]*) = ([8, ,6]?)° aP avec a appartenant 4 Q(t) . On 
démontre [2] que réciproquement étant donné un élément a de 

* #P sign jf 
Q(t) , ag O(c) et vérifiant u (a) =a° a alors 


a(t) (P¥a) contient un sous-corps N qui est une extension 
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galoisienne de Q contenant k, dont le groupe de Galois est 
du type souhaité. 

Etant donné un tel élément , on peut aisément 
déterminer l'entier t'. Pour cela localisons et complétons 
en p et supposons que % soit une unité du localisé. On peut, 
quitte 4 multiplier % par une puissance p-iéme supposer que 
ae yi?) (on utilise la notation habituelle pour la 


filtration du groupe des unités d'un corps local). 


Rappelons la définition et les résultats de [12]. 


Definition IV.1. Soit x € U, on note Déf(x) l'entier 
défini par 

Déf(x) = max(v(x - yP), y e€ U) 
ot v est la valuation qui prend ici la valeur 1 pour 


1'élément 1 - &. 


Proposition IV.3. Soit x € U ; supposons que v(x-l) =s 


avec O < s < p alors Déf(x) = s. 


Proposition IV.4. Supposons x € U et 1 < Déf(x) <p; alors, 
1' extension @, (5) (P¥x) est cyclique totalement ramifiée avec 


pour nombre de ramification t' = p - Déf(x). 
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Application. Nous choisissons p = h7, q = 23, nous 


voulons t = 2, donc t' = pee 2 i. Tl faut done 
(43) 


a ° > ae a | 
determiner un é€lément % de  U tel que s.(a)/o° soit 


une puissance 47o* dans Q),7( 5). 


On écrit ®=1 + ) a (1 - ey 0) Ss Pps et 
n n 
n=43 
4 m 
l'on pose 4, = 1 + a (1 - S)°. On remarque que 
n=3 
(48) 


=! 
a a Ee vU 


i ; or, d'apres [9], ch. XIV, prop. 9, 
(8) 


On peut done se contenter de 
rechercher les éléments de la forme a,, ces éléments 


présentant l'avantage d'appartenir 4 Q(t). Ona: 


1 . 5 ~ 
ate) =1+ ; a (1 - cd)” , d'’ou : 


n=43 7 
284 u 7 
oleh oo Sy , (p= 22)" th = 37 J al(asc)*) 
Joi t n=3 n=3 % 
mod (1 - 1) #8 


48 


b] 


h c 
; & Ctr? = 34st)? y -mod. (i-2) 
n=43 ™ 


on écrit alors 


47 
Pe (ex water. ae aot 
k=n : 


d'ou : 
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=F al ‘i n k n 
u.(a,)a pig a, c. 62-5) = j'(1-2)") 
J n=h3. ~~ k=n -?* 
mod (1-2)"8 
iT ma : ; 
= 2 os he ae ENS ard }) t=s) 
mod (a-r)"8, 


Si on trouve des a (43 <n < 47) tels que les coefficients 
de (1-%)" dans la derniére congruence soient nuls, avec 

a), 370, on aura un élément o. vérifiant les conditions 
souhaitées. Constatons que l'on peut remplacer les 
coefficients = n par leur reste modulo 47 : ils apparaissent 


comme facteur de (1-7) "3, et comme (47) = (a-r)"6, le 


remplacement ne modifie pas la congruence modulo (1-2) "8, 
On obtient un systéme d'équations linéaires dont la matrice 
associée est triangulaire. On aura une solution avec 

ie # O si et seulement si les conditions suivantes sont 
remplies 


43 aN N= 
a) Cr 3 Sa! 20 (4) 


n 
C3 
Jot 


b) -OCET). st ESS as 


La deuxiéme condition est toujours vérifiée puisque 
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n ee: 
es = Oo (4 
ne J # 0 (47) 

La premiére condition s'écrit 343 ~ aes =O (47), soit 


1-2n = 43 (46) ce qui impose la valeur n = 2! On peut 


done énoncer : 


ThéorémeIV.1. I1 existe des extensions N/Q galoisiennes, 
non abéliennes, de degré 47 x 23 telles que le D-module 
Do, ne soit pas stablement libre. 

Demonstration: Les calculs précédents montrent que 

1' extension Q(6,°¥a,) /Q, posséde le groupe de Galois et 
la ramification souhaités. Considérons 1'extension 
a(c,°va_)/@, elle peut ne pas étre galoisienne. Soit L 
sa cloture galoisienne, L est le composé d'un nombre b de 
corps qui sont de la forme a(z,7us(a)). tous ces 
corps sont cycliques de degré p sur Q(t) et l'ona 
Gal(L/Q(t)) = (Z/pz a On voit immédiatement que 
Gal(L/Q(z)) est un F cepace vectoriel V de dimension b. 
Le groupe de Galois Gal(Q(c)/Q opére par automorphismes 
intérieurs sur V; or Gal(Q(z)/Q@) est cyclique d'ordre 


p-1 et F contient les racines (p-1) @mes de l'unité. Un 
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théoréme de Brauer permet alors de dire que L est le composé 
de b sous-corps L., chacune des extensions L./Q étant 
galoisienne. Par construction L/Q(%) est ramifiée en p 
done au moins une des extensions L, /Q(z) est ramifiée en p. 
On constate aisement que le localisé en p de cette 

extension est le corps @,(2,°V%a, ) ce qui montre que cette 


extension fourni le contre-exemple cherché. 
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for Kummer extensions of Prime degree 


Leon R. McCulloh (*) 
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85 Corollaries 


If L/K is a tamely ramified Galois extension of 
algebraic number fields, with Galois group G, then one 
knows that the ring O of integers of L is a rank one locally 


free module over the group ring 0,G, where O. is the ring of 


K 


integers of K. This fact was first pointed out, but not 


(*) Footnote: The author wishes to express his gratitude to 
King's College, London for the generous hospitality extended 


to him while the major part of this work was being done. 
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proved, by E. Noether in [16]; cf. [1, p.22]. 

The object of this paper is to characterise, in certain 
circumstances, those stable isomorphism classes of 0_G- 
modules which contain the ring of integers of some tamely 
ramified extension L/K with Gal(L/K) ¥ G. We deal only with 
the case where Gis of prime order 2, and the base field K 
contains the £-th roots of unity. We can then describe 
these classes in terms of a "Stickelberger ideal" in the 


group ring ZA of the automorphism group A of G. 


§1. The Main Theorem 
(1.1) Let K be an algebraic number field with ring of inte- 
gers O. If A is an O-order in a finite-dimensional semi- 
simple K-algebra, we write C1(A) for the class group of A, 
the abelian group of stable isomorphism classes c1(M) of 
locally free rank one left A-modules M. 

The class group is a functor of 0-orders; if 
f: A +B is a homomorphism of 0-orders, f induces 

CL(P)< CUA) + C1L(B) by 
cl(M) > cl(f,M), where: 


£,M= Be, M. 
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(1.2) Let L/K be a finite Galois extension with G = Gal(L/K). 
The ring o of integers of L is an 0G-module, and one knows 
it is locally free (necessarily of rank 1) if and only if 
L/K is tame; that is, L/K is at most tamely ramified. 

If we fix a finite group G, and let (L/K,h) Renee over 
the set of tame Galois extensions, with h:Gal(L/K) > G, 
then cl(h, 0, ) ranges over a set R(0G) € C1(0G). We call 
the elements of R(0G) the realisable classes in C1(0G). 

Let x. be the trivial character of G: Xo lo) = 1 for 


O 
alloeG. Then C1(X,) #C1(0G) + C1(0), and we write: 


c1°( 0G) = Ker(C1(x,)). 


(1.231) Proposition: For any finite group G and any number 


felak: 
R(oG) € c1°(0G). 


We will prove this proposition in 82 below. 


(1.3) Let & be a prime number. Assume from now on, 


except where the contrary is explicitly demanded, that G 


is of order % and that K contains the group Hy of &-th 


roots of unity. 


Let A = Aut(G), the automorphism group of G; we 
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write the action of A exponentially, with the convention 


6 6 
(a’) Sige. For 6 ¢« A, let t(6) be the unique integer 
such that: 
(a) © << e{6) =< 2, and 
6 t(6 
(b) a eB (6) for all ae G. 
: -] 
Define: cS). aCe os Be. 
bea, 
and let: SF. SR OPE RN 


Then J is an ideal of ZA. 
By functoriality, A acts on Cl(0G); specifically: 


e1(m)° = cl(é6,M). 


With this action, 1°( 0c) is a A-submodule of C1(0G). 


(1.3.1) Theorem: Let G and K be as above. Then: 


R(oG) = 01°04) 5 


the subgroup of c1°( oc) generated by all e ce c1°(0a) , 
, O J. : 

ae J. Moreover, given c' e€ Cl (0G), and an ideal a of 

0, there exists a tame Galois extension L/K, with 


AY) 
F ee ot ; av 
discriminant prime to 4a, and h:Gal(L/K) > G such that 


The proof will be given in $4. 
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(1.3.2) Remark: (1.3.1) may be regarded as an analogue of 
the Stickelberger relations on the ideal class group of a 
cyclotomic field. With G as above and f a primitive -th 
root of unity,. any non-trivial homomorphism G > Uo 
induces an isomorphism Cl(ZG) = ClL(Z {c1),. C(28)). Sinee 


©) ‘ ; ‘ 
cl(Z) =1, Cl (ZG) =C1(ZG). We may identify A with 


Gal(Q(t)/Q) by specifying the action 2 = ae Then the 
isomorphism between C1(ZG) and C1(Z [c]) is a A-isomorphisnm. 
The classical Stickelberger theorem ([20, p.355] or [2]) 
asserts in this case that c1(z [c])7 sie tn tech: 
Hilbert's proof ([9, Satz 136]) shows that it is equivalent 
to the statement that every tame Galois extension of @ of 
degree & has a “normal integral basis", i.e. R(ZG) = 1.(*) 


20% R(ZG) = C1l(Z [c])? = Cl 


§2. Description of the Class Group 


We now outline a procedure for finding cl(M), when M 
is a rank 1 locally free 0G-module. Throughout, we use 


the notations of (1.3). 


(*) Footnote: The author is indebted to S.V. Ullom for 


this observation. 
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(2.1) Let X= Hom(G,u,) and let I be the group of frac- 
tional ideals of 0 relatively prime to &. Then ie is the 
group of functions X >I. Let Oo be the semilocalisation 
Of 0 at: X 
ie {a e K|a is integral at prime divisors of 2}. 
Let u(d,G) be the group of units of the ring 0,G. We 


define a homomorphism f:u(0,G) > + by: 


at>f , where f(x) = x(a).0. 
Qa 


Then: (cf. [6]): 


eee c/in(e) * Cl1(0G). 


(2.2) We now describe a homomorphism Pe a + C1(0G) which 
induces the isomorphism (2.1.1). Let M be a rank 1 locally 
free OG-module. We may view M as embedded in V = K 8, M, 
and we have V = KG as KG-module. For each x ¢« X, let Re 
be the idempotent of KG corresponding to x: 


- -1 
e =2 : ) y(a)o. 3 
x oeG 


Then: 


2 


(452.3) X,M eM oma 
Indeed, (2.2.1) applies to any finite group G and any 


multiplicative O-valued character x of G. 
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(2.2.2) Proof of (1.2.1): In the notation of (1.2.1), we 


have: 


since L/K is tame ([1,p.21]). So c1(0,) € c1°(0a), as 


asserted. 


Returning to the main argument, since M is locally 


free over OG and Oy is semilocal, OM is free over 0,G, 


OM = 0 ,G.v5 say. The K-space a e¥ = ekG.v is one- 


dimensional, so: 


(2.253) eM = m(x)e vs 


for some mx) € I. Then me 1% and: 


(2.2.4) o(m) = cl(M). 


(2.3) The group A acts on X and [> contravariantly: 


Mrs a Bae Sed, o€ G, and 


il 
> 
— 

Q 
~~ 
v 


n°(x) 


il 
on 
x 
= 
i] 
H 


It also acts on u( 0G) and C1(0G) (see 1.3). One verifies: 


568 MCCULLOH 


(2.3.1) The homomorphisms f:u(0 G) +5" and :1% > C1(0G) 


are A-homomorphisms. 


Let X¥ =X - {x5}. Then ip ne I** we may extend n 


to an elenend oft" by setting n(x) = 0, In this way, we 


f sa 
may view ey as a 4-submodule of raga 


XH 


(2.3.2) Proposition: ¢(I°”) = c1°( 0a). 


Further, if cl(M) € c1°( 0G) and cl(M) = $(m), for some 


X . X 


meTI, then cl(M) = $(M) where WM Sex is defined by: 


mx) = mx) mx) 


Proof: By (2.2.1) and (2.2.3), cl(M) = 6(m) lies in c1°( 0G) 


if and only if mx.) is a principal ideal, so we have 


i * 


( )e c1°(oa). 


If m(X5) is principal, m(X5) =a.0 say, thenais a 


unit of Oo» and hence also a unit of 0G. The constant 


function Xr> mx) is just fo so that, in the notation of 


é # 
the statement, we have $¢(m) = o(m) and cl(M) e o( 1% ys 


(2.4) Now choose a primitive 2£-th root of unity 7 €« u 


Q- < 
and put A = (1-2). Then go = (A) J If n is a non- 


Q? 
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: : ; n 
negative integer, we write R(A ) for the ray mod ‘cue 
that is, the group of principal fractional ideals (a) e I 


2 * n 
such that a = 1 (mod (A°)). 


(2.4.1) Proposition:  9(R(%) 


Proof: It is clearly enough to prove $¢(m) = 1 for de R(2)*, 
For each x € X, let m(x) = (m(x)), with 

* 
m(xy) = 1 (mod (2)), and define: 


B= )} m(xJe ¢ KG. 


yex x 
Then. 1-6: 0G, and so B € 0G. Similarly, 
gp! = ) m(x)e, € 0G, and hence B «€ u(o,G). Then 
m= f.5 and we have o(m) = 1. 


§3. Calculation of c1(0, ) 

(3.1) Let L/K be a Galois extension of degree 2; then 
L/K is a Kummer extension, L = K(w) with weswe Ke Aeei We 
identify G with Gal(L/K) by choosing some X, e X# and 
specifying the G-action: 


c.W = X,(o)w 3. Wor Salo G>. 


(3.1.1) Proposition (cf. [8,839]): The extension L/K is 
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x 
tame if and only if there is some b € K such that: 


We 2 tind CY. 


(3.1.2) Lemma: Let & be a prime divisor of 2 in L, and 
let Be th be such that vp(8) 20. Then the following are 
equivalent: 

(a) — vy(8 - 1) < vp); 


(ob) vg(B’ = 1) < v9(a"); 


: =i 
Or A By Soe, 
1= 
; Q-1 
Proof of (3.1.2): We have 8 -1l= I (g-*) = 
aot 1=0 
(p= 1). J B*, so each of (a), (b), (c) implies that 


.1=0 
vp(8 = et) -< vp(A) for some i. This in turn implies 


vp (8 -¢)s vp(8 - ct) for all i ana j.- The lemma now 


follows. 


% ee z 
(3.1.3) Remark: We have w =1 (mod (A)”) if and only if 
Q g . eee ‘ 
vfw - 1) 2 vplA ) for all prime divisors 2 of 2 in L. The 


% Vas ; 
lemma therefore shows w = 1 (mod (A)”) if and only if: 
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Proof of (3.1.1): Since the degree [L:K] is 2, L/K is tame 


(0.0 3-890 


if and only if Tr at, 


L/K R* 


Suppose first that L/K is tame; without loss of 


generality, we may assume that w € u(O,). Let v be an 


0,G-basis of 0,0, so that: 


W = ) a_.oOVv, 
OEG 
for some a, € 0,. For any TE G, Tw = Lae = w (mod (A)), 
so that a _, = a, (mod (A)). Hence: 
OT 
= r 
Ww a, Try (Vv) (mod (A)). 


-] * 
(v). Then b w =1 (mod (A)), and so: 


b w= ase Cay 3 
by. (32152): 


2 * Q 
For the converse, we may take w = 1 (mod (A) ). Let: 


1=0 
Then Te. (vw) S94. By (3.3.3), ve 0,0 > so 
L/K L 
(0,0 a Oo, and L/K is tame. 


PE RF 


(3.2) From now on, assume that L/K is tame and w = 1 
* Q a ‘ 
(mod (A) ). The condition on w involves no loss of 


generality. We define a function W on X# by: 
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= we, for OS n= Ss. Rat ste: 


6 t{6) 
W ° 


(3.2.2) Theorem: For each x € X#, let mx) be the unique 


: : & fa ts 
fractional ideal of 0 such that m(x).(W(x)) is integral and 
X# 


£-power free. Then me I and: 
ee ae m 
c1(0,) = ¢(m) 
4 EF 
Proof: Let Vee. ) Wo. 
1=0 


By (3eN3)y xe 0,0.» and we claim 0,0. = C)G.v. Let o 
be some generator of G. ‘Then fo v sr Se eee DF ane 


{w> | O <i < %- 1} are K-bases of L, and we write a(o"v) 


and d(w~) respectively for their discriminants. One finds: 


So a(o7y) is, in particular, prime to 2, and therefore v is 
an 0 G-basis of 0,0,» as asserted. 
XH : 
Now let Ne [] be given by: 


Oe Sills , 
e, - (x) o5 


By (2.2.4) and (2.3.2), it is enough to prove: 
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n(x.) = 0, and n(x) = m(x) for all x « Xx#. 


fet.6? = ofP/xe]2 a = o',0,. Then @t—>a' = 4,0' induces an 
isomorphism between I and the group of fractional ideals of 


o', So, we are reduced to proving: 


and m'(x) = m'(x) for all xe X#. 


Since each Sy € o'G: 


Ohi 0! and 
L : y L i 
! = ! 
er OF Oe KG.v 


for’ ell -%, Lae RS xr 
0! = ’ e t = ' 2 e 
ue 0 A Kw n'(x).w 


In particular, for i = 0, X = x 
Hence n'(X0) =o', 

Le OS ae Re the condition ni(x)eue — Or ‘\ Kat 
implies that the 0'-ideal n(x) Cw} is integral and 2-power 


QR 


. : =4 . ; 
free. For, if b! ie then b' n'(y)w ¢ 0! Cia, 


3 


Which implies b' = 0', So, by the definition of m, 
m'(x) = n(x) for ell xe xe, 


and this completes the proof. 
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84. The Stickelberger Condition 


This section is devoted to the proof of the main theorem, 
(1.3.1). 


(4.1) We continue to use the notations established in 83, 


(4.1.1) Proposition: For each 6 ce A, ye X#, there is 
an element b (Xx) € K, which is a power of w, such that: 


wr) 2 hy), 


Proof? “Let. vy 6. 2; Then x = » for some y € A. So: 


read ~ ,t(ys)-t(y) (8) 


But t(y6é) = t(y).t(6) (mod 2), so the assertion follows. 


(4.1.2) Proposition: There is a unique function @e rr 


such that: 


(i) a(x) is integral for all x « X#; 


(ii) w(x) «mC x) = ats) for all ye¢x#., 


(6 is the Stickelberger element defined in (1.3)). Further, 


this function 4 satisfies: 
-1 
Pee 6-t( 6 R 8.(6-t(6 
(223) be(x) .m oh My) =a Agent Mey) for all 


6¢ A and all y« X# , and 
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(iv) the values a(x), x © X¥# are square-free and 
relatively prime in pairs. 
(The author is indebted to A. Frohlich for this form- 


ulation of the Stickelberger relations.) 


Proof: We assume first that a function @ satisfying (i) and 
(ii) exists, and prove that it satisfies (iv). By the 


Stet as : 6 : 
definition of mM (in (3.2.2)), @( x) is &£-power free for 


all xX & X#. But: 


-] 
Guasy atts = aE ye a at, 
6eA 6eA 


Let t € A be such that t(t) = 2-1. Then a(x") must be 
square-free, and prime to all other ated: As x runs over 
X #, so does X's which proves (iv). 

Also, comparing (4.1.3) with (ii), we see that a prime 
P of K divides @(y) if and only if V(x) ) = 1 (mod 2), and 
further that @(x) is the product of all such P. This proves 
the uniqueness of the function 4. 

So, we define 4(x) to be the product of all primes p 
of K such that v(x) ) = 1 (mod 2), and show that it 
satisfies (ii). (It clearly satisfies (i).) (4.1.1) shows 


that if 6 € A, and P is any prime of K, then: 
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)(x)) = 0 (mod &), so that 


v(x) = £8!) (mx) biel is 


aay Bi og , 
Hence, )P divides a(x ) if and only if v(t x) ) = t(6) (mode), 
So, by the definition of m: 


wx) (x) = om a(x?) ®®) = a8), 
6eA 
and (ii) is proved. 


From (ii), we have: 


yr E09) (hl OPEV) fa) = 7 


-1] 
One knows (by (4.1.3) below) that 2 6.(6 - t(6)) € ZA, so, 


By Che Ee) 


| 
(s(x) om 28) Q a 0(8-£(8)) 8, 


(x)) = (4a (x)) 


The group ag is torsion free, so (iii) follows. 


Define 


Az{aoe go | 2 ea wd}. 


=] é , i 
(4.1.3) 2% @.A=J, and A has a Z-basis consisting of 2% 
and the elements 6 - t(5), for 6 #1. 
Direct proof of this presents no difficulty; or see 


[10], [7]. 
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o,f (@) ff 
(4.1.4) Proposition: c1( 0.) ée-Ci- (0G). 
Proof: By (3.2.2), (mm = c1(0,). The functions 
Xe (WOX)), X ee(bds(X)), for fixed 5, lie in the kernel 


of ¢, by (2.4.1). So we have: 


=i 
by (4.1.2). Thus (4.1.3) shows that g(m)* = g(a)%* 8 | 


for allaecA. The proposition now follows from: 


(4.1.5) Lemma: Let C be a ZA-module, and let m e . 
The following are equivalent: 
(3°) there exists a € C such that m° = a 


for allaeA; 


(ii) eee dap ade e A; 

(iii) mec’, 
In particular, if oJ =1, and m= 1 for all aeA, then 
m=. 
Proof: Suppose first that oJ = 1, and that m = i, FOr BLT 


6-t(6) 


ui 
aoeA., Thenm =1, andm = 1 forall 6. Thus: 
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= ett 
i” = II nt(9)6 = Il ni S)t(6 ) = -1 
6eA SeA 
since }) t(6).t(6 ms =- 1 (mod 2). Hence: 
SeA 
-6 a 
m=m ek ds 


A : 3 8 : -l1 
Now, (i) implies (ii) since a.2 @e€ J for allaecA. By 
applying the first part of the proof to the image of m in 
J ry et CEST cine 
C/C , one sees that (ii) implies (iii). To show that (iii) 


=I 
2 658 


implies (i), we may take m to be of the form n , 8 e@Aa, 


pets If we putes a” then for allae A, 


T 
(4.2) We now show that c1°( 0g) consists entirely of 


classes of rings of integers of extensions of K: 


©) J 
(4.2.1) Theorem: Let me Cl1-(0G)°. Then there is a tame 
Galois extension L/K, with G acting as Galois group, such 
that c1(0, ) =m. Further, L/K may be chosen to have 


discriminant relatively prime to any given ideal of 0. 


~ # J x 
Proof: Choose Me fits )” such that ¢(m) =m. By (4.1.5), 


‘ P, oh 
there is an@de i such that: 
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= a ) for ail ae A, 
Qe ; ‘ fais , 
Every coset of R(A ) in I contains infinitely many prime 
ideals. So, for each x € X#, we may choose a(x) to lie 
: Ry 4 . 
in the same coset of R(A ) in I as a(x) so that the a(x) are 
distinct prime ideals relatively prime to any given ideal of 
Is) ye hs ; 
o. Then a(x) is integral, £-power free, and different 
from @ tor all. x. 


X 2 LP ak 
Tf b,. ae ee rs we write 6 ~ b, to indicate that 


2. 
bj (x) and b.,(x) lie in the same coset of R(a*) for all 
xe xX#. If b, ~ bo, then o(b,) = o(b,), by (2.4.1): 


~6 6 


: 1 , ~ 
In particular we have a ~ @. Sincem =a ~@, we 


have: 


> R : 
for some w =1 (mod (dA )). Here, X is the element of X# 
¥ 
fixed in (3.1). This wis not an &-th power in K since 


8 , ‘ ? 
a (x,) is £-power free and different from o by construction. 


R 
Let L = K(w), where w =w, and let G act on L by: 
o.W = X, (9) .w ; ‘forall ‘eo 2G, 


We will show that c1(0, ) = ine 
First observe that L/K is tame, by (3.1.1). 


Associated to L and w, we have the functions w, m, as in 
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(3.2.1) and (3.2.2). It will be enough to show m~ m. 


Since wt x, ) =w, we evidently have mx) = mx). 
1 


We claim that the function a constructed above satisfies 
(ii) of (4.1.2). In order to show w(x).m'(x) = a°(x), it is 
sufficient to show that eee aes is an &£-th power for each 
x © X#, for it then. mist be tas since Ps es is integral 
and £-power free. Recalling (4.1.1), for any dc A, 


ag Te 8e(8)) 


HI = (va(x).a 


lca ‘ 


(x)) 


Evaluating at x we obtain: 


Wx ed OG Vella a OT ¢ 2 


~9 xe 
(x) =m (x) so that: 


and our claim is proved. 
Now, by (4.1.2) (ili), for any 6 © A, 


=i -1 
mote od “ a 6(5-t(6)) | at 6(6-t(6)) 


- SE-80G7 
m 


Evaluating at x, we have: 


“t(8) 8) ae. yt) 
wh 


We have already observed that m( x, ) =m(y.), so that 
-] =} 
) ~ m(x, ) for all 6, and hence m ~ m; so 
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m = c1(0.), 
se. 
Finally observe that any prime ramified in L/K must 
68 
divide @ (X,)> so that proper choice of 4 guarantees that 


the discriminant of L/K is prime to any given ideal of 0. 


85. Corollaries 
C521) We now consider the problem of estimating the index 
(c1°( 0G) :R( 0G) ). 


(5.1.1) Theorem: Let. 2 Ten RUG) = c1°( 0c). 


iT} 
ne) 


Proof: In this case, A and: Js 2h. 


I 
fb 
2 
@D 
I 
bh 
Bd 
Ne) 


Let C(%) = I/R(%) be the ray class group mod £, and 


C = C1(0) the ordinary ideal class group, of K. 


(5.1.2) Theorem: There are Z 4-epimorphisms: 


(2) %* 7(¢(2) 7961906) /R(0G), ana 


Kae, J 


e) XF 1c ) 


Cl1~(0G)/R(oG) — Cc 


Xe Xx 


Proof: The inclusions (see (2.4.1)) R(2)”” € Ker(¢)€ R(1) 
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induce epimorphisms on the corresponding quotients of oe 


Xx XE 


c(2)*” —» ¢1°( 0g) —» cX*, 


The result now follows from (1.3.1). 


Now assume that % is odd and let T be the unique element 


of A of order 2. Define: 


GA xive Bale 2-0F , gna tT = TN gw 


Then one knows ([10]) that (Z4 :J') =h , the "first factor" 
of the class number of Q(%), where % is a primitive -th 
root of unity. Further, it follows from [10] that: 

Qe 
C5203) w/t ¥ a! 3) /2) ® T, 


where T is a finite abelian group of orderh . 


(5.1.4) Proposition: Let B be an abelian group. Then 


BX (pX*)7 & (74/J) @ B. 


id : 
Proof: The map Be > 24 ®B given by: 


‘ 
Fr) 6 @ f(x) 
6cA 1 


is a A-isomorphisnm. Also, in the exact sequence: 
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J@eBraZAS@B+(ZA/J) OBO , 


the image of J® Bin Z4A®B is clearly (ZA® B)7, The 


result follows. 


(5.1.5) Remark: 
P O 3 
The index (C1°(0G):R(0G)) can now be estimated by 
applying (5.1.4) to the groups C(2) and C, using (5.1.2). 


More precisely, it follows from (5.1.3) that: 


(241) /2 
~ we 
Waifs: = ® Z ['o. @ z | 3) /2) 
i=1 
for positive integers bs such that b. ore and 


er a Or =, Then, if B is finite abelian: 


(2+1) /2 b. 
@ 


pk (px# J & B/B i @ pi (*3)/2) 


/(B 


i=1 
Information about the structure of B and the b; can then be 
used to estimate the order of the right hand side. In this 
regard, consider the following: 
(5.1.6) Exercise: Show that b, =lfori< <vkg+1> - o. 
where <> denotes the least integer 2%. (Hint: the 
matrix ([ij/2]) expresses a set of generators of J in terms 


of a basis of ZA.) 
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O Xft 


Now let D(0G) denote the kernel of C1°(0G) >¢ ; 


ef... [6]. 


(5.1.7) Theorem: R(0G) &D(0G) if and only if K has class 


number hy = 1. 


Proof: By (5.1.6), BU. = 2, se -that if Of 1. we must. have 


1 
(oF (ok )I) < ioe . Consequently, R(0G) = c1°(og)4 


Xf 


has non-trivial image in C ; The converse is clear. 


CSy2) Forgetting the action of G induces a homomorphism 


i :C1(0G) =) hes 
We write r(0,G) for the image i R(0G). In [14], r(0,G) was 
determined in the more general situation where G is cyclic of 
order n and K contains the n-th roots of unity. In [12], 
[13], and [3], Long and Endo have determined r(0,G) for a 
number of groups, including abelian groups of odd order and 
certain metacyclic groups, with no restriction on the base 
field K. Here we recover the result in [14] for the case 


when Gis of prime order &. 


(5.2.1) Proposition: If C is viewed as a Z A-module with 
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* 
trivial A-action, the homomorphism i is a A-homomorphism. 


x _* ; : 
If nel, then i $(") is the class of the ideal TI n(x). 


xexX 
°( og) — ree 


In particular, rion 
Proof: If Mis a rank one locally free 0G-module, i el(M) 
is the Steinitz class of M viewed as an O-module. So 

i” ei(M) is the ideal class of the module index (F:M) , (see 
[1, p-10]), where F is any free 0-module spanning K 8, M. 
As in (2.2), we may choose the module F to be a free 
OGmodule such that OF = 0M. The module index (F:M) , 
may be identified with (O'F:0'M) 04» where 0' = o[1/2], 


since it is prime to &. As in the proof of (3.2.2), we 


obtain: 
O'M = @ O'N(x).e v, and O'F= @ O'.ev, 
xex x xex X 
where F = OG.v. So (O'F:0'M) ., = Tl o'n(x), and hence 
(F:M), = Th why. The second mht SUA follows. 
For Bid é ce A, 1Cyl nese which proves the 
X X 


first assertion. 


For a positive integer d, let ct denote the group of 


d-th powers in C. 
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(5.2.2) Theorem: Let: 


(£-1)/2 if 2 is odd; 
a(%) = 
Lah? Rs By 


Then r(0,G) = gil 2) | 


Proof: If & =2, the result follows directly from (5.1.1) 
and (5.2.1). So assume £ is odd, and let €:ZA>+Z be 


the augmentation homomorphism. For ‘any’ c. €'C:, a- 87, B. 


tea OE, Peay. fete 


.*, a 
we have i (c 
e(6) = } t(6) = &(%-1)/2, andso, fordeA: 
6eA 


€((6 - £(8)).2 8) = (1 - £(6)).(2-1)/2. 


Therefore €(J) = ((2-1)/2).Z, ana: 


J (2-1) /2 


;* O 
r(0,G) =i (cl (ogy) =c¢ 
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Stickelberger without Gauss sums 


A. Frohlich 


§1. Introduction 

The ideal class group of a cyclotomic field K, when 
viewed as a module over the absolute Galois group I, 
satisfies certain relations, first discovered by Stickel- 
berger (cf. [1] (Theorem 3.1)), i.e. with 8 running 
through a certain subset S of the integral group ring Z(T) 
(which may be taken as an ideal), and for all ideal classes 
C of K, one has 
(1235 CS sae Ry, 
One proves this by showing that 
(1.2) yp is principal in K, 
for all 8 € S and almost all prime ideals p. 

The main purpose of the present note is to give a new 
proof of (1.2) for prime ideals ~P of the first degree, and 
hence a new proof of (1.1), in the case of fields K of 


roots of unity. We shall first establish a more general, 
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but quite elementary Proposition and then deduce (1.2) as a 
special case, using as additional information in that 
special case the existence of a normal integral basis in 
tame cyclotomic fields ("Hilbert-Speiser theorem"), to- 
gether witn some other even more elementary facts about those 
fields. We shall also discuss briefly some other aspects 
and consequences of our basic proposition. 

Our approach exhibits further evidence for the inter- 
connection between three seemingly distinct aspects of 
algebraic number theory, namely Galois module structure of 
ideal class groups, Gauss sums, and Galois module structure 
of rings of algebraic integers. It is of interest to recall 
here some relevant previous work. Cougnard has applied 
the Stickelberger relations to obtain, for certain 
absolutely normal fields, results on the Galois module 
structure of algebraic integers, (cf. [2], [3]). On the 
other hand I have discovered a general theorem relating 
Galois Gauss sums and Galois module structure of algebraic 
integers for relatively normal and tame extensions (cf. 
[4]). For Abelian characters these Gauss sums are 
essentially just products of Gauss sums for finite fields. 


In the third place recall that the main ingredient in the 
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usual proof of Stickelbergers theorem on the ideal class 
group as Galois module is the prime decomposition law of 
Gauss sums for finite fields (also due to Stickelberger 
(cf. [1], (Prop. 3.8 )). Finally in the new proof this is 
replaced by the Hilbert-Speiser theorem which deals with the 
Galois module structure of cyclotomic integers. In fact we 
shall here not only not make use of the prime decomposition 
law of Gauss sums, but shall recover this law, at least 
in the case when the relevant finite field is a prime field. 
My approach had been stimulated by the work of L. 
McCulloh on Kummer extensions of prime degree, although 
there is little actual overlap (see [5] ). I also owe to 


McCulloh a further simplification in my own proof. 


§2. Module theory 


Throughout this section fis an integer > 1, teh 
finite group andec: T + (Z/fZ ‘ a surjective homomorphism 
of T onto the group of units of the residue class ring 
zZ/f%. If1< dalfwe write Ca! r+ (ZZ. /aZ i for the 


compositum of c and the canonical quotient map 


* * 


(z7/fZ%) +>~+(2Z@/awZ). If y e I we shall write ty) for 


the integer with e4(y) = tay) mod d and O < t.(y) < d. We 


d 
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may and shall also view Co and ts as functions on the quot- 


ient group I/Ker Co Finally we set 


1 
on ta ) yt.) 
yel /Ker Ca 


Thus a lies in the rational group ring ®(I/Ker c,) and 


d Oa: and a fortiori f 04 lie in Z(I/Ker C4). 
Ker Cy 
Lemma 1. Let M be a I-module. Then (M is a 


Ker ¢c 


I /Ker ¢ , module and) for veM d 


v(f 0.) (y t p(y) =) e@fM, for all y eT. 


Next let X be a T-set, not necessarily finite and 
F(X) the free 2Z-module on X made into a I-module via the 
action of T on X. If r > 1 we say v € F(X) is r-power free 
("square free" if r = 2), if in the expansion 
y= ) BFS al = a (v) eZ 


we have 


We say v and w are coprime if, for all x, a. (v) =O or 


a. (w) = 0. 
x 


Lema 2 Let pe FEY), so that for all ye fh, 
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v(t .(¥)¥ - 1) € fF(X). 
Then 


(i) v=) va) (f 0.) (mod #F(X)), 


or if v is f-power free actually 


(G3) Aes ) . ovtalh te OY 


1<alf $ 
where 
(iii) for each d, v(d) € F(X) is square free and fixed 
under Ker Ca? 
(iv) for ad#e|f, and for all y, v(d) and v(e)y 


are coprime. 


(v) for each d and for y, 6 € I/Ker c., y # 5 also 


d 
v(d)y and v(d)é are coprime. 


These conditions determine the v(d) uniquely. 


If moreover I acts freely on X, then for some v' 


(vi) a ae y t,(y). 


yer 


In the next Lemma we shall view Q(I'/Ker C4) as a 


@(T)-module, via I + I/Ker Cs 


Lemma 3. The following conditions on an element ep of Z(T) 


are equivalent. 
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(i) © lies in the Z-module (Z(I)-ideal) E 


generated by f2ZZ (I) and the elements yt (Y) = 1, for- ali y; 


(33) 0. e Z(T/Ker c), 


(iii) 0 ©, e Z(T/Ker c 


s a? for all d. 


Proof of Lemma l. We go over to M/fM, 1.€., we consider 
a module N over (Z/fZ) (T). We can then define a new 
action y,;Yrey-Y of Tl on N by y.y = yely)y. If now 


yS = y for all 6 € Ker c, then also (L)y.6 = (Sy, and 


d d 
moreover (=)y. ) y is fixed under T, for the new 
yel /Ker c 
action. This is exactly the assertion of the Lemma. 


With X as in Lemma 2, next let N be the free Z/ f2Z- 
module on X made into a (Z/fZ )(T)-module via the action of 


IT on X. A square free element y of N is one for which in 


the expansion y = ) a x(a e€ Z/fZ) we have a =Oor 
x x x 
xEX 
a, = A We can again speak of two elements being coprime, 


just as for the module F(X). We shall establish 


Lemma 4. Let ye N, with y(ye(y) - 1) =O for allyeTl. 
Then 


Gy ge Ps Mela sp. 7 e(y)v] 
1<alf vel /Ker c, 
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where 
Ca3.) for each d, y(d) € N is fixed under Ker oF and 
square free, 
(iii) for d#e|f, and for all Y,  y(d) and y(e)y 
are coprime, 


(iv) for each d and for y, 6 € I/Ker Cas y#s, 


also y(d)y and y(d)S6 are coprime. 


Properties (i)-(iv) determine the y(d) uniquely. 


Proof of Lemma }. Every element y of N has a unique re- 


presentation 


(2.1) y=} by, 
pez /fZ 


where the Vy are square free and mutually orthogonal. 


Clearly 


YpyY = (x) for YS 1 


(2.2) % 


ae for @& (%./#Z ) 
ec: ub 


(ye), 
Now suppose that yc(y)Y = y for all ye Tl. By (2.2) 
(2.3) Vy’ = Je(y)b . 


Let 1 < a |f and let I_ be the set of elements b of Z/fZ 


d 
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which generate the same ideal (b) as (the class of) f/d. If 
Bs I, then, by (2.3), a = y,, for all 6 € Ker C4 and 
thus py 1s well defined for y € I'/Ker Ca: Now the action 


¥ 


x 
of (Z/fZ }, on i defines an action of (Z/dZ). Every 


element of I, is then uniquely of the form (f/d) c4(y), 


y ¢ ['/Ker ca- ‘Thus by (e038) 


f 
by Sy (=) } ¥ C.0¥), 
bel, » f/d <4 yel /Ker Ca a 


(Here we have used the same symbol for f/d and for its class 
mod f.) This then yields (i) and (ii) with y(d) = Vera? 
(iii) and (iv) follow from the fact that the y, are mutually 


coprime. Conversely by the uniqueness of (2.1) we see that 


if conditions (i) - (iv) hold then y(d) = Vesa: 


Proof of Lemma 2. Let m7: F(X) > N = F(X)/fF(X) be the 
"residue class map" mod f. On the set F(X) of f-power free 
elements T is a bijection. Let vu: N + F(X)” be the inverse 
bijection. Then both 7 and UV preserve TI-action, square 
freeness and orthogonality. If now v satisfies the hypothesis 
of Lemma 2, then T(v) = y satisfies the hypothesis of Lemma 
4, hence satisfies conditions (i) - (iv) of Lemma h. Tt 


follows now that um(v) = ) vid) (f O4)> with the v(d) 
1<d/f 
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satisfying (iii)-(v) in Lemma 2. On the other hand v = vum(v) 
(mod fF(X)) and if v € F(X)* then v = um(v), i.e., we have 
(i), and (ii) respectively. Uniqueness follows from Lemma 
4h via the inverse bijections v and T. 

Now assume that I acts freely on X. As v(d) is fixed 
under Ker c., 


d 


v(d) = ) wo, some we F(X). 


6 
eKer . 


For every ye TI, 6 € Ker c, we have (2) tay) = (3) t (Sy) 


(mod f). Hence 


v(a) (£04) = J (S) wrt,(y). 
yer 


This together with (i) implies (vi). 


Proof of Lemma 3. (i) > (iii): In fact if p satisfies the 
conditions of (i) then by Lemma 1, of a e £2 (T/Ker Ca)s 
for all d, and this implies (iii). 

Be 1 Mis OG ap Trivial. 

(ii) > (i). Let E be the Z-module generated by f2Z(T) 
and the yt p(y) - 1, and let E~ be the Z-module of elements 
© of Z(T) satisfying (ii). Then y - tly) e E. Thus 
ipo =) aye E*, then p = ) asly 5 (mod E). We 


already know that ECE. Thus 
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=F . 
) ately JE En Z=fZek. Hence pek, 


§3. Kummer theory 


Here K is an algebraic number field, of finite degree 
over Q and containing the primitive f-th roots of unity. We 


shall write He for the group of f-th roots of unity in K. 


: *1 
The symbol 2 stands for the Galois group Gal(K(K /£) rx), 


*i/f) 


where K(K is the composite field of the extensions 


1 % ; Z 
K(a /f) with a € K (the multiplicative group of K). 


Finally os is the group of continuous homomorphisms 
x 
i a ‘ € we 2 i 
e Uo Ut a eK. is f define 
1 W- 1 
Sous a ha Tye 


This yields a pairing 
* xf ? 4 
K /K i: Up > 


which in turn gives rise to an isomorphism 


* 
(349) Ce hey, 4 
* W/f : 
Let W € a The elements x of K(K ) with 
al , ? 
x = W(w) for all we as form a one dimensional K-space 


V(v) and the algebraic integers in V(v~) form a finitely 
generated rank one module P() over the ring 0 of algebraic 


integers in K. 
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Its Steinitz class will be denoted by cl(P(v)). These 
classes give information on integral Galois module structure. 
On the other hand we also consider the 0-module 

PCY) = ay) 
f 
generated by the products ie Xs with xX; e P(W). This is 
actually an f-power free geheenas ideal of © which gives 
information on ramification. Our principal result will 
imply a relation between these invariants. 


x ¥ 
Now let a be an element of K (whose class mod K = is) 


corresponding to y € ¥ (cf. (3.1)). Then for as a we 


have 
(3.2) Viv) = oK, P(w) = ab 

for some fractional ideal 6 of 0. Clearly then 
(3.3) cl(P(¥)) = c1(b), 


while on taking f-th powers we get 
(3.1) (a) =a(y) b>. 
Thus a(v) is the "f-power free integral part" of (a). 

Keeping to the notation just introduced, we now recall 
in a special case some elementary aspects of resolvent theory. 
Let N be a normal extension of finite degree of K with 
Galois group 4 = Gal(N/K). Suppose a € N, hence 


Viv) C N (see (3.2)). We then may view \ as character of 
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A, i.e., as an element of Hom(A, Up) If x € N we define 
the Lagrange resolvent by 


(3.5) (xfvye Fx? weaym*, 


We shall say that x generates a normal integral basis of 
: ‘ 6 ; ; 
N/K if the conjugates x form an O-basis of the ring of 


algebraic integers in N. 


Lemma 5. Suppose x generates a normal integral basis of 
N/K. Then 
(i) cl(P(y)) = 1. 
More precisely 
(ii) (x/¥)o = PCY) 
and hence also 


(iii) ((x]v)*) = a(y). 


(ii) is obvious and (i) and (iii) are its immediate 
consequences. 
Now let I be the Galois group of K over some subfield 


* 
ky r will act on u as a subgroup of K , and oon 2, by 


£? 
conjugation, and we have 


(3.6) <a’ jw'> = <a,w>’ , 
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x 
Let u: Ir > (2%/fZ) be the homomorphism given by the action 


on Up» i.e., defined by 


(3.7) gVuly) 


= Ww for all we Hp Pe 


x 
We define an involutory bijection ce c of 


* 
Hom(l,(2Z/fZ) ) onto itself by 


% 
e(y) ¢ (yY) = uly) for all c, all y. 


% 
Let g, c € Hom(T,(Z/fZ) ) and let t: T > Z satisfy 


(3.8) e(y) = t(y) mod f, for all y. 
x 
Suppose that g=c. Then the following conditions on 
% 
aeéK are equivalent 


Yely), 


(3.9a) <a,w = <g.w>, dor all vy; all o, 


(3.9b) PALA Baar = “9,0... fox all ¥, all w, 


et # 
aly) f 


(3.9%) a, Hor ale. 5 


1 i s 
Moreover K (a /£) is normal, if and only if (3.9a) 


holds for some g, and if and only if (3.9b), i.e., (3.9c) 

holds for some c, with t defined as in (3.8). Finally, 
1 

in addition, Gal(K(a / ®) IK) will actually lie in the 


Lye 


centre of Gal(K(a ‘~)/k) precisely when g=1, i.e. when 


ec =u, as defined by (3.7). 


602 FROHLICH 


* 
Now assume c: ! > (Z/fZ) is a surjective homomorphism, 
fixed once and for all. We shall then adopt the notation of 


* 
so, and in (3:8) take t= tp Let G. be the subgroup of K 


of elements a satisfying (3.9). 


Proposition. Let ae G. and © © Z(T)y pO, & @ (T/ker 4). 


Fi 
Then 


Proof By Lemma 3, pp lies in E, the Z-module generated 


by f and by the vt Cy) - 1. But for these particular values 


x 
of P, we have a ec K a by definition. 


Recall now the ideal equation (3.4), with ae G.. We 
see ‘that, for all ¥; 


yeply) =" 
a(w) = f-th power of an ideal. 


Hence, by Lemma 2, we now get 


£8, 
(3.10) a(y) = I a(y,d) ’ 
1<alf 


where 
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(i) a~,d) is a square free integral ideal 
fixed under Ker Cae 
(3.11) (ii) (@(¥,a), a(¥,e)") = 1, for all y, 
whenever d # e, 
(144) (a(¥,a)", a(v,a)°) = 1, for ¥, 


6 ¢« I'/Ker c y #6. 


qa’ 


From the Proposition we now have the 


Corollary. Let a € Gas corresponding to ~, with (3.4), 
(3.10), (3.11) defining the ideals a(y,d). Let pe Z(T), 
) crs e Z(T/Ker c). Then 


6. 
HM el(a(w,a)) %= c1(P(y))® . 


1<a|f 


Indeed by the Proposition 


while by (3.4), (3.10) 


retik eee Fares 
1<d|f 


(a 


By Lemma 3, re) Fy e Z(T), and indeed 


eae tap 
TI  a(w,d) b © = (b) 
1<alf 
is principal. 


rae Application. With p as above and jy non-ramified, 
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c1(P(¥))” =1. 


The next application is Stickelberger's theorem. 


$4. The Stickelberger relations 


Let K now be the field of f-th roots of unity and k = Q. 
Take c = u: re (wz /#m)°, with u as in (3.7). We have 
to show that 
(4.1) o> eh 
for every ideal class C of K with as before. Let p be a 
prime number = 1 (mod f) having one of its prime divisors in 
C. Then atu) has a subfield L of degree f over Q, and the 


1] 
field N = LK has the form N = K(a /£ 


) with a € Go. As p is 
totally ramified of ramification index f in L, and non- 

ramified in K, its prime divisors in K are totally ramified 
of ramification index f in N. Moreover no other prime ideal 


is ramified in N/K, as no prime other than p is ramified in 


L/Q. All this implies, for / corresponding to a, that 


a(v,f) =p, a prime divisor of p 
(4.2) 
a(yv,d) =1, for a # f. 
T1i/p 


2 : : 
On the other hand, e generates a normal integral basis 


of L/Q (Hilbert), and thus also a normal integral basis of 
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N/K, as L and K have coprime discriminants. By Lemma 5(i), 
cel(P(v¥)) =1. By (4.2) and the Corollary in $3, 
op O 
cl(p) *=1. But C= cl(p)" for some y. Thus (4.1) 
will hold. 
We can actually say more. By Lemma 5, a(W) = 
fee NP yyy, But ca" /2 py) = t(~) is the Gauss sum. 
Thus by (4.2), (3.10) we get 
(1, 3) (ety ep F 
which is Stickelberger's prime decomposition rule for Gauss 


sums of prime fields. 


§5. A cohomological criterion 


We return to the general situation considered in §3 with 
ce fixed, surjective. The proposition, in conjunction with 
(3.4), (3.10), (3.11) leads one to consider families {a,b} 


of fractional ideals in K, with 1 < alf, where 


C3) For each d, a. 1s a square free integral ideal, 
fixed under Ker Coe and for y, 6 e I'/Ker Cos 
Y 6 
and y # 6, also (a5 a.) = 1. 


(ii) Ifd#e, then (4,, a’) = 1 for all y. 


(iii) Whenever pe 0. e Z(T/Ker c), p € Z(T), then 
Eye» © 
ta FH? 

da 


is principal in K. 
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Denote by S. the set of these families. IfaeéG we 
c 
obtain via (3.4) (3.10) such a family, with ‘= a(v,da). 
We thus have a map 
S18 Gers ’ 
ee c 

whose image we wish to characterise. 

Let Y be the group of global units in K, and write 


H = v/v, Make H into a I-module, not in the obvious way, 


but twieted by ¢, tve.y. 86 that if ae Y, y» © Dts 


& = 
a pups aL 
class then y = class of n 


% 
If now {a,b} eS. choose a€ K and for each Y, 


* 
also my EK 5. -so-that 


f 6 
Ca) sd a. d p,-f 
buyja2y 6 (y)-1) 
(oe) =H 2, f a hte , for all y. 
d 
Then, for all y, 
t (y¥)-1 
-f 
A. s by SOUCY) 2% 


Write 


y(Y) = class of n(y) mod ve . y(y) € H. 
Then one verifies 
1m y is a l-cocycle of I in H, 
II. Its cohomology class only depends on {a,b}, 


not on a or b. Denote it by hy ({a,,6}). 
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plas Ims = Kerh . 
C c 


Corollary. If (order(I),f) = 1 then S. is surjective. 
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Fields of class two and Galois cohomology 


H. Koch 


In this lecture we describe the connection between 
three old results: A paper of A. Frohlich on "fields of 
class two", in 1954 ([5]), the talk by J.R. Shafarevich at 
the International Congress of Mathematics in Stockholm 1962 
on "algebraic number fields" ([18]) and the talk by J. Tate 
at the same congress about "duality in the Galois cohomology 
over number fields" ([20]). 

The proofs for Shafarevich's results we are considering 
were published later ([19]), but the proofs for the results 
of Tate (which were given in less generality at the same time 
by Poitou [14]) were published only in part by several 
authors [7], [8]. 

In fact K. Haberland [6] recently gave detailed proofs 
of all the statements of Tate's Stockholm talk about Galois 
cohomology over number fields except the assertions about 


strict cohomological dimension in the case of restricted 


609 
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ramification. Later A. Brumer pointed out that this 
question is related to the deep and unsolved problem of the 
non vanishing of the p-adic regulator (see Haberland [6], 
where one finds ‘also a proof of the fact that 

H° (9, Z) = {0} for the Galois group os of the algebraic 


closure of a number field k, which played a role in the 


lectures of J.P. Serre and J. Tate at this conference). 


Li Let us start by describing in brief these three results 
so far as they are relevant to the purposes of this lecture. 
We use the following notations. p is a fixed 
rational prime, k an algebraic number field, S$ a set of 
places of k. kK. (respectively k.(p)), denotes the 
maximal algebraic extension (the maximal p-extension) of k 
which is unramified outside S. The Galois group G., 
(respectively G, (p)) of the normal and in general infinite 
extension k./k (respectively k..(p) /k) is a topological 
group with Krull topology. The fixed field x5?) (p) of the 
subgroup [lc.(p), G,(p)],6,(p)] of G.(p) is a "field of 
class two" in the terminology of Frohlich, the Galois 


(2) (2) 
S 


group G, (p) of k (p)/k is of course a pro-p-group of 


nilpotence class 2. 
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The philosophy is to consider the group theoretical 


2105) 


structure of G., respectively G., 


and to get in this way, via Galois theory, information 


(p), respectively G., 


about the set of all extensions of corresponding type. 


Frohlich's result is the determination of the group 


theoretical structure of G = een 


ramification subgroups in the case of a rational base field 


p) together with its 


k = Q. For the sake of simplicity we assume in the 
following p # 2. 

If p #2, then ramified places in a p-extension of Q 
are primes q of the form q = 1 (mod p) or q = pe. So we 
assume that S contains only places of this type. 


(2) (0) above q and 


Let q be a fixed prime divisor of Q., 
let a be a generator of the inertia group Le of q as 
normal subgroup of the decomposition group DS (in face, ZT 


is cyclic for q #p). Then {t/a e S} is a minimal 


generator system of G and the relations 


a tae, a. or ae By hae sp (1) 


form together with the universal relation [[G,G],G] = {1} 
a generating relation system of G. Here as is an 


extension in - of the Frobenius automorphism of q in eae: 


q 
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and (Tt ,O ) denotes the commutator T0 T oO. The 

qq q q 
automorphism oe is determined, by class field theory, 
over Q up to commutators. But a stands in (1) already in 
a commutator, i.e., ise) is determined up to commutators 
of weight three which are in the universal relation 
L[{¢,6],Gq] = {2}, This means that we have determined the 
structure of G (and the inertia subgroups I) completely. 
From the result of Frohlich we see that we know the set of 
fields of class two over the rationals very well. 

The paper of Shafarevich dealt with the general case 
of an algebraic number field k as base field and he was 
interested in the structure of G, (p). Two fundamental 


S 
invariants of G., (p) are its generator rank d and its 
relation rank r. 
The generator rank d can be computed by means of class 
field theory over the base field k, and it can therefore be 


considered as known. The result of Shafarevich consists in 


an estimate of r from above for finite S: 


ee a a} le, £0.) #8 + oy Hels) 5 (2) 


where the sum is to be taken over all places P in S which 


lie above p, ry is the number of real conjugates and ty half 
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of the number of complex conjugates of k. Ok.S) = 1 if 
the group a of the pth roots of unity is contained in k and 
S is empty, 9(k,S) = O otherwise. 

Concerning the duality theorem of Tate we mention here 
only a special case which we need for the following. We 


assume that all places of k above p are in S. Let Ky be 


the algebraic clos of k UG Serie : 
e alg ec closure p and G, al(k,/k),) 


The noncanonical inclusion k. <« k, induces a non- 


S p 


Berg which induces canonical maps 


cs ge 
of the cohomology groups. 


canonical map $¢ 


Se ee er eee 


H(G 
b * P 
p 


S 


Here Mis a G,-module, but we are only interested in the 


cases where M = Z/pZ and G, acts trivially, or where 


Ss 
M = n= Kk the group of p-th roots of unity. Let 


Ker “(Gy M) be the kernel of the map 


~ A i 
1% : H (G., M) 7H (GM). 


Then there is a natural exact sequence 


0 > Ker (G,,u_)* + H7(G,, Z/pz)> J} w2(G.,z2/pz) > 
oP : pes p 


+ EB (Ggsi)* —» 9. (3) 
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O 2s 
The groups Ker (Gs 5H) and H (G eh are finite and the 


S 


star denotes the dual abelian group. 


ae Now we are going to make a common picture out of the 
three mentioned theorems. We start with a group theoretical 
principle which is a generalisation of Tate's characteri- 
sation of the relation rank of a pro-p-group. 

Assume we have pro-p-groups G, Gs where 1 runs through 


an index set I, and a family of morphisms 


— > rF-——_ 6G 
of Gs G by free pro-p-groups F., F with the same generator 
rank as G.» G and the relation modules R, 5B. The morphisms 
v. are chosen such that the diagram (4) commutes. 
Let {0 aee+ 503} be a minimal set of elements of R with 
the property that they together with v.(R.), for as I, 


generate R as normal closed subgroup of F. The O: induce a 
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map 


o* : H°(G,Z/pzZ) > I H°(G, Zz /pZz ). 
LEL 


Then 


dim, /pZ Ker ?* =s , (5) 


In other words: we describe G by the help of two sorts of 
relations: the Pe OE which we call the unknown 
relations, and the relations in v(R.), which come from 
the groups G;. We call them the known relations. If 6* 

is injective, all relations are known. If I is empty, we 
have the usual characterisation of the relation rank by Tate. 
One finds the proof of (3) in H. Koch [9], Satz 6.11, it 
is based on the proof of proposition I.27 in J.P. Serre [16]. 

Now we go over to our field theoretical situation. Our 
family of morphisms is %» : Gp) a4 G(p), pes. 

We are interested in the group theoretical description 
of G.(p). Consider first the local groups Gp) = G. Here 
the structure is well known. 

If the characteristic x(P) of the residue class field of 
Ky is #p and i, oa Ky the extension Koy is unramified 
and G is canonically isomorphic to Zz If x(p) # p and 


pe k the group G is generated by two elements T 20 


p? 


which are connected by a single relation of the form 


p 
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, N(P)-1, 


r 1p? po) = 1, where T is a generator of the inertia 


group of Ky /k and © is an extension of the Frobenius 


p 
automorphism of the maximal unramified subextension to k. 

The next case is x(P) =p, He ¢ k. Then Gis a free 
pro-p-group with ky, : Q@] + 1 generators. We can choose 
Cp as one generator and the others out of the inertia group. 
There are severalproofs of this result, but the most 
elegant is the following version of the initial proof of 
Shafarevich [17]. 


From local class field theory it follows that 


1- a (G) = dim H°(G,z /pZ) - dim H!(G,zZ /pZ) =- le 7213 


where d(G) is the generator rank of G. Let H be an open 
subgroup of G with fixed field L. Then 


La (8) == 1h 2-0] = Ch = ale)) [6 +-H] 


We see that the partial Euler Poincare characteristic 
1 - d(G) is multiplicative for open subgroups. Hence it is 
the full Euler Poincaré characteristic and CG has cohomolog- 
ical dimension 1, i.e., Gis a free pro-p-group. 

The most complicated case is x(p) =p. Then Gis a 
pro-p-group with generator rank lic, : Q] + 2 and relation 


rank 1. Gis a Poincaré group of cohomological dimension 2. 
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These groups were fully described and classified by 
Demushkin [3], [4], [4a] with contributions by J.P. Serre 
[15] and J. Labute [12]. For our purposes we need indeed 
something more arithmetical, because we are mainly interest- 
ed in global fields, for details see H. Koch [9], §10.3. 

The last case is Ky = KR or € with G cyclic of order 1 
or 2. This case plays a role of course only for p =e. 

Now we have the "known relations" of G(p) and the 
question is whether there are still unknown relations. For 
this one has to examine the kernel a of the localisation 


map 


H*(G.(p), Z/pZ) > tT H°(Go(p), Z/pZ). 
pes 


One can give an estimation of S Namely, there is a 


3° 
2 ae P : Xp , 
canonical injection of 2 into B. = (V../k ) > where Vg 1s 


x 
the following subgroup of k : 


Vy =faek | (a) =a? ae we for pes} 


For the proof see H. Koch [9] §11.2. 


or Now we return to the result of Frohlich which was men- 


tioned at the beginning of this talk. Let k = @ and p # 2. 
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Then obviously b = {0} for any Ss. So we have only known 
relations and they are exactly of the form of Frohlich's 
relation. 

Let us consider the situation more closely. We denote 
the image of a under - again by A Then iy Log ees 
is a minimal set of generators of G., (p) if we assume that 
S contains only primes q of the form q = 1 (mod p) or q =p. 
For each q © S, the group Gp) has two generators ta? se 
so that we have to consider the free pro-p-group te 
respectively F, with generators vat ey for’ @.€.-Sy 
respectively {t/q € S}. Now we have to construct the 


map Vv: 
- q 


(tla eS) =r (tK1a € S) 


Clearly we may set Ye te = Sa but the image of a is given 


by class field theory over Q only up to commutators: 
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a 
= qa'q 
tN) ae a (mod [G(p), G,(p)]), 
a ' 
v(s.) = 2 ¢+2% (moa [F, F]). 
qQ q q' ES 


The relations are of the form 


g~) 
Gi et ( Ss 
q gq Tq? 4 


forq€S, q#p. Hence we have them determined, by 
class field theory over Q, up to commutators of weight 3 
and that includes the result of Frohlich. 

It is clear how the result of Frohlich generalizes to 


arbitrary number fields. 


h, One gets Shafarevich's estimate (2) for the relation 
rank r of G.(p) from the above estimate of So. In fact, we 


have for finite S 


Per 2 . 
r= dim, /puZ H (G.(p), Lipa € dim,, |p B. 
. 2 
+ 2 dims jpg H (G,(p), Z/pZ). (6) 


It follows from Hasse's local global principle that we can 
in the last sum ignore one place Z if bes k. Class field 
theory computation gives on the other hand for the generator 


rank d of G.(p) 
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d = 2. le 7@] - 6(k) - a eae 
Z/p 


+] + ) 6(k,) 


oz 
ZeES 


+ dim, |p B42 (7) 


where 5(L), for a field L, is one if Be L and zero 
otherwise. It follows from our above consideration of 
G,(p) that 


dim H*(G,(p), Z/pZ) = 6(x,). 


Z /pZ z 


This together with (6) and (7) gives Shafarevich's 


estimate (2). 


5. What is the meaning of Tate's sequence (3) in this 
connection? 


One can prove H*(G., Z/pZ) = H7(G (p),Z/pZ) and the 


S$? 5 


same for the local groups. This was done by O. Neumann 


[13] and K. Haberland [6]. It is easy to see that 
* 
Ker’ (G.5u,,) can be identified with B: This gives in the 


case Z € § for Z/p in conjunction with (3) the exact 


sequence 


0 +B, > H*(G.(p),2Z/pZ) > ) #*(G,(p),2/pZ) > 
ZES 
oe HY (6, 5u,.)” gee) 
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which means that we have equality in Shafarevich's 
estimate. 

For uw ck, this was first proved by A. Brumer [2] in 
1966. For a ¢ k, this was first proved by 0. Neumann 
[13] in 1975. His proof is independent of Tate's duality 
theorem. 

In general in the same way as in the p-situation one can 
prove that there is a natural embedding of Ker?(G,,Z /pZ ) 
into Bo. This can be considered as a generalisation of 
Tate's duality theorem in the special case M= Z/pZ. But 
it seems to be impossible to understand B. as dual to the 
kernel Ker! for some G.,~module. 

6. We finish with two remarks. 


a) Consider the cokernel Re of the map 


Ker (G- (pb) 5 “2 /pu pS Bes 
S Ss 
ms m5 ; ; 
The dual Ce is a subgroup of V/k ’ It is possible to 


x : ; x 
compute C_asa group of universal norms in k (mod k Py, 


S 
For details see H. Koch [10]. 
b) Another approach to the questions considered in this 


talk goes back to J.P. Serre [16], 1.4.4, and was 
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developed by L.W. Kuzmin [11]. 
His main result is the equation 


r (Gg(p)) = 4 (G,(p)) - rk(Go(p)/[Gg(P) .6q(p) 1) 


with a computation of the Schur multiplicator M (G.(p)) by 
means of universal norms of some idéles. Kuzmin assumes 
that no archimedean primes are in S. 

This result looks rather complicated, but Kuzmin was 
able to deduce from it that the cohomological dimension of 
G.(p) is less than or equal to two in the case when the 
prime divisors of p are in S and the ground field k is 


totally imaginary if p = 2. 
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On p-closed number fields and an analogue of Riemann's 


existence theorem 


Olaf Neumann 


This note is an account of some recent work on p-closed 
number fields with restricted ramification. The main refer- 
ence is the paper [13]. 

Let F be any field. Denote by Fa separable algebraic 
closure of F and by Gal(K/F) the Galois group of a Galois 
extension K/F. We will use the abbreviation nt (K/F, A) 
for the cohomology groups 4" (Gal(K/F) , A). 

Let k be a finite algebraic number field, S any set of 
primes of k. Denote by kK the maximal Galois extension of 
k unramified outside S (= union of all finite Galois exten- 
sions with ramification points only in S). If p is a fixed 
rational prime then the notion "p-extension" will be used in 
the sense of "normal extension of p-power degree". A normal 


extension K/k is called (S, p)-closed if K is contained in 


kK. and if there is no cyclic extension L/K of degree p with 


626 NEUMANN 


L ck. Obviously, this is equivalent to H*(k./K,2/pZ) = 
The smallest (S, p)-closed extension of k is just the maximal 
p-extension k.(p) /k of k unramified outside S. 

For any field F, the symbol 6(F) (with respect to p) 
takes the value 1 if F contains the p-th roots of unity and 


is O otherwise. 


§1. The main results 
Let p be a rational prime and let 55 be the set of 
primes of k consisting of all archimedian primes and all 


primes lying over p. 


Theorem 1 ([13], theorem and corollary 1). Let S be any 
set of primes in k with S 25)» K/k any (S, p)-closed 
extension. Then the following statements hold. 

a) Let A be a p-primary finite Gal(K/k)-module. Then the 
inflation maps 


H'(K/k, A) > BM(ke/k, A) (1-20) (1.1) 


are 1somorphisms. 
b) The cohomological p-dimension of the group Gal(K/k) is 
ee 


ed, Gal( K/k) < 2, (1.2) 
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i.e., under the assumptions of a) we have 


H(K/k, A) =O fori 23. 
(For p = 2 we must assume that k is totally imaginary.) 


c) There exists an exact sequence 


nN 
GO > 8. sate, zip2) > J H? (ik /k Z/pZ) 


pes e 


+G+0 (1.3) 
where Ky denotes the P-adic completion of k and where i is 
the localization map induced by homomorphisms Gal(k,,/k,)) + 


x 
Gal(K/k). B is defined as the dual space of V,/k P where 


x 
V, = faek |(a) = a, a ek? for pe sh 


The group © is isomorphic to Z/pZ if k contains the p-th 


roots of unity and = O otherwise. 


Theorem 2. Let § S, be sets of primes of k with 


1? 
S,25,2 So K, /k (1 .8iby. 2) “be (S. 5 p)-closed extensions 
with K, 2 Ky. 
a) 


H”(K,/K,,.Z/pz) = 0 . (1.4) 


b) In particular, let K, /K, be a p-extension. Then the 


group Gal(K, /K, ) is a free pro-p-group and can be decomposed 
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into factors which correspond to the primes in Sys Si: 
More precisely, let be Pe By SN Sy> a be a prime of Ky 
dividing Pp , Fa be a prime of K, dividing rae We choose 
for every F the inertia group “eh for some fixed prolong- 
ation P, and define T, to be the subgroup of Gal(K,/K,) 
generated by the chosen ne where P varies over all primes 


of K, dividing Pp. Then the canonical homomorphism of the 


K 
F a4. : F 
ree pro-p-product pe ~~ S, Ty into Gal(K, /K, ) is an 
isomorphism: 
~ XK 
Gal(K,/K,) = Ts. a5) 


SB. Set0 
p > ; p 
Moreover, the inertia group ap.OF a prime es of K, lying 


over a prime in B58 Sy is either isomorphic to 2. or ho. P3234 


O} (1.6) 


Tp = {1} if 5(K, P ) 


O: (<=> 6(K, p ) 
2 2 1 


Ie 


5h Say 9) 


Z if 6(K =] <=> 6(K 
> 4 (Kap ) (<=> 6K,» 


The isomorphism (1.5) is an analogue to Riemann's 
existence theorem which allows us to describe the groups 
Gal(k./k) for k = algebraic function field of one variable 

y -v : 
over € (cf. Safarevic [14]) as it follows from the 
"Freiheitssatz" by W. Magnus [9] that the fundamental group 


7, (R \S) where R is a compact Riemann surface contains a 


ON P-CLOSED NUMBER FIELDS 629 


free subgroup generated by elements corresponding to the 
ramification points in S if the genus of Ris 21. In the 
genus O case one must omit one element of S. Theorem 2 
generalizes a theorem of J. Neukirch [11] (theorem 11.3) on 


p-extensions of Q. 


§2. Proof of theorem 1 (sketch) 
The main ingredients of the proof are an appropriate 
twisting of Galois modules and the cohomology of the group 


x 


E, of S-units in the field koe An element a, ack, k, /k 
finite, is called an S-unit if in the prime decomposition of 
the principal ideal (a) only prime divisors lying over 

primes in S occur. For the cohomology of E. refer to H. Koch 
[5], chap. 13 and to A. Brumer [1]. Statement b) can be 
deduced from a) together with well-known facts about Ke 
(({4], [3], [13]). Therefore, it suffices to derive a), 
which in turn follows (by the exact sequence of Hochschild- 
Serre) from this. 


Key Lemma. H*(k,/K, Z/pZ)' = Os. 


In order to prove this lemma notice that K contains the 
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cyclotomic 2. eaters ton Ko/& for p # 2 and K o/s (v-1) for 
p= 2. Let yu  denote the Galois module of the p"-th roots 
Pp 
of unity and let be K' = K(u). Obviously, K' contains all 
roots of unity of p-power order. We denote by T the Tate 
module T = lim u 
ee n 
Pp 
Definition. Let X be any discrete p-primary Gal(K'/k)- 


module. Define the Gal(K'/k)-module X(-1) by X(-1) = 


Hom, (T, X). Then the correspondence 
Pp 


Gal(K'/K) — 
x +> [x(-1)] fe F(x) 


defines an exact functor F into the category of discrete 


p-primary Gal(K/k)-modules. 


The exactness of F is obvious by virtue of the exactness 
of the Tate twisting X + X(-1) and the fact that p does not 
divide [K':K]. 


Now one uses the p-divisibility of E., i.e., that the 


5 


sequence 


p 
{1} > UD > Eq > Ey > {1} 


is exact. By class field theory one gets an isomorphism of 


Gal(K'/k) modules 


ON P-CLOSED NUMBER FIELDS 631 


X/pX > H?(./K" ,¥,) (2.1) 


where X denotes the p-primary component of H*(k/K', Eo). 
Since every isomorphism (of abelian groups) Z/pZ > Hs yields 


an isomorphism 
E'(kg/K, Z/p2) > FHMCcg/KY, ua) (A 2 0) (2.2) 


we derive by easy calculations using H*(k./K, Z/pZ) =O and 
the vanishing of the p-component of the Brauer group of K!: 
F(X/pX) = 0. (2.3) 

Now (2.1) together with (2.2) and (2.3) gives us the key 
lemma. 

The statement c) is deduced from class field theory 
again by using the functor F. The description of 
B. = Ker A arises from comparison of Kummer theory and 
properties of the Hilbert class field. It is clear that 
statement c) can also be derived immediately from statement 


a) and Tate's "long exact sequence" ([17], theorem 3.1; 


ef. tS]. 


§3. Some corollaries of theorem 1 and bibliographical 


remarks 


K. Haberland gave in his dissertation [3] an alternative 
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proof of statement a) of our theorem 1. A. Brumer [1] haa 
proved theorem 1 under the assumption ee es 

It is well-known that for the p-extension k.(p) /k the 
number 


r(G.(p)) = dimy H?*(k.(p)/k, Z/p2) 


coincides with the minimal number of defining relations for 
the pro-p-group G,(p) = Gal(k.(p) /k) (cf. [26], [5]). Now 


we can deduce from statement c) the exact size of r(G.(p)): 


Corollary 3.1. If S is finite then 


r(G.(p)) = ) S(k.) - 6(k) + dim B.. 
" pg P aa: 


(sou) 

I.R. Safarevié had proved ([15]) that r(G.(p)) is not 
greater than the right-hand side of (3.1). 

The estimate cd, (p) < 2 was first proved by A. Brumer 
[1] (in the case nee k) and by L.V. Kuz'min [7], [8] (in 
general). 

H. Koch ([5], theorem 11.3 cf. [4]) stated that for 
arbitrary sets S (without our restrictions on S) the kernel 
— of A is canonically injected in Be. Furthermore, in 


his paper [6] H. Koch described the quotient B/S, in terms 
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of universal norms in the group Va/ ? With respect to all 
finite intermediate extensions in k..(p) /ik (cf. [4]). Since 
we have in our case the equality S., = Bos we can derive 


immediately: 


Corollary 3.2 Let Vg(L) be the group 


x 
V,(L) = fae L’|(a) = a®, aeLs for P, P|p, pes} (3.2) 
Then for any (S, p)-closed extension K/k one has 


rx Norm, ,,Vq(L).« =P (3.3) 
L 


where L runs over all finite extensions L/k with K DL. 


For Koch's theorem [6] tells us that (3.3) is certainly 
true if L ranges over all finite extensions in the smallest 
(S, p)-closed extension. 

Let scd_G denote the strict cohomological p-dimension 


of a profinite group G. 


Corollary 3.3 Let k'/k be any finite extension with k'c k., 
and let k'(p) denote the maximal p-extension of k' inside k 
Then sed, Gal(k./k) < 2 <=> For all 


kts sed. Gal(k'(p)/k') g 2. 


s° 
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Proof. Let U = Gal(k_/k") be any open subgroup of 


G= Gal(k./k). One has the chain of the following equivalent 


assertions: 
a Vu: H7*(u,z) (p) =0 
<=> VY our aU, 2.) = 0 
Pp 
Se OW ait ee e0 
(U, Q,/ » 
<=> W uU: limH4%(u,+ 2 /z) =0 
> ft pp 
n Pp 
But by the theorem 1 a) we know that 
2 Ba ¥ 2(y,1 ! i 
ACU, reuey H“(k'(p)/k’, np 2p) 


From this we easily deduce corollary 3.3. 


§4. Proof of theorem 2 
Let S,, S, be sets of primes of k with S, 2S,2> 5 
K, /k (i = 1, 2 ) be (S., p)-closed extensions with K, 2 K,- 
Let L be a finite extension of k with LC K, and S,(L) 
the set of primes of L lying over S,+ From (1.3) we obtain 


the exact sequence 


0 > (v5 (L)/LP)" + w(K, /L, Z/p2) 
2 


- ) H*(Lo/Lp, Z/pZ) (4.1) 
Pes, (L) eee 


% 
(where denotes the Pontrjagin dual). Taking inductive 
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limits over L with respect to the restriction maps we can use 
the isomorphisms 


lim HI(K,/L, Z/pZ) > H(K,/K,, Z/p2) (4 20) (4.2) 


and 
lim ) apes Z/pZ) 
> Peg,,(L) 
> : w(K, p./K, p>» Z/pZ) (i 2 0) (4.3) 
> ih b] 1 


1 


where PS runs over all primes of Ky lying over primes of k in 


S These isomorphisms arise immediately from the definition 


> 
of Galois cohomology groups and their localization maps to- 
gether with the trivial action of all groups in question on 
Z/pZ. The degree of srk is divisible by D resp. 

RiP = eH = C for the archimedian Ze and p = 2. Hence 


we have 


H*(K, p /K, p.» Z/pZ) = 0. (4.4) 
bi 1 | 1 


On the other hand, we see that 


lim (V (L)/p Py = (iin V (Rie ey 


= So os So 
where the inverse limit is taken with respect to the norm 
maps. Obviously, the L-coordinate of each element of 
: xD 
lim V, (L)/L belongs to 
1) 


ae: (7) Nor v, (m).L°P) /L*P 
. ™M/L S. 
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where M ranges over all finite extensions M/L with M ckK,. 


But, in virtue of Vie (M) < Vg, (M4). it is easily deduced 
2 


from corollary 3.2. that 


x 
i o© 


xD 
(et ee 


This means that 


Lim (Wg (L) 2°)" ae ae (4.5) 
The sequence (4.1) remains exact after taking inductive 
limits. Thus theorem 2 a) follows directly from (4.2), 
Ch S)<. (eth and Cheesy, 

Suppose that KA/K, is a p-extension. The assertion 
H*(K,/K, 5 ZipL) = 0 amounts to saying that Gal(K, /K,) is a 
free pro-p-group (cf. [16], [5]). To prove the finer 
statements about Gal(K /K ) it will be enough to prove them 
for the maximal p-extension K (p)/K, since K,(p)/K, is 
normal and Gal(K, /K, ) is just the factor group of 
Gal(K,(p)/K,) by the normal subgroup which is generated by 
the subgroups Ty (formed with respect to Gal(K,(p)/K,)) for 
all p¢ 3 Then from well-known general properties of 
free pro-p-products ([12]) we can easily derive the desired 
statements. In other words, without loss of generality we 


assume S, = set of all primes of k. 


By a cohomological criterion of J. Neukirch [12] we need 
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only show that the restriction map 


vo i 
H(K (p)/K., 2/p2) > UH (Ty, 2/2) (4.6) 
1 1 p 
p¢s 
1 
is injective for i = 2 and surjective for i= 1. There is 


nothing to prove for 1 = 2, Since all cohomology groups 
in question vanish. 

Now we consider the map (4.6) for i = 1 in more detail. 
The restricted product Lis actually the direct sum IL. 
Furthermore, we have naturally injective maps 


H'(T , Z/pZ) > MW H*(Tp , 2/pZ) (4.7) 
p v 2 


1 
P,/ p 


since each group T, is generated by the groups Tp (we 


p 
recall that each es is a fixed prolongation of P.). The 
local inflation at all primes as in Ky give rise to 
homomorphisms 


i eek 
Hp , Z/p2) > HK, p MK, p> 2/2) (4.8) 


If we take into account the natural isomorphism 


H'(K (p) /K,) > HM(k/K, 52/p2) (4.9) 


we obtain from (4.6), (4.7) and (4.8) the composed 


homomorphism 
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Lz Ly 
HOUR. 5 Z/pz) > AL kk BAK /K » Z/pZ) (Chiz6 
: os P, DP Og p ) 
P /jp 


Now it is clear enough that it would suffice to prove the 
surjectivity of the morphism (4.10). Using the isomorphisms 
(4.2) and (4.3) we can interpret the map (4.10) by way of the 
canonical map of limits over L (L/k finite). For this 
reason we consider a part of Tate's long exact sequence 
({17], [3]) over a finite field L (L >k) contained in Ki: 


H'(k/L, Z/pz) > 2D YY wh 


/L_, Z/p2) 
Pp P/p a 


* HUE. * + H°(K/L, 2Z/pZ) (4.11) 
3 p be] p 2 


taking inductive limits over L with regard to the restriction 
maps and remembering that 

lim H*(k/L, Z/pZ) = H(k/K, Z/pZ) = 0 
by virtue of ed, Gal(k/K, ) < lor by theorem 2 a). From the 
resulting sequence 


H'(K/K, Z/oZ). + 


lin ZL ) Hi (Lp/Lps Z/pZ) X lim I ) H'(Lp/Lps Z,/pZ) 
* pes, P/p > pes, P/p 


> lim H(kK/L, u) +0 (HEL) 


> 
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it is readily checked that (4.10) is surjective if and only 


if the map 
ae = x 
lim 2 — } wl (Ip/p, Z/pZ) > lim H (K/L, u_) (4,12) 
> pes, P/p > 
is surjective. By dualizing and using Tate's local duality 


we get the condition that 


lim H'(k/L, uw) *ilim @ ) w(Ep/pp, v) (4.14) 
< : * p¢és, P/p a: 


must be injective. The inverse limits are taken with 
respect to the corestriction maps. Denote the kernel of 

° . . Lipa \ x xD 
(4.14) by C. In view of the isomorphism H (k/L,u,) = /L 

x 
an element of C is a vector (a(L) mod. L PlLe K,) with 
GCL te a(L) mod L? = No a(M) mod L? for all M 
; : Mh 77, : 
x 

with M 2L and o(L) € (Lp)* for all Pe S(L). As Neukirch 
[11], §11, remarks, for the L-coordinate a(L) the principal 
ideal (a(L)) is the p-th power of an ideal @(L) in L. Indeed, 
take a prime P of L with P ¢ Ss, (2) occurring in the decom- 
position of (a(L)). Then there exists in the cyclotomic 
Z_, extension K/s (resp. K /«(¥=1) for p = 2) a sufficiently 
large field M such that in the extension ML/L PP splits 
into prime factors whose relative degrees are multiples of 
ow Now we deduce from the relation 


. Pp 
aL) = Norm, a(ML). 8, MLC K 
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that the exponent of P in (a(L)) is divisible by p. So we 
see that 4(L) is contained in Ves CT di The group C can be 
identified with the limit 

lim V, (L)/L? 

ae 1 
It remains to repeat an argument given in the proof of 
theorem 2 a) and to apply corollary 332: Thus we see that 
C={1}, i.e., that (4.14) is injective, Q.E.D. 

To complete the proof we have to show (1.6) and (1.7). 
Take a prime an in K dividing some p € SNS, - It follows 
that p J p and that P, is tamely ramified in K,/K,. But, 
hi ac = S(K, p ) = 0, all p-extensions M/L where L is 
a finite subfield of K, are unramified at the prime lying 
under Pa Passing to the limit we see that (1.6) is true. 
Suppose now that S(K, op, = sar =1. To prove (1.7) 
for arbitrary sets ., it suffices to prove it for the 
maximal p-extension K (p) /K,- This follows straightforwardly 
from the decomposition of Gal(K,(p)/K, ) into a free pro-p- 
product. Let Fs be the prime of K lying under oe For a 
sufficiently large finite subfield L of Ky and the prime p 
lying under Ps we have 6(L,,) = 1 and in addition V-l e L in 
the case p = 2. P. is unramified in Kf and the locali- 


zation of K, at Ps contains the maximal unramified 
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p-extension of L The maximal p-extension K (p) /K, con- 


po 
tains the maximal p-extension L(p)/L. To prove (1.7) it 
suffices to prove that in L(p)/L all inertia groups associated 
to P are isomorphic to 43 This fact can be proved using 

the existence theorem of Grunwald-Hasse-Wang (s. Neukirch 

Loe. cits), We prefer to quote here an alternative proof 
within the framework of p-extensions. There exists inLa 


finite set S of primes such that S25 p ¢S and 


0? 
Vi) aac Put S' = S Utp} and consider the p-extensions 
L.(p p)/L and Le ,(p)/L. Let T be the inertia group in 
Gal(L.,(p) /L) associated to some fixed prolongation of Pp. 
Obviously, Gal(L.(p) /L) is the factor group of 


Gal(L.,(p)/L) by the normal subgroup generated by T. On the 


gt 
other hand, the well-known formulae for the number of 
generators of the groups Gal(L.(p) /L) and Gal(L.,(p)/L) show 
that these numbers actually differ by 1 (see ae prop. 
11.8; [15] theorem 1). From this we can conclude that 
T # {1}. We know that cd, T ¢ 2 in virtue of 
cd. Gal(L gt (P )/L) < 2. T is a homomorphic image of Z and 
hence the only remaining possibility is T ¥ Zo: 

The proof of theorem 2 is complete. At the same time 


we have proved that the morphisms (4.8) are isomorphisms. 
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§5. Some consequences of theorem 2 


Let k be a finite number field, p a rational prime. 
By So we shall denote the set of primes of k consisting of 


the archimedean ones and of the divisors of p. 


Corollary 5.1. Let 4 be a prime of k with 4 f p and let 
i ket Kg be a fixed injection. Then the image of the max- 
imal p-extension “he U {q} (p)/k unramified outside 


So U {qi under i is just the maximal p-extension of ko: 


eS. U {q}'P)) = Kg(p). (561) 


Proof. If N(¢) #1 (p) then ko(p) coincides with the max- 


imal unramified p-extension of k In this case we have 


q* 
(p) > K_ where K _/k (resp. K_/k(¥-1) for 

So fe) fe) fe) 

p = 2) denotes the cyclotomic 4 embens ion. Obviously, we 


k (p) =k 


So U {q} 


have i(K)) = kg(p). If N(¢) = 1 (p) then the inertia group 
of x, (p) is isomorphic to Z° i(K)) is the maximal un- 


ramified p-extension of k and by theorem 2 b) all the 


q? 


inertia groups in Gal(k (p)/k) associated to q are 


So v {q} 


isomorphic to Z. (in view of (ko) = 1). Hence, (5.1) is 


proved. 
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Corollary 5.2. if p #2 and if Kk (p)/k coincides with the 
O 
cyclotomic eee eT ee Ko/k then for any set S of primes of 


k with S > So we have 


Gal(k,,(p) /k) 2% , (5.2) 


where P runs over all primes of K, dividing the primes in 


0 


Ss So and where Tp denotes the inertia group of some 


(arbitrarily chosen) prolongation of P. We have Tp = ae 


or {1} according as 6(Ky p) ak Raa 


> 


Proof. Obviously, it will be sufficient to prove (5.2) in 


the case S = set of all primes of k, k.(p) =k(p). The 


proof of theorem 2 b) carries over almost literally to our 
corollary. But the crucial fact under our assumptions is 
that the decomposition group of any Pp ¢ So in the extension 
Ky/k is of finite index in Gal(K/k). Thus over p, p ¢ So: 


lies always only a finite number of primes P in K There- 


0° 
fore, in the maps (4.7) and (4.10) the symbol Il can be 
P 


replaced by the symbol - for the direct sums. This leads 
immediately to the decomposition (5.2). 

The assumptions of corollary 5.2. are fulfilled in the 
case p #2, k = Q and give a theorem of Neukirch ([{11], 


theorem 11.3). 
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Corollary 5.3. Let S, T be sets of primes of k with 

T2S 25): Let fo, | i € I} be a minimal system of top- 
ological generators of C= Gal(k..(p) /k) and to, | cab) ce EF 
be a system of elements of co Gal(k,.(p) /k) with o, mod. 


Gal(k,,(p) /k,(p)) = o.. Further, suppose that for each 


I 


P, peTNS, N(p) = 1 (p) an element oa Gn = 


Gal(k,.(p) /k(p)) is given such that i generates the inertia 
group of some prolongation of p. Then the following 


assertions hold. 


a) The elements » form a system of G,, generators of Cr 


(G,, acts on Cr by inner automorphisms). 


b) The set fo, 5%, | ie I, pe T\S, N(p) = 1 (p)} forms a 
set of generators of G,, where the subset {tJ is free. 


x 
ec) This set is a minimal one if S is finite and Va =k oe 
Moreover, in this case the elements T form a minimal set 
S 
of Gn generators of Ga 
It should be emphasized that the corollaries 5.2 and 
2-3 complete the known results about the groups Gn in terms 


of generators and relations (in particular cf. [5], 11.4 


and 11.5). 
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Ses og 
Proof. To prove a) we remark only that G, is just the normal 


be 


which is generated by the T's. To prove b) 


T p 


by Burnside's basis theorem we must consider the images of 


subgroup of G 


x 
the ee and the T,, under the epimorphism G > G,/(G, ) where 


T 


- GJ]. Let 


p 


(G_) denotes the group (a) [c 


iE 


U = (0. (a €G, be the closed subgroup generated by 


the Gos Obviously, U together with Ge generates the 


aT 
os S\p 
whole group Gp Let (G,,) denote the group (Ga) ' 
Ss . : ae a: : 5 
IG,» God. The inclusion (G,,) e (G,,) induces an epimorphism 
Ss) g# S x x 
> 
G./(G,) Ga (G,) /(G,,) ; (5.3) 


Now it is easy to see that the group Cr contributes just 


the elements T, to a set of generators of G since by a) 


p 
the images of the T)'§ certainly span the space GF /(Ge) 


mt? 


By virtue of (1.5), the subset {tJ is free. Let us assume 


x 
now that S is finite and Vg = P, To begin with we re- 


strict ourselves to finite sets T. According to well-known 


results (see [15], [5]) the number of generators of G, resp. 


S 


G 1s equal to 


a(G,) = [k : Q] - 6(k) -rt+1+ ) §(k,) (5.4) 
pes 
resp. to 
a0G..) =e al = 6(k) -r+i1+ ) §(%4,) (S55) 


peT 
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(r is the number of archimedean valuations on k). In our 


case the set AG 4%) F has just the cardinality 


AG) Shes = ate) 
5 peT\S P : 


and, therefore, 1S a minimal one. Moreover, the epimor- 
phism (5.3) is an isomorphism now. Hence, the T's con 

stitute a minimal set of G,-generators of c. Arbitrary 

sets T are dealt with by passing to the limit over finite 

subsets. All assertions of corollary 5.3 are proved. 


I would like to thank D. Zagier who corrected the 


grammar and expression of a part of this note. 
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Holomorphy of Quotients of Zeta-Functions 
Robert W. van der Waall 


Introduction 
Let K be an algebraic number field (extension field of 
finite degree of the rational field Q). Consider the Zeta- 
function 
= 
c(s) =J (way ® 
a 
defined in the domain Re(s) > 1, the summation being extend- 


ed over all integral ideals of K. Here N is the so-called 


r e. e, e 
absolute norm, that is Na= I (Np, ) ae If. & =p ee " 


+ 1 r 
is the decomposition of @ in ae ideals Ps of K and Np; 
is the number of elements in the residue field Ky ; 

The zeta-function u,(s) converges eedeicdeas aha 
uniformly in the domain Re(s) 21+ 56, any 6>0O. It was 
E. HECKE [5] who found the functional equation for G(s) 


and proved that c,(s) has an analytic continuation over the 


whole complex plane, with the sole exception at the point 
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s =1, where there is a pole. Notice that oof s) is just 
the ordinary Riemann zeta-function. 

It is the purpose of this paper to give a short histor- 
ical survey on the development and advances concerning the 
following problem, the first investigations on it going 


back to DEDEKIND (%¥ 1873) : 


Problem: Let L be a finite extension of K. Is c(s)/t,(s) 


holomorphic in the whole complex plane? 


If for a certain choice of L and K this problem has an 
affirmative answer, then we will say: P(L/K) holds. All 
the notations and conventions are more or less standard and 
can be found in [3] and [7]. For background on L-functions 
see also [15]. 

I hope I have quoted the most important sources. If some 
have been forgotten, then I would like to apologize. 

The classical way of attacking this problem is by means 
of group theory, more precisely, by character theory of 
finite groups. Namely, let ° DL be a field extension such 
that 2/K is a galois extension with finite galois group. Let 


N be the trivial character of Gal(2/L), no the induced 
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character to G = Gal(2/K), and let A be the trivial char- 
acter of G. In all cases for which P(L/K) is known to hold, 
the methods of establishing P(L/K) are based -either ex- 
plicitly or implicitly- on the fact that, for those exten- 
sions L/K, a - i} is a linear combination of monomial 
characters hes hs # A, with positive rational coefficients 
t. “ceri = A= I Now, if so, then 
for some specific positive integer n, (,(s)/a(s))” 

equals a product of L-functions of abelian characters. The 
latter L-functions are integral functions. This is not 
trivial, and based on investigations of Weber on L-functions 
for class fields, on the proof of Takagi that all relative 
abelian fields are class fields, and on Hecke's proof of the 
functional equation of the so-called Hecke-Dirichlet L- 
functions (cf. [5]). Then, however, it follows that P(L/K) 
holds. 


In this paper we consider the two cases of the above 


method which can occur for the extension L/K. 


*(Footnote) Recent work of Langlands has however opened a 


new approach, (See [15] I for reference). 
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1) Assume that L is an extension of K, not solvable by 
radicals (over K). There are two general cases known (to 
me), to wit: 
la) L/K is a galois extension with non-solvable galois 
group. Then P(L/K) holds by a character result of Brauer, 
see 53, 
lb) Lis contained in a field 2° such that °/K is a galois 
extension with a non-solvable galois group Gal(&/K) which is 
a Frobenius group, and such that Gal(&/L) is the so-called 
Frobenius complement. See §4 and also [7] for more details. 
2) Assume that L is an extension of K, solvable by radicals 
(over K). Let 2 be an extension of L such that Gal(2/K) is 
a finite solvable group. All authors, except those of [8], 
[10] and [12], deal with solvable galois groups of a specific 
prescribed nature (In [8] there is a prescribed nature but 
the word "solvable" is not important there). See §81,2,3. 
However, P(L/K) holds in fact for any solvable Gal(%/K). 
The last result has been found in 1974 and is fully described 
in [10] and [12]. 

Although ARTIN [1] was the first to investigate the 
problem in the version as stated above, i.e. stressing the 


holomorphy of co (s)/t(s), we will refer to this problem as 
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DEDEKIND's problem, as a token of homage to him, as 


initiator of the problem. 


Ls R. Dedekind 
In [4], §86-8, published in 1900, R. DEDEKIND gives the 
explicit details of the following statement, solved already 


by him in about 1873: 


Statement: Let L be an extension of the rational field Q 
“5 
such that [L:Q] = 3, L=Q( Ya), aeéQ. Then the fun- 


ection t,(s)/to(s) equals 


L(s,¥,L(0)/Q(e)) = E  (1- v(pyw(p)78)7 (1) 
p NF 


{We have adopted the following notation for this L-function: 
© = exp(27i/3); wis a proper non-trivial linear character 
of the corresponding class group; "proper" means 
"eigentliche" as in HASSE's Zahlbericht; runs through the 
prime ideals of Q(9), not dividing the ideal ae the con- 
ductor of }. The notation for this L-function is in agree- 
ment with the notion of the so-called second definition of 


the Artin L-function, see [15] , with respect to the cyclic 


group Gal(L(e)/Q(e)) of order 3}. 
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DEDEKIND does not say anything about the functional 
equation of o(s)/Co(s) whence also nothing about the 
holomorphy of it. HECKE [5] found the functional equation 
for the so-called HECKE-DIRICHLET L-functions, from which 
it follows that the abelian function L(s,¥,L(e)/Q(e)) can be 


holomorphically extended over the whole complex plane. 


ay Be APE 
In [1] (1923), E. ARTIN mentions DEDEKIND's paper 


[4]. He refers to the theorem of TAKAGI [9], that 


Every field L, finite over K, and such that L/K is 
galois with abelian galois group is a class field with 


respect to K. 


Using this one derives by an argument going back to 
WEBER [13], that, in the latter situation, 
(s) HI L(s,x), where xX runs through all distinct 


X 
proper non-principal characters of the corresponding class 


Cols) 2h, 
group. Therefore DEDEKIND's problem has an affirmative 
answer in this case. 


Thus, if in general L/K is a tower of fields such that 
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L= L,> L,> ...> L = K with L/L. 44 galois and abelian, 
then P(L/K) holds and hence if 

L/K is galois such that Gal(L/K) is solvable, (2) 
then P(L/K) holds. 


ARTIN moreover proved the following two results: 


If L/K is galois and Gal(L/K) is isomorphic to the altern- 


ating group A. on five symbols then P(L/K) holds. (3) 


Let L be an extension of K such that [L:K] = Pp, p prime. 
Consider %° 3 L DK such that & is galois over K. Suppose 
that Gal(@/K) * G withG={fall maps f, zReazt+b, a0, 


ac, 42,b¢€ F ai » so G has order p (p- - 1) and 


Pp 
G (= lL in Huppert's notation in [7]) is a so-called linear 


group. Then P(L/K) holds, (4) 


Notice that we are in DEDEKIND's case when putting p = 3 and 
n=l. Observe that G is solvable. 
The last case done by ARTIN was: 
Let 2° DL >K such that 2 is galois over K with 
Gal(2/K) = Sis the symmetric group on four symbols and 


let [L:K] = 4. Then P(L/K) holds. (5) 
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For the details of the proofs see ARTIN's original 


paper [1]. 


Be R. Brauer 
It is R. BRAUER who exploited character theory of group 
representations in a systematic way for our problem. We have 


the theorem proved in [2] (1947): 


Let G be a finite group and let x? res X, be the set of the 
distinct irreducible complex characters of G. Let g be the 
a of G. Suppose Xe is the trivial character of G. Then 
g td x; (1) e- x,) = ) n v3 > n; some non-negative 
integers. The v5 are characters of G induced by vs with 
Us some linear character, non-trivial for all j, of some 
subgroup of Of iG. (6) 
Therefore if L is a galois extension of K such that 
Gal(L/K) & G, then by ARTIN's formalism and by (6): 


Ty; n. 
[¢,(s)/e,(s)]® ap! L555 L/k) ? ve L(sy,oL/L.) ae 


where L, is the invariant field of A. Then P(L/K) holds 
in this case. (7) 


(See here [15]). 
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Observe that BRAUER's result generalizes the cases (2) 
and (3) of ARTIN. As Brauer points out his theorem had 


previously been proved by H. Aramata, [14], in 1933. 


he M. Ishida 


M. ISHIDA [8] (1957) deals with the following situation: 


Let & be a finite galois extension over K such that 
2>L9 K with Gal(2/K) a so-called "Frobenius group to H" 


with H = Gal(&/L). Then P(L/K) holds. (8) 


The finite group G is called a Frobenius group to the 
subgroup H # {1}, if H un’ = (2) for any teG-H. H 
is called the Frobenius complement of G. The set 
r=c¢c- U (H - {1})® is in fact a normal subgroup of G, 
the tee Frobenius kernel of G. See [7] for more 
properties and details. It is known that a Frobenius group 
is not necessarily solvable (H can be non-solvable). 

Observe that (8) generalizes ARTIN's case (4). Here 


too character properties of Frobenius groups are used in 


order to achieve the result. 
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5s K. Uchida and R. van der Waall 
The second author gives in [11] (1974) the following 


result: 


Let &/K be a galois extension, 2 2>L2K, and let 
Gal(2/K) be a homomorphic image of a subgroup of some 
solvable finite doubly transitive group R such that the 
quaternion group of order eight is not a homomorphic image 


of any subgroup of R. Then P(L/K) holds. (9) 


The proof uses HUPPERT's classification of solvable 
doubly transitive groups [6]. It turns out that our 
Gal(&/K) is monomial and then it can be proved easily that 
P(L/K) holds. See [11] for further details. 

In 1975 both authors ([10] and [12]) proved independ- 


ently of each other the 
Theorem: Let 2/K be a finite galois extension and let L be 
an intermediate field. Suppose that Gal(2/K) is solvable. 


Then P(L/K) holds. (10) 


This generalizes the above results (1), (2), (4), (5) 
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and (9). 


The proof is based on the proposition (cf. [10], [12]). 


Proposition Let L be a finite extension of K, and suppose 
that % is a galois extension of K, containing L, such that 


G = Gal(%/K) is a finite solvable group. Furthermore 


assume that H = Gal(®/L) is a maximal subgroup of G and 


assume that G = HA, A some normal abelian subgroup of G 
with HMA = tl}. Let be the trivial character of H. 


Then 


where the p; are non-trivial monomial irreducible characters 
of G, and where the n, are positive rational integers. 
yo is defined to be the induced character of ¥ to G; p is 


the trivial character of G. 


It follows from the proposition and using Artin's 
formalism together with the known properties of the L- 
function L(s 50, 58/K) (it is here an abelian L-function as 
Ps is monomial, and thus holomorphic as Ps is not the 
trivial character) that P(L/K) holds. 


All cases mentioned in this paper, where solvable 
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groups are involved, depend on field towers where the 


proposition is valid in every layer. 


6. Epilogue 
Let & be a galois extension of the algebraic number 


field K such that Gal(2/K) is isomorphic to A Then there 


5 
exists a.field L with @ >L DK and [L:K] = 5. It turns out 
that oC (s)/6(s) =L(s, X,, 2/K) 5 where L(s Xx, ,2/K) is the 
Artin L-function belonging to the irreducible complex 
character X, of As of degree 4. x is primitive, il.e., 
not induced by any irreducible character of some subgroup of 
Ac. By a well known result of Brauer (or by a direct 
trivial observation), L(s,X,,%/K) is meromorphic. Our 
tools however do not allow us to decide whether this function 
is holomorphic or not. 

For the sake of completeness we mention that an 
affirmative answer to the so-called Artin conjecture about 


Artin L-functions would give an affirmative answer to our 


problem. 
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GL 


W. Casselman 


Serre has discussed the correspondence between two- 
dimensional representations of Gal(@/Q) of odd determinant 
and primitive modular forms of weight one, and Tate has 
talked about how to interpret this in terms of represent- 
ations of GL. I want to put all this in a larger context 
and explain what relationship one expects in general, 
according to conjectures of Langlands, between represent- 
ations of Galois groups and of cL: 

If k is a local field, then local class field theory 
asserts that there is a natural isomorphism between the 
maximal abelian quotient of Wee the Weil group of k, and 
the multiplicative group k hence also a natural bijection 
between the set of complex-valued characters of W and those 
of k. The local version of Langlands' conjectures is that 


there is a relationship between continuous, n-dimensional, 


complex representations of Wi, and irreducible, admissible 
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representations of GL (xk). When k is R or €, Langlands 
[19] has in fact defined a bijective correspondence between 
the two sets which is almost certainly the correct one, and 
in 81 I shall describe this. The case of non-archimedean k 
will be dealt with in §2; the situation is not nearly as 
satisfactory, but I shall attempt to show what problems 
have been solved, and what remain. I shall treat global 
fields in a much more cursory manner in 83, and finally in 
§4 I shall illustrate a few points by looking at GL, (Q) in 
detail. 

This is hardly a survey of the links between arithmetic 
and representation theory. I have tried merely to show to 
some extent what some very general conjectures amount to 
when the group at hand is GL which is in most ways the 
simplest of cases. Borel's Séminaire Bourbaki talk last 
summer [2] is much more comprehensive, although the role 
of general problems in representation theory is not 
emphasized. Also, I have concentrated on the local fields 
R and @ because although the representation theory in this 
case is older and more developed, it is less clear how much 
of the subject will prove to be important in arithmetical 


applications. The answer at this point would seem to be 
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that a great deal of it is. 
A remark about eccentricity in terminology: a character 
x 
is any continuous homomorphism into © , and it is said to 


be unitary if its image is contained in the unit circle. 


81. Archimedean fields 


Throughout this section, k will be FR or ¢. 


x 
1.1. The Weil group W, is just © , while W_ is the group 


C 


which corresponds to the extension representing the non- 


R 


x 
trivial element in H*(Gal(€/R), € ). Thus it fits into an 
exact sequence 


1*+c?W, * Gaet(C/R ) 1s 


Let T be the conjugation in Gal(€/R). There exists an 
element F in Wp whose image in Gal(€/R) is such that 
F* =- 1 and F2F = Z for’ ali. gin The norm homo- 
morphism Vv from W. to _ is the identity if k = €, while if 
k = R_ it is characterized by the properties that 
V(x) = ey = \| || for x in @ and V(F) =- 1. 

Every character of Wy, is of the form X*V for some 
unique character X of ae I often call it X again. 


If X is a character of W the induced representation 


Cc? 
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Ind(x|W Wy) is two-dimensional. If x is unitary then it 


Cc? 
is also unitary; in general there will exist a positive 


real character oe of Wp such that the restriction of var to 


. A = 
We is unitary, so that Ind(x) = Ind(xo )®o is at least 


semi-simple. 


L.1<3. Proposition. (a) Tf x ere then there exists a 


character o0 of WR whose restriction to We is x, and Ind(x) 


is the direct sum of p and p*sgns 


ai 


(>) If x #x , then Ind(x) is irreducible; 


Wo x 


(c) Ina(x.) = Ind(y,) if and only if x =x, or x; 
1 2 l 2 2 
(a) Any continuous, irreducible, finite-dimensional 
representation of We is either a character or isomorphic to 


some Ind(x) with x # es 


This is of course well known. For a proof: By 
Frobenius reciprocity, 


Hom, (Tna(x,)s Inalx,)) = Hom, (Ind(x4)5 x4) 


the restriction of Ind(x) to W, is 


Since W. = We U Fw t 


iR ¢? 
xX ® x. Since Ind(x) is semi-simple, this proves (a), (b), 


and (c). Ifo is any continuous, irreducible finite- 


dimensional representation of Wp its restriction to We 
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n 


must have an irreducible quotient. Apply Frobenius 


reciprocity to prove (d). 


As a final point, I remark that if o is any continuous, 
irreducible, finite-dimensional representation of We? then 


there exists a unique positive real-valued character which 


I call |c| such that o ® faire is unitary. 


l.e. For the moment, let G be the group of R-valued 

points on an arbitrary reductive algebraic group defined 
over R. (By restriction of the ground field, this includes 
the possibility of groups over ¢.) Let K be a maximal com- 
pact subgroup of G, Za the centre of G. Let 9g be the 
complexified Lie algebra of G, k that of K. 

I define an admissible representation of g and K or (by 
an abuse of language) of G to be a complex representation 
(7, V) of g and K simultaneously on the same space V such 
that (1) the restriction to K is an algebraic direct sum of 
finite-dimensional, continuous, irreducible represent- 
ations, each isomorphism class occurring with finite 


multiplicity; (2) the representations of K and of 9 are 


compatible, in that the two representations of R one 
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obtains - as Lie algebra of K and as subalgebra of 9 - are 
the same, and for any X € 9 and k € K one has 

-l ' tek 
Tk) ™(X) ™(k) = T(Ad(k)X). This definition depends on 
the choice of K, but since all maximal subgroups of G are 
conjugate the two categories one obtains from two choices 
are equivalent. 


If (7, V) is admissible, then its contragredient 


~ 
~ 


(™, V) is the contragredient representation of g and K on 
the K-finite vectors in the algebraic dual of V - l.e., 
those vectors contained in some finite-dimensional K-stable 
subspace. It is again admissible. 

If ™ were a representation of G, then one could define 
for every v EV, vy €V the function oh ~(8) = <t(g)v, v> 
on G, called the matrix coefficient associated to the pair. 
For a fixed eV the map MPR Re . would be a G-morphism 
from V to the space of complex functions on G (with G 


acting on the latter by the right regular representation R). 


Even without the action of G, however, one has: 


1.2.1. Theorem If (7, V) is admissible then there 
exists a unique bilinear map from V x V to the space of 


complex-valued functions on G, (v, v)h.c. ~, such that 
W308 
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for allveéevV, ve, XE JG, Bek 3 


(a) “a (X)v vy R(X)e, vy? 
(b) “n(k)v, ~(g) = cy, ~(g ) 
-1 
voatcyee a “vv (k " g)s 
(c) ahDN Sag We 


If 7 is irreducible, this is due to Harish-Chandra; 
it is a consequence of his result that every irreducible 
admissible representation is a composition factor of some 
principal series representation ([27] 5.5.1.5). For 
arbitrary 7 it seems to be new. It follows from a com- 
plicated analysis of the differential equations on the 
group which the matrix coefficients must satisfy (see [7]). 

It is because of this theorem that the definition of 
admissibility given above is equivalent to that of Jacquet 
and Langlands. It allows one to define a representation of 
their Hecke algebra on V, and hence the character of an 
admissible representation (which is a linear functional on 
the algebra). As follows from §7 of [16], a semi-simple 


representation is determined by its character. 
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The point of admissible representations is that while 
they are only representations of 9, they are intimately 
related to those of G itself. Going from representations of 
G to those of 9 is classical (this is well explained in 


[1]), and the converse is a consequence of Theorem 1.2.1: 


1.2.2. Corollary Any admissible representation of g and 
K is isomorphic to the g-stable subspace of K-finite 


vectors in some differentiable representation of G. 


This extension is by no means unique, but Jacquet has 
pointed out that there is a minimal one. 

If 7 is admissible and irreducible, then because of 
the assumption on finite K-multiplicity any operator on V 
which commutes with 9 is scalar. Thus there exists a 
homomorphism on : Z(G) * € according to which Z(9), the 
centre of the enveloping algebra U(G), acts on V, called 
the infinitesimal character of ™. By 1.1.2 there also 


x 
exists a character 0: 2,7 € according to which Z, acts; 


G G 


called the central character of ™. The maximal split torus 
in the centre of G is isogenous to the maximal split torus 


in the maximal abelian quotient of G, and hence for every 
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m there exists a unique positive real character | «| of G 
such that the central character of 7 8 |r|7" is unitary. 
Let P be a parabolic subgroup of G with Levi decom- 


position P = MN, 6 = Sp the modulus character of M with 


respect to the Lie algebra ” of N: me >|det Ad, (m) » If 
(o, U) is a continuous finite-dimensional representation of 


M, then the representation Ind(o|P, G) of g and K induced 


by Oo is the right regular representation on the space of all 


Mola 


K-finite f : G > U such that f(nmg) = o6°(m)f(g) for all 
nwéeNs meMy e-<G. This is called a principal series 
representation of G. If 0 is any admissible representation 
of M then one can define Ind(o) similarly by first embedding 
Oo into a differentiable representation of M, applying 1.1.2. 
One can see easily that Ind(o) is admissible, because of the 
Iwasawa decomposition G = PK. If 9 is of finite length, so 
is Ind(c). (This is a non-trivial fact which follows from 
very general theorems of Harish-Chandra. In the case when 
Oo is finite-dimensional and P is minimal, a more elementary 
proof can be put together along the lines in [21], however, 
and the case of arbitrary 0 can be reduced to this one.) 

The admissible representation (7, V) is called unitary 


if there exists on V a positive definite Hermitian inner 
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product with respect to which the operators in J are skew. 
Any unitary representation is semi-simple. If 0 is unitary 
so is Ind(o), and consequently it is a direct sum of a 
finite number of irreducible constituents. 

An irreducible admissible 7 is called square-integrable 
it oo is unitary and the matrix coefficients are square- 


integrable on G/Z.. For any fixed Yo # O the inner product 


c (g) c (g) dg 


<u,v? = | eS 
G/Z, Us V5V 


shows 7 to be unitary in this case. The representation 7 is 
it 
called essentially square-integrable if 7 ® | | 


is square- 
integrable. 

An irreducible representation 7 is called tempered if 
it is a constituent of some Ind(°) with 0 square- 
integrable, and essentially tempered if 7 ® |n|7 is 
tempered. Since Ind(o @ x) # Ind(c) ® x whenever x is a 
character of G, any essentially tempered representation is 
also a summand of some Ind(0). 

Two parabolic subgroups Es and Fs are called associate 
if there exists g € G such that gMe = Ms There is a 


close relationship between representations induced from 


associate parabolics: 
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1.2.3. Proposition Let Py and P, be two parabolic sub- 


groups, es and 0, admissible square-integrable represent- 


— 
ations of M, and M,. Then Ind(o, | Pa G) = Ind(o | | P, 2G) 


4 -1l 
if and only if there exists g € G such that eM. g = M, and 


Y & 
a 6 aca 
°5 1 


It is actually true that the condition is necessary and 
sufficient in order for the two to have common constituents, 
but this is more than I shall need later. The proposition 
is most easily proved by comparing characters, for which an 
explicit formula is not hard to obtain ([27] 5.5.3.1). 


Fix @ minimal parabolic subgroup P, of G, a maximal 


) 


split torus Ay in Pye and a set of associated simple 


positive roots A. For every subset 9 GA, let Py be the 


corresponding standard parabolic with Levi decomposition 


My Nos and let Ay be the maximal split torus in the centre 


of M,. If P is any parabolic, then it is conjugate to a 


unique standard parabolic; let M, N, A be the corresponding 
subgroups of P. Associated to each a€ A is a sort of co- 
root O : R* > ee whose image is contained in the 

derived group of Ma-{a} and such that |a(a (x)) <1 for 


SE R $ |x| <1 (refer to the next section for the example 
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n 

For any parabolic P let D(P) be the set of all positive 
real characters of M. Such a character is determined by 
its restriction to A, and one may therefore identify D(P) 
with the group of positive real characters of A. If PS P, 
one has a canonical embedding of D(P,) into D(P,). Each 


)s 


D(P,) may therefore be considered as a subspace of D(P, 
and to be precise it is the subspace of all x such that 
x(a (x)) =1 for allaeéo, xe R .. Define D" (Pp) to be 
the cone in D(P,) of all x such that x(a (x)) <1 for all 
aeA-0, x<l. If P,SP, then D'(P,) lies in the 
closure of D'(P,) (with respect to their embeddings into 
D(P,)), and the union of all the D*(P,) form the closure of 
D°(P,), a fundamental chamber in D(P,) for the Weyl group. 
If P is a standard parabolic, P its opposite, and 
Oo an essentially tempered admissible representation of M 
with |o|e D*(P), then for all ge G and fe Ind(c | P, G) 


the integral 


nye) = { _ #ne) am 
N 


converges, and the map f > T(f) is a G-morphism from 


Ind(o |P, G) to Ind(o | P,G). (See §3 of [19].) 
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1.2.4. Theorem If o is essentially tempered with 

+ , F 
lo] € D (P), then the image of Ind(o | P, G) with respect 


to T. is irreducible. 


s + 
Cal it ine (oe | Ps); 


1.2.5. Theorem If (1, V) is any irreducible admissible 

representation of G, then there exists a unique P and o 
: ¢ + 

with O essentially tempered and lole D (P) such that 


+ 
w = Ind (o | P, G). 


Both these results are due to Langlands (§§3 and h of 
[19]). If 7 is essentially tempered, for example, then P 
is just G. For generic 0 the representation Ind(o) is 
irreducible so that Ind '(o) is the whole of Ind(c). 
Langlands' proof says nothing about when this is so, but it 
is not difficult to see, for example, that when P is minimal 
one obtains all the irreducible finite-dimensional represent- 
ations among the Ind (6). 

As we shall see in the next section in more detail, 
this reduces the classification of irreducible admissibles, 
at least for a number of purposes, to these problems: 


(1) classifying the square-integrable representations; 
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(2) determining the renee of Ind(°) when © is square- 
integrable; (3) describing the image of Ind(c) under eae 
Harish-Chandra has solved (1) completely (this is incor- 
porated into Langlands' scheme in 881 and 2 of [19]) - we 
shall only need the weak result that G has no square- 
integrable representations unless the derived group of G 
contains a compact maximal torus. Solving (2) is at the 
moment an active business (and pursuing most actively is 
Knapp). Progress on (3) has been poor, except for rather 


special 90, 


1.3. Now let G be GL CR) or GL, (€). In the first case K 
may be chosen to be O(n) and in the second U(n). The group 
Za comprises the scalar matrices and is isomorphic to the 
multiplicative group of the field. By means of the deter- 
mMinant homomorphism, any character of the multiplicative 
group gives one of G as well. 

As a minimal parabolic subgroup in either group one may 
choose the Borel subgroup of upper triangular matrices: 
tx; ; = 0 fori > ji. The group My may be chosen to be the 


subgroup of diagonal matrices, isomorphic to the direct 


x 
product of n copies of k and coordinatized by the diagonal 
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entries: xX, = X.5- In either case the group A, is the 


$ 


subgroup of real diagonal matrices. The roots in A 


are the characters x, /x; parametrized by i <n. For 


+1’ 


each such i the associated co-root takes x € R to the 
matrix with x; SO Ca 2a ee ys “Se sae, oe = ge 

The standard parabolic subgroups are best parametrized 
by ordered partitions (n,; wees n of n (so that n= 


Ne aaa ni) To one of these corresponds the group P 


1 ) 


with © such that A- 0 = {n)> n, + nyo +. } . The group 


P. is {x.. = 0 when for some & one has i>n. +... +n,, 
) 12 1 Q 


ay Biot soo Ty + a34. ened Mo is isomorphic to the direct 


product of the GL . Representations of M 
1 


© correspond to 


ordered sets (o ee? o.) with o, a representation of 


l > 


GL 
n- 
aL 


Similarly, D(P,) may be identified with ordered sets 


¢ 
of positive real characters (X > Sig Xn) Define x > ¢ 

to mean that x(x) < p(x) whenever |x| <1. Then D'(P,) is 

the set of such n-tuples with es x, Te ¢ Xe The Weyl 
group here is Ss. and the fact that the closure of D'(P,) 

is a chamber for it only means that every n-tuple of distinct 


X; may be reordered uniquely so as to satisfy this condition. 


Only when n = 1 or 2 and k = KR does the derived group 
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of G (which is SL.) contain a compact maximal torus, so 
that only in these cases does G have a square-integrable 
representation. Any tempered representation of G, there- 
fore - applying this result to the reductive components of 
parabolics - must be a constituent of some Ina(o| P, G) 
where the reductive component of P is a product of copies of 
t (k= @) or Rand GL,(R) (k = R). 


The representation theory of GL, is much simpler than 


that of other groups because of: 


1.3.1. Theorem If ° is an irreducible admissible square- 
integrable representation of M, then Ind(o | P, G) is 


irreducible. 


When k = € this must be a very old result (although I 
am not sure to whom it is due), and a nice treatment is 
given in [11] (where arbitrary complex groups are treated). 
Special cases when k = R are also old, but the general 
result is, I believe, due to Jacquet and Shalika (un- 
published). 

This answers question (2) at the end of the previous 


section for G = GL: It may be restated: 
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1.3.2; Corollary Let (n,, sda n.) be given with 

n eo na =n. Suppose that for each i the represent- 
ation oF of cL is essentially square-integrable, and 
that |o,| = Io, | Stns te Tete “Geiss Gi dace o,) then 


Ind(o) is irreducible. 


Note that for GL» || may be considered as a character 
x 


Or ik « 


In this terminology, Proposition 1.2.3 becomes: 


1.3.3. Proposition Let P and P' be two parabolics, 9 
and O' essentially square-integrable representations of M 
and M', with all lo, | equal and all lo," | equal. Then 
Ind(co) and Ind(o') are isomorphic if and only if the Oo, are 
a permutation of the Ge" 


Another translation (of 1.2.): 


ee aa 


1.3.4. Theorem If 6 = (0 a in 


ye sees O,) with |o 


then the image of Ind(o) with respect to t. is irreducible. 


If one is given oO with Io, | Baan BS Ic, then one 


may group the es into blocks of equal magnitude and apply 
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1.3.3 and 1.3.4 together to induce in steps and determine a 
certain representation which I still call Ina’(o), a 


quotient of Ind(o). Translating 1.2.5 and applying 1.3.3: 


1.3.5. Theorem Every admissible representation of cL is 
an Ina*(o) for some oO = (o saan o) with Io, | eee ae cae 
If o and o' both satisfy this condition then Ina*(c) ana 
Ind’ (o') are isomorphic if and only if 0 is a permutation 


oi 


oT the Recall that there exists a natural identification of 


. x . . 
a character of W,. With one of k . It is shown in [16], 


among other places, that there also exists a natural bi- 
jection between the set of continuous, irreducible, two- 


dimensional representations of W_, and that of irreducible, 


R 


essentially square-integrable, admissible representations 
of GL, (IR). To each irreducible, continuous representation 


© of W, of dimension n, therefore, one may associate a 


certain irreducible, essentially square-integrable, 
admissible representation of GL, (k). Call it m(p). 


If Pp is any semi-simple representation of W_, say of 


k 


dimension n, it will be a direct sum of irreducibles 
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p. Ci 2m), say of dimension ns. Each p. gives rise to 


a representation ne) of GL > and their direct product 

Oo will be a representation iF the reductive component 

of the parabolic in cL determined by the partition 

BS. A sae a One may arrange the p. in any order, and 
in particular one may choose them so that |0, | Sa we e Jo |. 
Define ™(9) then to be the representation I call Ina’ (0) in 
B63. This is well-defined because any rearrangement of 


the P. subject to the given condition gives an isomorphic 


representation. From Theorem 1.3.5: 


1.4.1. Theorem The map 0p R»T1(P) is a bijective 
correspondence between the set of continuous n-dimensional 
semi-simple representations of Wi. and the set of irreducible 
admissible representations of GL, (xk). 

Incidentally, it was in order to establish such a 
correspondence, not only for GL but for other groups as 
well, that Langlands was motivated to prove Theorems 1.2.4 
and 1.2.5. I should say that for other groups the class- 
ification and the correspondence are not so simple - first 
of all because it is not just representations of Wy, but 


homomorphisms into a certain dual group which play a role, 
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and second because the analogue of 1.3.1 is false more 
generally. The correspondence is at best not bijective but 
one-many. 

A strong form of Langlands' conjecture asserts that the 
L- and €-factors of P and 7(0) must agree; that for a 
character x of k, (ep ® x) = 7(p) @ x; and that 
on() = ™(det 9). The second and third points are easy to 
verify, but the first is non-trivial and has not been 
verified for arbitrary ©. For cL this is done in [16], 
and when Ina’ (co) = Ind(o) follows from the main archimedean 


results in [15]. 


§2. Non-archimedean fields. 

In this section, let k be a non-archimedean field, 0 
its ring of integers, p its prime ideal, q the order of 
its residue field. 

A number of definitions in this section are exact 
analogues of those for archimedean fields, and I won't 


repeat them (for example: matrix coefficient, square- 


integrable representation, D(P) ...). 


Beds Let G for the moment be the group of k-rational 
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points on any reductive algebraic group defined over k. An 
admissible representation (7, V) of Gis one such that if K 
is any fixed compact open subgroup of G then the restriction 
of 7 to K is a direct sum of continuous finite-dimensional 
representations, each isomorphism class occurring with 
finite multiplicity. 

If P is a minimal parabolic with Levi decomposition 
P = MN and modulus character 6 = ey and (Oo, U) is an 
admissible representation of M, then Ind(o|P, G) is the 


right regular representation of G on the space of all 


Mla 


locally constant f:G > U such that f(nmg) = 06°(m)f(g) for 
allneN, meM, g €G. It is admissible. 

A special role is played in the global theory by the 
unramified representations. If Gis an unramified group - 
i.e. obtained by base extension to k from a smooth re- 
ductive scheme over Spec(0) - then an irreducible admissible 
representation is said to be unramified if it contains a 
non-zero vector fixed by the compact open subgroup G(¢). 

Any irreducible unramified representation may be embedded 
into some Ind(o|P, G) where P is minimal and o is an un- 


ramified character of M (which is a torus by the assumption 


on G). 
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In contrast to the case where k = R, there exist 
irreducible admissible representations of G which are con- 
tained in no Ina(o|P, G) with P proper. They are called 
absolutely cuspidal and are also characterized by the prop- 
erty that their matrix coefficients are of compact support 
modulo Za They are therefore essentially square-integrable. 


Given these, however, there is indeed an analogue of Harish- 


Chandra's result: 


2.1.1. Theorem If 7 is any irreducible admissible repre- 
sentation of G then there exists a parabolic P and an 
absolutely cuspidal oO such that 7 may be embedded into 


Ind(o|P, G). 


This was first proven by Jacquet [15] for GL. A very 
simple proof now exists (see [6]). 

The analogue of Proposition 1.2.3 1s valid here. 

One expects to have for P-adic k an analogue of the 
classification theorem of Langlands [19], but I am not aware 
that anyone has written down a proof. Nor am I aware, on 
the other hand, of any point in Langlands' proof that does 


not go through as easily or even more easily in this case, 
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so I state here as accomplished results: 


2.2.2. Theorem If Oo is an irreducible essentially square- 
1 . + 

integrable representation of P with |o| e D (P), then the 

image of Ina(o|P, G) with respect to T, is irreducible. 


= + 
Call it Ind (0°) as before. 


2.2.3. Theorem Every irreducible admissible representation 


F 4 a + . 
of G is isomorphic to Ind (o|P, G) for a unique P and o. 


In contrast to the archimedean case, every P-adic re- 
ductive group possesses essentially square-integrable re- 


presentations, and even absolutely cuspidal ones. 
2.2. Now let G = GL (xk). 
The analogue of Theorem 1.3.1 is also due (as far as I 


know) to Jacquet and Shalika: 


2.2.1. Theorem If 95 is an irreducible, square-integrable, 


admissible representation, then Ind(¢o) is irreducible. 


Incidentally, I understand that the proof is similar 
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to that for GL, in [16] - one considers the restriction to 

a certain maximal proper parabolic subgroup. Jacquet tells 
me that the proof uses an unpublished result of Bernstein, 

that every square-integrable representation has a Kirillov 
model. 

The same sort of analysis I used before now goes through 
to reduce the conjectural classification of representations 
to the classification of essentially square-integrable 
representations. (I should mention that the same question 
as before about L- and e-factors is unanswered in this case 
also.) The real and P-adic situations diverge seriously, 
however. A different form of the conjectural relationship 
between We and GL is necessary; this is already evident 
for GL,, where one has somehow to deal with the special 
representations (see [4] , [8] ). 

Recall that W.. is the inverse image in Gal(k . /k) of 
the powers of the Frobenius modulo Pp. Let Fr be some ele- 
ment in W, whose image mod Pp is in fact the Frobenius. Let 


k 


v be the usual norm homomorphism from W,, to k(s0 chats. to 
get things straight, Fr corresponds to a generator of )). 
Deligne in [9] defines a modified Weil group W.'; it is 


unimportant to say exactly what it is, but only to say that 
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a continuous complex representation of W,,' is a pair (p, N) 
where (1) pe is a continuous complex representation of W.. 
and (2) N is a nilpotent endomorphism of the space of p 
such that for all w in W,. one has e(w)N neh = |v|(w)N. 
Of course N may be O. It is said to be Fr - semi-simple if 
o(Fr) is semi-simple. (Incidentally, Deligne and Langlands 


seem to have conceived the idea of introducing these re- 


presentations independently. ) 


2.2.2. Conjecture There exists a natural bijective 
correspondence between the isomorphism classes of inde- 
composable, continuous, complex, Fr-semi-simple represent- 
ations of W.' of dimension n and those of irreducible, 
admissible, essentially square-integrable representations 
of GL, (k). The irreducible representations of We 


correspond to the absolutely cuspidal representations of 


GL. 
n 


There is one rather distinguished indecomposable 


representation of ae of dimension n which Deligne [8] 


calls Sp(n): 
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|v | (Ww) 
wy : 4 
Lv [PT Gr) 
and 
0) 1 akse 0) 
Nes 
Al 
0) ‘ 


it plays a fundamental role because of: 


2.2.3. Proposition ([8] 3.1.3). The indecomposable, 
continuous, complex representations of W.! comprise exactly 
those of the form p ® Sp(n), where p is an irreducible, 
continuous, complex representation of Wee 

To the representation Sp(n) itself corresponds the 
Steinberg representation of GL, (xk), which is an analogue of 
the special representation of GL,. It is the unique 


irreducible quotient of Ind(o|P, G), where P is the Borel 
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Subgroup of upper triangular matrices and 5 is the character 


[Pty = a8 @ vf) (see [5] ena [ih]). 


om lv], ays even DS lv 
Of course, n may be 1. One would expect something similar 


to exist for other parabolics; more precisely one might 


conjecture that 


if (1) o is any irreducible, absolutely cuspidal represent- 
ation of cL 3 (2) n = md and P is the parabolic subgroup 
of GL corresponding to the partition (m, ..., m) of n; 

n= 3 2 
(3) TSS, pxvg OS lv | ); then there exists a unique 


irreducible quotient of Inda(t|P, G), and it is essentially 


square-integrable. 


At the moment, this seems to be attackable in only a 
few cases - when m= 1 it is known, and when m = 2 I imagine 
one can do it - but one elegant idea ought to be able to do 
all cases at once. 

If the above conjecture were known to be true, then 
Conjecture 2.2.2 would come down to what one really thinks 
of as its heart, the correspondence between irreducibles 
and absolutely cuspidals. Of course it is classical for 
n=1. Otherwise, the only situation which is complete is 


when n = 2 and the residue field characteristic is odd; the 
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proof is more or less unsatisfactory because it does not 

give any direct relationship between We and GL,. For the 
case of residue characteristic two and GL,, one can pre- 
sumably at least count the number of representations of each 
of We and cL, with a given conductor (towards this see [23]), 
but getting the e-factors to coincide seems hopeless. 

Deligne in a letter to Piatetskii-Shapiro (see [10]) has 
managed to use a local theory of elliptic modular schemes to 
accomplish something when k = Q., (all rational primes p) but 
his results are, as far as I know, incomplete. 

In [16] it is shown that the conjecture is true for GL, 
if the Artin conjecture holds for two-dimensional represent- 
ations of global Galois groups. It is therefore true for 
the localizations of function fields. Also, it may follow 
in certain cases from Langlands' recent work on this conject- 
ure. 

For GL, recent global results in [17] similarly apply. 
For n > 3, these tricks give out, and one is very 
ignorant. Certain representations of cL for all n have been 
constructed by Gerardin [12], but the exact relationship 


with Langlands' conjecture is unclear. They should corres- 


pond to the n-dimensional representations of W. one gets by 


GL, 691 


inducing from the multiplicative group of the unramified 
extension of degree n, but matching up L- and €-factors 
looks difficult (and there are grounds for believing that 
the matching may not be the obvious one). 

The most fruitful recent idea has been Shintani's 
([25] and [26]), which was so suggestive to Langlands in 
the case of GL,. What is most intriguing is the analogy 


with the classical abelian theory. 


§3. Global fields. 

Let k now be a number field. (I exclude finite charact- 
eristic only because it would require separate treatment 
occasionally.) Let A be its adéle ring, A, the ring of 
finite adéles (the restricted product of the non-archimedean 


completions), and S, the set of archimedean places. Let k 


be an algebraic closure of k. 


3.1. Let G be an arbitrary reductive group defined over k. 
Let G, be the product II G(k_) (veéS,)3; by restriction of 
the ground field from k to Q, G, is the group of R- 


valued points on a reductive group defined over R. Let 


g,, be its Lie algebra, let KT for each ve S, be a maximal 
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compact of G(k_), and let K, be Il K 
The notion of an admissible representation of G(A..) is 
defined entirely in analogy with that of local groups —- to 
restate it slightly, it is one on a space V such that 
(1) the isotropy group of any v € V is open and (2) for any 
given open subgroup K the subspace vs is finite-dimensional. 
An admissible representation of G(A) is a simultaneous 
representation (7, V) of G(A,), G,» and K, such that 


4 

(1) G(A,,) commutes with g. and K,; (2) for any open K in 
G(A,) the representation of g. and K, on vs is admissible; 
(3) for any continuous, finite-dimensional K representation 
— the space Hom, (€, V) is, with the obvious representation 
of G(A,) defined on it, admissible. Any irreducible ad- 
missible representation is uniquely factorizable as a re- 
stricted tensor product 8 ™ of irreducible admissible re- 
presentations of the G(k_) (§9 of [16]), almost all of 
which are unramified. 

In class field theory one considers characters of the 
idéle class group A’ /k’; generalizing this, one now 
studies the right regular representation of G(A) on the 


spaces of automorphic forms A(e) on G(k)\G(A). Here ¢€ is 


a character of the group Z,(A)/2Z,(k) » according to which 
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Z (A) acts on each function in A(e); the definition of A(c) 
for arbitrary Gis the obvious generalization of what it is 
for GL,. Large and essentially continuous families of re- 
presentations of G(A) occur in A(e) as representations in- 
duced from parabolic subgroups by representations occurring 
in the spaces of automorphic forms for their reductive com- 
ponents - this is the theory of Eisenstein series. The 

space of cusp forms A.(e) is the orthogonal complement of 
these, and comprises in some sense the atoms of the theory. 
It is the direct sum of a countable number of irreducible, 
admissible, essentially unitary representations of G(A), and 
a large part of Langlands’ conjectures is concerned with 
interpreting the constituents arithmetically. This is in 
analogy with interpreting certain idéle class group charact- 
ers as those of the Galois group, or attaching them to 
abelian varieties with complex multiplication. Similarly 
one expects some, but necessarily all, of the representations 
in A(e) to be related to complex and f-adic representations 
of Galois and Weil groups. And this in turn is part of an 
even larger framework in which one links the spaces of auto- 


morphic forms for distinct groups, as explained in [18]. 
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3.2. Now let G= GL: As a particular case of the very 


general ideas mentioned above one expects that 


to every irreducible, continuous, complex, n-dimensional 
representation 9 of Gal(k/k) corresponds a constituent ite 
of the space Aj(e) for some €. More precisely, the charact- 
er e€ is the character of A’ /k” corresponding to det(p) by 
local class field theory, and the local factors of 1m(p) 


should be those determined by the local Galois represent- 


ations associated to 0. 


Reducible representations of the Galois group, incidentally, 
should correspond to automorphic forms arising from Eisen- 
stein series. 

For n = 2 or 3 this follows from the Artin conjecture 
on the entire-ness of L-functions attached to p and its 
twistings by characters, so that it is true in particular 
when Pp is induced from an idéle class group character of a 
quadratic or cubic extension of k ([16] and [17]). But of 
course what one really wants to do is obtain Artin's con- 
jecture as a consequence of representation theory (a program 
begun in [20]). At this point it is not at all clear how 


far-reaching the Langlands-Saito-Shintani lifting theory will 
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go, but it seems promising. 
In [2h] it is at least shown that constituents of A,(€) 


occur with multiplicity one. 


gh GL (@) 
bets et 
G =-GL. (RR) 


2 


P = the parabolic subgroup of upper 
triangular matrices 

A = diagonal matrices 

Z = scalar matrices 


K = §0(2) (later on I shall call it K.) 


mere 
Oe 
The element a normalizes K, taking k to ae and the two 
together generate the maximal compact O(2). 

Let C be the standard Casimir element of the enveloping 
algebra (which is 1/2 that in Jacquet-Langlands). 

If p is a reducible, unitary, two-dimensional represent- 
ation of W_. with det 9p = 1, then it is the direct sum of a 


R 


character x and its inverse and there exists T€ R, m= 0 
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1 
or 1 such that x(x) = |x| (sen x)". If P is trivial on We 7 
1s-@s if it is essentially a representation of Gal(€@/R) - 
then T= 0. The representation ™(P) of GL (R) is the 


; ee , ay 
unitary principal series Ind(o|P, G), where o = (x, x ). 


4.1.1. Proposition The representation Ind(o) is the unique 
irreducible admissible representation (7, V) of GL,(R ) 
such that 

(a) There exists v # O in V which is fixed by all ke K 
and such that m(a)v = (-1)"v; 


(B)) tC) = = afk Cb aes 


(c) The restriction of 7 to Z is trivial. 


The proof is easy enough to get out of the discussion 


on GL,(R) in [16]. 


4.2. Let H be the Poincaré upper half-plane, on which 
GPF = cu POF CR ) acts in the usual way. The Laplacian on 
H with respect to the GP°S_invariant metric 


ds* = (dx? + dy*)/y? is 


A = y*(02/ax? + 92/dy2) 


' Osi" ¢ : 
and 1s of course also GP -1invariant. 
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Let T be a discrete subgroup of GP°® such that T\H 
has finite area. For every \} € € define the space M(A, I) 
to be that of all f: H > @ such that 

(ML) f-y =f for ally ET; 

(M2) Af = Af ; 

(M3) f has moderate growth at all cusps of I. 
The subspace S(A, I) of cusp forms is that of all f satisfy- 
ing in addition 

(M4) f is rapidly decreasing at all cusps of I. 
Using the obvious inner product on S(A, I) one can see 
without too much trouble that this space is trivial unless 
A is real and < 0, and that if ’4 =O then it contains only 
the constants. 

If f is any function on H satisfying (M2) and the 
equation 

f(z +N) = f(z) 

for all z EH , where N is some real positive number, then 


it has a Fourier expansion 


2 : 
ig a + iy) = , oy) e TT inx/N ? 
neZz, 


The function o, satisfies the differential equation 


in 2, (4n2n2 /N2 rs as fi = 0% 
y* 
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Ifn=0, this is Euler's equation. It has the general 


solution 
ts iG 


1 et 2 
cy Coy 
if the roots of the indicial equation t(t - 1) - 4 =0 are 


distinct and equal to t, and t,, and the general solution 


1 / 


1/2 
Cy + Coy log y 


if } = - 1/4 so that this equation has equal roots. 
If n # O then one may change variables to Y = 4nl|nly/N 


to obtain the equation 


o -(1+4) o=0. 
Y 


The theory of irregular singularities (see Chapter 4 of [3] 


for example) says that there are two solutions %) and ¥y 


of this equation with the asymptotic behaviour 


ay. i 
o, (Y) we, ve) ve 


1/25 where 


as Y >, (In fact $, and Y, are of the form y " 


r r 


J, is a solution of a modified Bessel's equation, but that 
won't play a role here.) If i» is a cusp of I then (M3) 


for this cusp means that no ¥, appears in the Fourier ex- 


r 


pansion, and (M4) means that in addition the term for n = 0 


vanishes. Any other cusp may be transformed to i~ and dealt 
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With accordingly. 

These spaces were all first defined, I believe, by 
Maass in [22], where he proved among other things that they 
are finite-dimensional. 

Assume now that T is a subgroup of GL, (@). Let A be 
the adéles of Q, Ke a compact open subgroup of GL, (A,) 


I 
f EMA, I) define the function F on GL, (A): 


pos x 
such that KO cL, (@) = T end det K, = I Zs . For 


F(g, 8 8p) = f(g,(i)) 
for g. € GL,(Q) g € GL,P°*(R), ¢«,.€K. (recall that 
O 2 y 00 2 : ny f 
because of strong approximation and class number one for Q, 
GL, (A) is the product of these three groups). The function 


F satisfies 


(Al) L(g,)F = F for all g, € GL,(Q) ; 

(A2) R(k)F = F for all k € K, x Kp 3 

(A3) R(z)F = F for all z scalar and real ; 
CAR): (HCC)E SARs 


(A5) F is of moderate growth on GL, (A) (see pp. 
329-30 of [16]). . 
These properties in fact characterize the image of M(A, I), 
and the image of S(A, I) is characterized by these together 


with the appropriate strengthening of (A5). 
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Assume that ee 1 )normalizes T and K Then the 


re 
map ze» - z induces an isometry of T\H , hence a linear 
automorphism of M(A, I). This space is therefore the 
direct sum of the eigenspaces M(A, [T) (m= 0, 1) on which 
this automorphism acts as (-1)™. Similarly for S(A, I). 
The image of M'(A, I) with respect to the map f > F 


defined above is determined by the condition 

(a6)  R(a)F = (-1)"F, 
where @ is still considered an element of GL (R). 

For each irreducible constituent (1, V) of the space of 
cusp forms on GL (A), let S"(m, 4, T) be the inverse image 


in Si. Tr). Ift=7, ® Tes then in order for S(T) 


to be non-trivial it is necessary and sufficient that 7, 
satisfy the conditions (1) there exists v # 0 in V,, fixed 


by all k © K, such that m(a)v = (-1)"v; (2) m(C) =A ; 


> 


(3) T| 20 is trivial, and 17, satisfy the condition that 
K 

Vv L ‘ Ot ae a ee £ 
f #0. Under these circumstances, S$ (7,A,I) = Ve P 


f 


4,3. Let p be an irreducible two-dimensional representation 


of Gal(@/®) such that 


4 Gal 0 ) 
0 (=1)" 
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(recall that t is complex conjugation in Gal(Q/Q), and is 
determined up to conjugacy). Let N be the Artin conductor 
of ep and 

its, 6}. = } a. ee 
its L-function. Define a function E on H: 


(sgn n)™ 
£ (x + iy) = ) eee. Seige 


271 
= b (un|[n|y)eo 7 * 


-1/4 
n>O Yin| / 


All the above considerations imply that as a special case of 


Langlands' global conjectures one has: 


4.3.1. Conjecture. The function f lies in Sa em he ri av)). 
This is true if and only if the Artin conjecture holds 
for all the representations p ® x, where x ranges over all 
the Dirichlet characters. More generally, one might hope 
that in fact all primitive forms in eres: T(w)) are 
obtained in this way. This would be the result analogous 
to that of Deligne-Serre for these forms. But the techniques 
applied by Deligne-Serre do not seem likely to work here, 


and this seems far out of reach. 
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